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ABSTRACT

In this paper, we obtain the concomitants of the extensions of Morgenstern family
(Lai and Xie extensions) for generalized order statistics and dual generalized order
statistics. In addition, recurrence relation between moments for the required models is
obtained. Furthermore, the joint distribution between two concomitants is derived for
generalized order statistics and its dual. We finally present the Shannon entropy and
Fisher information with exponential distribution as an example from Lai and Xie
extensions.
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1. INTRODUCTION

The Farlie-Gumbel-Morgenstern family (FGM) is described by a parameter §, and the
marginal distribution functions G, (u) and G,(z). By adding further parameters, Lai and
Xie (2000) examined the bivariate Farlie-Gumbel-Morgenstern distribution as broader.
They suggested cumulative distribution function cdf as

G(w,2) = Gy(W)Gz(2) + §(1 = Gy(W)*(1 = Gz(2))*Gy (W) Gz ()", ¢, A1 2 1
(1.1)
for 0< § < 1. The related probability density function pdf is
9w, 2) = gy(Wgz(2)(1 + 6[A = (a + NGy (W)][A — (a + DG, (2)]
[(1 = Gy (L = Gz(2N]*(Gy WG (2)* 7). (12)

According to Bairamov et al. (2001), a bivariate copula for § satisfying a wider range
where
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1 1 e
[K*(a, D2’ [K(a, ,1)]2} =S K @K (@A)

where K *and K~ are functions of « and A.

min {

Furthermore, the conditional cdf and pdf are:
Gzu(zIw) = Gz(2) + 8(1 = Gy(W)*(1 = Gz(2))*Gy (W) "Gz (2)", @, A 2 1 (1.3)

9z1v(z|w) = gz(2)(1 + 5[ = (a + )Gy (W)][A — (a + 1) G, (2)]
[(1- 6, w)(1 - 6,(2))]" " (GG, (2)* D). (L4)

Generalized order statistics (Gos), which we call case-l of Gos, is introduced by
Kamps (1995). Accordingly, it has a variety of models that are ascendingly ordered
random variables, including ordinary order statistics, record values, sequential order
statistics, and Pfeifer’s record model. On the other side, Pawlas and Szynal (2001) and
later Burkschat et al. (2003) created the concept of lower Gos. They called it dual
generalized order statistics (DGos). To enable a common method of descending ordered
random variables like lower records models and reversed order statistics.

Based on w, the following problems exist: Let [ >1,i €N, wy,...,w;_; ER, 1 <

r<i—1,W, = j-;} w;, where parameters as v, = [ +i—r + W, = 1 for all r, and let
w = (Wl""'wi—l)'
Case-1 of Gos:
Letw; = w, = =w;_; = w, the pdf of Uy ;1) IS
— Mr—1 Yr—1 r—1
IriwyW) = =1 (1= Gy)" " gyWhy, " (Gy (W), (1.5)
where
(1A \WH1
A w# —1,
w+1

my_, = ngl yq:kw(y) = j
l—ln(l -y), w=-1
0<y<1 hy) = ky() —ky(0).
We get the joint pdf of Uy and Uiy, 1 <7 <s <ias:

Gersimnn (it 45) = e gy (L G ) G ) g )

x (kW(GU (us)) - kw(GU (ur)))s_r_l (1 - GU (us))ys_lgu (us)- (1'6)

Case-1 of DGos:
Ifw, =w, =+ =w;_; =w, the pdf of X, is defined by:

Gariwny () = % (G (W) gy QAL (Gy (W), L.7)
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where
{ -1 W+1 w=—1
IW+1 ’
my_q1 = ngl Yq:kw(y) =
—Iny, w=—1.

0<y<1 hy) = ky) —ky(D).
We get the joint pdf of Uy iw,y and Ug(siwny, 1 <7 <s <ias:

a5 (1) = G5 oy G ) (G () g )
X o (G (16)) = K (G () Gy )™ gy 1), (18)

Beg and Ahsanullah (2008) applied the concept of concomitants in case-I of Gos. Let
pdf and cdf of the concomitant of case-I of Gos Z.; ., 1 <7 < i, are:

i) (2) = f 10 @) gy (W), (1.9)
and

G (2) = f G (Z1U) Gy (W), (1.10)

where g iw,iy (W) is the pdf of U, ;1) defined in (1.5).

Furthermore, Nayabuddin (2013) applied it also in case-l of DGos. Let pdf and cdf
of the concomitant of case-1 of DGos Z gy, 1 < 7 < i, are:

Garama (2) = j 9210210 G (W, (L.11)
and

Gatrimu(2) = j G0 (211 Gy (W) (1.12)

where ggriw, (W) is the pdf of Uy, i w,) defined in (1.7).

An index entropy measures dispersion, volatility risk and uncertainty. Shannon (1948)
first suggested this idea in the information theory literature. A random variable average
reduction in uncertainty of Z is measured by the Shannon entropy of Z, a mathematical
measure of information. The following is the definition of entropy for a continuous
random variable Z with pdf g,(z) is:

H(z) = —E(Ingz(2)) = —J_ 9z(2)Ingz(2)dz. (1.13)

For a continuous random variable Z with pdf g,(z), then the following definition
Fisher information (FI) is:

I(w) = f [alngZ(Z) 92(2)dz (1.14)
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Additionally, it is employed to create a single idea of physical law known as the rule
of "extreme physical information"”, see Frieden [(1988),(1998)].

In the literature, numerous authors have examined the concomitants of Gos, which is
about information measures. Studying the FI for concomitants of Gos in the FGM family
was done by Tahmasebi and Jafari (2013). In their study of the concomitants of Gos from
the FGM family, Mohie EI-Din et al. (2015) said that when y; # y;,i # j,i,j = 1,2
n — 1. Moreover, Mohie EI-Din et al. (2015) investigated the Shannon entropy and the FI
for the concomitants of Gos from FGM family for some special known marginals. Recent
research on the FI for concomitants of DGos in the HKFGM family was conducted by
Abd Elgawad et al. (2020).

2. CONCOMITANTS OF Gos AND DGos
We obtain the pdf and cdf of concomitants for Lai and Xie extension in case-l of
Gos and its DGos. The following theorems deal with this matter:

2.1 Case-1 of Gos:

Theorem 2.1
For Lai and Xie extension, utilizing (1.3), (1.4) ,(1.5) in (1.9) and (1.10), we receive
the pdf and cdf of the concomitant Z,.; ,,;;, of r-th case-I of Gos as:

Iiriwi (@) = g2(2) [1+ Ry ;05(A = (@ + DG(2))

a- 2.1
(1-6,@) 76} @] (2.1)
Grriwy (@) = G(D[1+ 67,51 = G2(2))“G(2))- (2.2)
where
A-1 1 A-1 ;
A -1)¢ +2 —1)J
Riiwn =my_y ( € )( ) - @ )( € ) D (2.3)
= Mg (g te+a—1) Sl (p+et+a—1)
and
( 1)¢€
i 2.4
T[r,i,wl =m,_ 12 H . (Vq +E+a) ( )
Proof:

From (1.4) and g i w,)(w) the pdf of case-l of Gos Uy, ;1 defined in (1.5), the pdf
of the concomitant of r-th case-I of Gos, Z,.;,;, is:

Iiriwn(2) = f 9210 ZIW G iw,pn W du
=g7(2) + (1 — (@ + DG (2))(1 - GZ(Z))“‘ng(Z)GQ-l(Z)
® A-1
f 1 (1-(1-6Gyw))

—(@+ D) (1~ (A = Gy@N(1 = Gy@)* ™ griwn Wdu
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= 420 +5(1~ (@ + D6D)(1 - 620) " 9:GE D T,
A-1
% J. ’12 (/1; 1) (_1)5(1 _ GU(u))yr+e+a—2
~® e=0
A
—(a+2) Z (f) 1)/ (1= Gy(w))" 7™
j=0
r-1
X [W T A= Gu(u))W“}] gu@Wdu. (2.5)
From Beg and Ahsanullah (2008), we can write that
f "= Gy [—1 a-@a- G,,(u))WH}]r_l gQuydu = — =D
— w+1 Z:]_ (yq(+]))
2.6

and the result follows. The cdf of case-1 of Gos can be computed in the same way.

2.2 Case-l of DGos:

Theorem 2.2
For Lai and Xie extension, utilizing (1.3), (1.4) ,(1.7) in (1.11) and (1.12), we receive
the pdf and cdf of the concomitant Z,.; ,, ;, of r-th case-1 of DGos as:

Gariwn (@) =92(2) [1+6R;(r,i,w,D(2 — (a + DG,(2)

@ 2.7
(1-6,)" 6@, @7
Gapriwn(2) = Gz(2)[1 = 8t;(r,i,w, (1 — Gz(2))*G*(2)]. (2.8)
where
a-—1
Ricrtw D =myoy ) (40T 0
[ e B : 2.9
M= (g +€+2) ey (vg +j+2-1) (2.9)
and
a a) e
(D)o
* . _ 6
b = e ;) H(rz=1 (Vg te+tA— 1)° (2.10)

3. MOMENT OF CONCOMITANTS FOR Gos AND DGos
We find the recurrence relations between moments of Case-I of Gos and its DGos
3.1 Case-l of Gos:

From the results of the preceding part, we may format the pdf of Case-l of Gos,
Zjy iw,y as follows
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Iriwn (@ = 92(2) [1+6R* (i, w, D(A = (@ + DG,(2) (1 - 6,(2))* 674(2)
=g;(2) [1+8R*(r; i, w,D(A — (@ + DG4(2))

a-1
6@ ) (D46}
i1=0

= 9z(2) + 82AR"(r; L, w, 1) Z LGy + D926 (@)

i1=0
a—1
—(a+ DR (r; i, w, 1) Z Ly + A+ 1gz(2)G2(2)
i1=0
a-1 a-1
= g,(2) + SR*(r;i,w, ) AZ Igy,(2) — (a + A) Z Lav,(»| (3.1
i1=0 i1=0
where
a-1y—_1 iy a-1)_1 iy
11=(11 ) ),12=(11 ) ), (3.2)
i+ A b+ A+1
9v, (@) = (i + DG 1(2)92(2), g, (2) = (iy + 2+ 16 (2)g2(2),  (3.3)
Vi ~ G (2), 1, ~ G2 (2), (3.4)

Hence, the moment generating function of Z,.; , ;; is
a-1 a-1

M[T,i,w,l](t) = MZ(t) + 6R*(T, Lw, l) A Z IlMVl (t) - (a + A) Z IZMVZ (t) '
i1=0 i1=0
(3.5)

Theorem 3.1
Let 2 < r < i, we get recurrence relation between moments of concomitants of case-I

of Gos from Lai and Xie extension as

a-1 a-1
Mz iy (€) = Mpp—1, 1w (8) = M43 |4 Z 1My, (t) — (a+ 1) Z I, My, (t)
i1=0 i1=0
A » -
L)) evigra-n 22T it a-
X v - - Z = (3.6)
e G (g +j+a—1) L Moy (g +teta—1)
Jj=0 €=0
Proof:
i i i _ My _ 1
We using the following relation m,._, = — ac(r) = T Garerasty

1

Grteta-Daclr) =al-1 4@ =g—rrs

W +jta—Da()=a;(r—-1)
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R*(r,i,w,) —R*(r — 1,i,w, 1)
R ey & @
_mr”;H 1(Vq+e+a—1) S Mo (g tjta—1)

ey wealer
—My_y Z Z;i(yq+6+0(—1)_,_ Hq:1(}’q+]+a—1)
j=0

€=0

A

=, Zae(r)z N =Y gm@+n () 1y

j=0

e, Zaema Nevttera-n

A-1

Zaj(r)(a+l)( )( D +j+a—1) 3.7)

j=0

3.2 Case-1 of DGos:
Based on Lai and Xie extension and case-l of DGos, we can write the pdf of
Ziriw, 88

a-1 a-1
Gariwn(2) = 92+ SRA, LW, D (1) hgy () = @+2) ). Ly, ()],
i1=0 I:1=0

(3.8)
where Iy, I, gy, (2), gv,(2), V, and V, are defined in (3.2),(3.3) and (3.4)

Therefore, the moment generating function of Z,.;; ,  is

a-1 a-1
Misiaon(8) = Mz(8) + SRA(r,Lw, D [2 )" LMy, () = (@ +2) ) LMy, (©
i1=0 i1=0

(3.9)

Theorem 3.2
Let 2 < r < n, and we get recurrence relation between moments of concomitants of
case-l of DGos from Lai and Xie extension as

a-1 a-1

My 01 (8) = My (6 = 0, 5 (2 ) My, () = (@ +2) ) LM, (6)

i1 =0 1:1 =0

[y

a—

AMle+1-1) AMe+D(a+ 1)

x —
[]‘[Z=1 (Vg te—1+4) q=1 g te+A)

]. (3.10)

=0

m
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Proof:
By a similar way, we have the recurrence relation of case-I of DGos by using
- = ( ) - ! ( ) ( ) - ( 1) ( )
m,_ , AT , Vs +e+Aa.(r a.\r — y A1 T
=2 3 € 221 ( . /1) r € € €—1

= Z=1 Gate—1 +/1)'(Vr +e—1+Da._,(r) =a._,(r—1).

4. JOINT DISTRIBUTION OF TWO CONCOMITANTS

We derive the joint distribution of two concomitants of case-l of Gos and case-l of
DGos. The following theorems deal with this matter:

4.1 Case-l of Gos:
When Zj,;w, and Zig; ., be concomitants of the r-th and s-th for case-l of Gos,
respectively. Then joint pdf of Zj,.; , iy and Zs ;1. 7 < s, is

oo Ug
g(r,s,i,w,l) (er Zs) = j j gZ|U(Zr |ur)gZ|U(Zs |us)g(r,s,i,w,l) (ur: us)durdus

= 97(2.)92(25) [, [*5 {1 + 6245, Az [A2((1 — Gy (u,))(1 —

Gy (us)) ¥ (Gy (ur) Gy (us))*

—2(a + D((1 = Gy (A — Gy (ue))* Gy (u) Gy (us)

—2(a + D((1 = Gy(u)) (A = Gy (u))* Gy (u)* Gy (us)?

+(ar + D2((1 = Gy () (1 — Gy (us))* 6y () Gy (us)*]

+8A,[A(1 = Gy () 16y ()1 = (@ + D)L = Gy(u,)* 6y ()M
+8A2, A1 = Gy (u))* Gy (u)*™t = (@ + (A — Gy (us))* Gy (us)*}

Ms-1 G w11 14w
% (_1 + T')! (S o r)! (1 + W)s—z GU(ur) (1 GU(ur)

X (Gy )™ = Gy )™)Y Gy () gy () gy (u)duyduy - (4)

where
Az, = A= (a+DGz(2)(1 = Gz(2,)* Gz (2z)* Y,

Az, = A= (@ + D6, (2)(1 = G2 G2~ “2

Remark 4.1

To find the integration of (4.1) we use the following general forms of integrations, see
Beg and Ahsanullah (2008),

= Ms—q

PO (—1+7m)!(s—1=-7)! (1 +w)s2

f Gy )Gy () (1 — Gy () )1+

— - — S—1-r— —
X (Gy )™ = Gy (us)™") Gy (us)" ™ Gy (us) gy (ur) gy (us) du, dug

= M1 htotay (o vs+a
_<—1+r)!(s—1—r)!(1+w)sﬁ(r' e L Chlit e S
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Then, we can write

N

Ms—1

= oo e Lo Gu@) Gy () (Gu (u) Gy (u))
X Gy () (1 = Gy(w)™) 7 (Gy ()™ — Gy)™™) Gy(ug)’s
X gy () gy (us)du, dus
= oo e Lo Gu@) Gy ) (1 = Gy () (A = Gy (u))* ™
X Gy () (1 = Gy(w)™) 7 (Gy ()™ — Gy)™™) ™ Gy(ug)’s
X gy (u,) gy (us)du, dus
- me i i (T () e
(=1+7)!(s=1-1)!(1+w)S—2 <1 J2 J1 J2
X [7 % Gy () Gy (us) 2 Gy ()Y gy (ur) (1 — Gy () +) 7147
X Gy ()™ = Gyu)™™) Gy () gy (g du dug

A-1\/1-1 -

— Ms—1 —1V\J1tJ
(—1+7)!(s—1— r)'(1+w)szj1 0 Jz 0 ( j1 )( jz >( 1) 1
Xﬂ( y-r+}1+jz+2a 2

Yst+j2+a—1

(s —r, LD,

1+

L = (_H,)!(S_";S_;;(HW)S_Z S 15 Gy )Gy () Gy () Gy ()
X Gy ()" (1 = Gy (u)™) 7 (G )™ = Gy (™) Gy (ug)?s™?
X gU(u‘r)gU (us)durdus
_ Ms—1 ) -1 Ay (-1 (_1)f1+j2
(=147 (s=1-T)!(1+w)s SJ1=0 &j2=0 | j Ja

Yrti1tjz2+2a-2 . Ystjata-1
xp(r, 14+w B (s 1+w )

’ ’

Ms—1

I = i e e (Gu )Gy () ™ Gy () Gy (u)*
- — — — s—1-r—
X Gy ()" (1 = Gy (u)"™) ™7 (Gy (u)™ = Gy (ug) ™) Gy(ug)r=*
X gU(ur)gU (us)durdus
— Mg—1 A—-1 A .y
T (—14m)I(s—1- r)'(1+w)5211 0 12 0( Ja )(j2> (=1)r*2

+j1+j2+2 2 +jta—1
Xﬂ( Yr ]1 ]2 a— )B(s_r’YS ii; )

’

Ms—1

Jo = T e e Gu )Gy ) 6y (1) Gy (us)*
X Gy ()" (1 = Gy (1)) (G () — Gy (u) ™) Gy (ug)’s?
X gU(ur)gU (us)durdus
_ my_y A\ (A i
T (—147)I(s—1-1)I(1+w)S z:11 0 ]z =0 (]1> (]2) (1))t

+j1tj2+2 2 +jta—1
XB( Yr ]1 ]2 a— )B(s_r’YS ii\:" )

)’
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mg— 0©  rUs _ 1=
]5 = (—1+T)!(S—1—r1)!(1+w)5_2 f_oo f_oo GU(uT)a lGU(ur)/1 1GU(uT)W
— _ — — S—1-r— _
X (1 - GU(ur)1+W) 1+r(GU(ur)1+W - GU(us)1+W) GU(us)ys !
X gU(ur)gU (us)durdus
A-1 ;
— Ms—1 A-1 _1\J
T C1Hn)IG—1-r)I(1+w)S 11=0< Ja )( D
X ﬁ(T ]/r+]1+(l 1)ﬁ(5 _,r Ys )’
]6 ( 147)!(s n]]_'s Tl)‘(1+W)S Zf fus GU(u‘r)a 1GU(uT)AGU(uT)W
X (1 = Gy (u)"™™) ™ (Gy ()Y = Gy (u) ) Ty ()
X gU(ur)gU (us)durdus
s— r+ +a-1 s
- e T (1) GO A g, 2,
J = S e e Gu ) Gy () 1Gu(ur)w
X (1 - EU(ur)1+W)_1+T(EU(ur)1+W - Eu(us)1+w) Eu(us)ys_l
X gU(ur)gU (us)durdus
A-1 :
= Ms—1 ).‘_1 —1)/J
(14+7)I(s—1-1)!(1+W)S Jz=0< Ja )( DS
r+jata—1 s+jzta—1
X B(r, I p (s -y, B,
— Ms—1 ®©  rUs & a-1 A1~ w
]8 - (=1+7)!(s—1-7)!(1+W)S~2 f_oo f_oo GU (us) GU(us) GU(ur)

X (1= Gy () ™*™) " (Gy ()™ — Gy (u) W) Gy (ug)rs™
X gU(ur)gU (us)durdus

— Ms—1 j
- (—1+7)I(s—1-7r)I(14+w)S ]2 0< )( 1) 2

Yrtj2ta—1 _ Ystjzta—1
S

Using the results of the previous then the pdf is

g(‘r,s,i,w,l) (Zr' Zs)
= 92(2,)92(2){1 + 62Az, Az [Ay — A(a + V)], = Aa + D3 + (@ + D)?,]
+64z,[Ms — (@ + D] + 6457 — (a + D]s]}
= 92(2,)92(25) + TiTo(8*[A)y — Ma + )2 + J3) + (@ + 1)*/4])
+8T,9,(2) W5 = (@ + Mgl + 8To9,(z) W7 = (@ + D), o
where
T1 - 1211 0 Ilng(Zr) (a + ﬂ') le 0 IZsz (Zr)
T, = AX{ ~o I1gV1(Zs) (a+ D)X IngZ(Zs), (4.5)



Gamal, Diab and Mohamed 41

and Iy, I, gv, (2), gv,(2), V; and V; are defined in (3.2),(3.3) and (3.4).

The cdf concomitants Zp,.; ;3 and Zyg; i1, 7 < S, IS

G(r,s,i,w,l) (Zr' ZS) = f_oooo f_u; GZ|U(Zr |uT)GZ|U(Zs |us)g(r,s,i,w,l) (ur: us)durdus
= G7(2)G7(25) [, J12, (1 + 6743, 45, (1 = Gy (u,))
(1 = Gy (us)))* (Gy (up) Gy (u))*
+847,(1 = Gy () *Gy ()™ + 845, (1 — Gy (1)) * Gy (us)* '3

ms— ral ~ -_
X (—1+r)!(s—1s—r1)!(1+w)5‘2 Gy )" (1= Gy (up) ™)™

— — S—1-r—
X (GU(ur)1+W - GU (us)1+w) GU (us)ys_lgu (ur)gu(us)durdus'
(4.6)

where
Ay = (1= G5(2))*Gz(z)* Y,

Ay = (1= Gz(2:)%G(zs)* (4.7

h = e s e Le Gu )Gy () (Gu () Gy (us))
X Gy ()" (1 = Gy () ™) (Gy () = Gy (u) ™) Gy(ug)e™?
X gU(ur)gU (us)durdus
A-1\/1—-1 L
— Ms—1 A-1 ya-1 —1Y\j1+J
T (-1+)I(s—1-M)IA+W)S Lji=0 Ljp=o < J1 )( J2 )( Dl
Yrtji1tj2+2a . Ystiata
X'B(r' w+1 )'B(S r w+1 )'
B = et e e Gu @) Gy () Gy ()
— — — S—1-r—
X (1 - GU(ur)1+W)_1+T(GU(uT)1+W - GU(us)1+W) GU(us)ys_1
X gU(u‘r)gU (us)durdus
_ 4 (A—1 . +jita
_ Mms_q -1 Ry Yrti . Ys
T (—1+n)(s—1-1)!(1+w)S £J1=0 < J1 )( DB, w+1 B(s =, w+1)'
B = i e e Gu () Gy () Gy (up)™
— — — s—1-r—
X (1= Gy )" ™)™ (Gy(u) ™™ — Gy (us)**") Gy (ug)s™t
X gU(ur)gU (us)durdus
_ Mms—1 A-1 A-1 _1\J Yrtizta _ Ystizta
T (—147)I(s—1-7)I(14w)S SJ2=0 ( J2 )( DEp(, w+1 B(s =, w+1 )-

Then we can write cdf as
Girsiw) (Zr Zs) = G7(2,)G7(25){1 + 82 A7 A7 Ji + 843 J5 + 843 J3}. (4.8)

The product moment of Zp,.; 11, Zis,iw,iy @S Mirsiw,i (1, t2) is simply acquired from
(4.4) as
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Mg iway (t1, t2) = My (8) My (t) + 8*Ty TS [A); — Ala + 1) (J, + J3)
+ (@ + D?]) + 8Ty Mz (t)[As — (@ + D] (4.9)
+ 8T, Mz, (O)[A)7; — (a + D)Js),
where
Ty = AX{0 LMy, (t) — (@ + D) XE20 LMy, (t),
T, =2 ?1;10 LMy, (t;) — (@ +2) ?1_:10 L, My,, (t;),

where I, I, V; and V, are defined in (3.2) and (3.4).

(4.10)

4.2 Case-l of DGos:
When Z,. ;1 and Zig;,, ;) be concomitants of the r-th and s-th for case-I of DGos,

respectively. Then joint pdf of Zj,; ,;y and Zg s 1y, 7 < s, IS

gd(r,s,i,w,l) (er Zs)
= f_oooo f_ujo ngU(Zr |ur)gZ|U(Zs |us)gd(r,s,i,w,l) (urx us)durdus
= 92(2:)92(25) [, 7, (1 + 67 Az, Ay,
[A2((1 = Gy () (1 = Gy (u))* Gy (ur) Gy (u))**
—A(a + D((1 = Gy = Gyu))* Gy ) Gy (u)*™*
=A@ + D((1 = Gyu))(A = Gy (u))* " Gy (ur)* Gy (u)*
+(a + (A = Gy () (1 = Gy (ue)))* ™ (Gy () Gy (us))*]
+84z,[A(1 = Gy () Gy (u)*" = (@ + (L = Gy () * Gy ()]
+8A7,[A(1 = Gy (u))* 7 Gy (u)* ™ — (@ + (L — Gy (us))* Gy (u)*1}

meg— —_
X (—1+r)!(s—1s—r1)!(1+w)5_2 Gy (ur)™ (1 = Gy () ™)~

X (Gy ()™ — Gy (u) ™) 177Gy (ug) s
X gU(ur)gU (us)durdus: (4-11)

where A, and A;_are defined in (4.2).

Then, we can write

]d1 = (_1+r)!(sjrlls_;1)!(1+w)s—z f_oooo _uoso (EU(uT)EU(uS))a_l(GU (ur)GU (us))l_l
X Gy ()" (1= Gy (u)™™) ™ (Gy ()™ = Gy (u) ™) 177Gy (ug) s ™
X gU(ur)gU (us)durdus:

Ms—1

T (—141)!(s—1-7)!(1+w)S—2
S22 (= Gu(w)) (X = Gy ()  (Gy (1) Gy (us)) A
X Gy (U)W (1 = Gy(u)™™) 7 (Gy )™ = Gy ()™ ) Gy (us)"s ™1

X gU(ur)gU (us)durdus
— Mms—1 a-1 ya-1 (&~ \(a—-1 (_1)j1+j2
(=1+7)!(s—1-7)I(1+w)s—2 SJ1=0 &J2=0 | j, Jo

X [ 15 Gy )Gy (ug) 2 Gy (un)Y gy () (1 — Gy () ) 714

X (Gy W)™ = Gy (ug) ™) 177Gy (us) "~ gy (us)duy du

_ Mms—1 a-1 ya-1 <“ - 1) <“ - 1) (—=1)/1t)2
(—1+7)!(s—1-)!(1+w)s £J1=0 &j2=0 | j, Ja2

Yr+j1+j2+21-2 Ys+j2+A-1
X f(r, R g gy Yot
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Ja: = Tt oy e oo (Gu () Gy (u) Gy (1) Gy (us)*

X Gy () (1= Gy un)™™) ™ (Gy (W)™ = Gy (ug) ™) TGy (ug) s
X gU(ur)gU(us)durdus

-1\ /a—-1 i
— Mms—1 _Nj1ti
(—1+r)!(s—1—r)!(1+w)5211 o L= 0( i )( J )( 1))

+j1+ja+24-1 +jr+A-1
X[)’(T,yr JitJ2 )ﬁ(s_r,ys ]2 )’

1+w 1+w
Ja, = s S5 1 (G () Gy () 6y (u) Gy (ug)?

(=1+1)!(s=1-1)!(1+w)S~2
X Gy () (1= Gy un)™™) ™ (Gy (W)™ = Gy (ug) ™) TGy (ug) s
X gU(ur)gU(us)durdus

-1\ /a—-1 C
— Ms—1 —1Y)J1tJ
(-14+7)(s-1~ r)'(1+w>5211 o 2= 0( J1 )( J2 )( Ly

Yr¥jitja+22-1 L Ystiatd
X B(r, AT B (s — 1, B2,
Jar = Tt e e Gu ) Gy (us)) ™ Gy () Gy (us))
X GU(ur)W(l - GU(ur)1+W)_1+r(GU(ur)l+w - GU(us)1+W)S_1_rGU(us)ys_l
X gU (ur)gu(us)durdus
_ Ms_1 a—1\[(a—-1 Y
T (—147)I(s—1-7)I(1+w)S Zh 0 ]2 0 ( J1 )( Jo ) (=17
rtj1tja 24 s+j2+ A
X B(r, I B (s — 7, B2,
Jas = Tt oy e Je Go @) Gy () Gy ()"
X (1= Gy(u) ™) (Gy ()Y = Gy ()W) 717Gy ()Y
X gU (ur)gu(us)durdus
_ Ms_1 -1 i
T (—147)I(s—1-1)!(14+w)S Z“ 0 ( >(_1) '
Yr+j1+A-1 ¥s
X ,B(T,T)ﬁ(s —T,1+W),
Jae = Ty e e Gu @) Gy () Gy (ur)”
X (1= Gy () ™) (Gy (u) Y = Gy (ug) )51 Gy ()
X gU (ur)gu(us)durdus
_ mg_1 -1 )’r"’h‘"/1 Vs
- et (T ) (0B s - ),
Ja, - SO 5 Gy ()™ Gy () Gy (un)

( 1+1)!(s—1-1)!(14+w)S~2
X (1= Gy(u)"™™) 7 (Gy(u)™ = Gy(u) ™) Gy (ug)s
X gU(ur)gU(us)durdus

- i (70 ) e I p s

- (-1+7)!(s—1-7)!(1+w)S 1+w 1+w
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ms— ©  rUg & —
]ds = (_1+r)!(s_1s_r1)!(1+w)s—2 f_oo f_; GU(uS)a 1GU(uS)AGU (ur)w

X (1= Gyu)™™) ™ (Gy(u)™ = Gy (u) ™) Gy (ug)s™*
X gU(ur)gU(us)durdus

ms_y yoet ( ) >( 1y/28(r, yr+12+/1)ﬁ(s —r Vs+]'2+/1).

- (-1+M)!(s—1-m)!(1+w)S 1+w

Then we can write pdf as

gd(r,s,i,w,l) (er Zs)
= 92(2:)97(2){1 + 62 Az, Az [Ma, — M + D]a, — Ma + D]a, + (@ + 1)?/g,]
84z, [Mas — (@ + Da,] + 64z [Aa, — (@ + D]ggl}
= 07(2,)92(25) + TiTo(8[A g, — A + D) Uq, +Ja,) + (@ + 21)?Jg,])
+0T192(25)[Mas — (@ + D]agl + 8T292(2,)[Ma, — (@ + D]gg], (4.12)
where Ty, T, are defined in (4.5).

The cdf of concomitants Z,.; ,;; and Zig; 1, 7 < s, IS

Gd(r,s,i,w,l) (Zr' Zs)
= f_oooo fus GZ|U(ZT|uT)GZ|U(ZS|uS)gd(TSlWl)(uT'l us)durdus
= Gz(2)G7(2) [, J15, {1+ 8243, A7, (1 = Gy(w)
(1- Gu(us)))o‘(Gu(ur)Gu(us))’1 !
+847, (1 — Gy (u))*Gy(u)* + 847, (1 — Gy (1)) *Gy (us)* ™}

Ms—1 wr _ 1+wy—1+r
x 1+ (s—1-r)' {1+ w)s2 Gy (ur)™ (1 = Gu(ur)™™)

X (GU (ur)w+1 - GU (us)w+1)s_1_rGU (us)ys_lgu(ur)gu (us)durdus' (4-13)
where A7 _and A7_are defined in (4.7).

oo = Ty e e Gu @) Gy ) (Gu () Gy (us))*
X Gy () (1= Gy () )77 (Gy () = Gy (us) )17 Gy (ug) s
X gU(ur)gU(us)durdus

= o Moo T () ()

(-1+7)!(s—1-7)!(1+w)S

+j1+ja+2A-2 +j+A-1
xﬁ(r’YT JitJ2 )ﬁ(s_r’YS ]2 )’

1+w 1+w
* Mmg— ©  rUs & —
Ja, = (—1+r)!(5—1—1*1)!(1+w)5_2 f_°° f_°° Gu () Gy (ur)™™
X Gy )" (1 = Gy )™) ™ (Gy ()™ = Gy (ug) ™) 176Gy (us)?s ™!
X gU(ur)gU(us)durdus
_ Mg—1 j Yrtjitad-1 _ ¥s
= ety Theo (7,) CD BTG -,
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* ms— ©  rug -1~
Ja, = (—1+T)!(s—1—r1)!(1+w)5—2 S Jg Gu () ™ Gy (u)”
X GU(ur)W(l - GU(ur)1+W)_1+r(GU(ur)1+w - GU(us)1+W)S_1_rGU(us)ys_l
X gU(ur)gU(us)durdus
_ Ms—1 j Yr+]2+/1 1 _ Ys+jz+A-1
- (—1+r)!(s—1—r)!(1+w)5212 0 (]2)( D2p(r, B(s—T, 1+w )-

Then we can write cdf as
Gd(r,s,i,w,l) (erZs) = GZ(ZT)GZ(ZS){l + SZAETA}SJ;L + SAZJZZ + 6‘4*25]23} (414)

The product moment of Z,.; 11, Z(siw,y 8 Miysiwi)(E1, t2) is simply acquired from
(4.12) as

M[r,s,i,w,l] (tlﬁ tz)
= Mz, (t)Mz,(t5) + 8*Ti T3 [Aa, — M + D) (Ja, +Ja;) + (@ + 1D)?a,]
FOTT My (t)[Aag — (@ + Dag] + T, Mz, (t)[a)a, — (@ + Vg, (4.15)

where Ty, Ty are defined in (4.10).

5. THE SHANNON ENTROPY

For concomitants of case-l of Gos from Lai and Xie extensions, obtaining an explicit
form of Shannon entropy is simple.

Theorem 5.1
Let Zp.iw, Is @ concomitants of rth case-1 of Gos form Lai and xie extensions in

(2.1), then from (1.13), an exlicit form of shannon entropy of Z,.; ,,, 1}, is given by:
H(Ziyiwn) = H(Z) = 6Rfp 10,1 [1Py, (2) = (@ + DDy, ()] = W(r, 6,5, w, D) (5.1)

where the Shannon entropy for Z is

H(Z) = = [ ., 92(2)Ing;(2)dz, (5.2)
0, (2) = [, 9221 = G,(2))* 647 (D)Ing, (2)dz, (5.3)
d @, (2) = [7 92(2)(1 = G4(2) " G} (2)Ing,(2)dz, (5.4)
an
W, 8,0w, 1) = = £ (1 ORj00) R 2528 (7 1) (1
(A= DG E =y ) = (@ = DG — 7o 1) — @+ DG 1
A+ (A= DI — (¢ — DI — (a + DI (5.5)

A+p+1
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Proof:
From (2.1) and (1.13) then we have:
H(Zriwi))
= — 7 9221 + R}y 1,4 — (@ + DGz (2) (1 = G2(2))* 7657 (2))
X In(gz(2)(1 + R}y ;1A = (@ + DG2(2))(1 = Gz(2)* 1G5 (2)))dz

=H(Z) = 6R[yjw APy, (2) — (@ + )Py, (2)] = W(r,6,i,w, D), (5.6)
where
W(r,§6,i,w,1)
= [, 921 + R}y 10y A — (@ + )Gz (2))(1 = G2(2))* 657 (2))
IN(1 + 8R4y (A — (@ + DG, (2) A — G(2)7 1647 (2))dz, G.7)
we used integration by part, let
w=In(1 + &Ry, (A = (@ + DGz (2))(1 = G2(2))* 71657 (2)), (5.8)
then

du = 3% (1) (8R}p) (A = (@ + D)G(2)) (1 — G(2))/@ V6] V(2)

X g7(D[(A = 1A= (a + DG(2)(A — G,(2)* 164 72%(2)
—(@a—= DA = (@ +DG(2)(A — Gz(2)* 26} (2)
—(a+A)(A - GZ(Z))a_laél_l(Z)]dZ, (5.9)

let, we have

dv = f 9z(ZD)(1 + SRy 1,1 92(2)A — (@ + DGz(2)) (1 — Gz(2))* 1G5 (2))dz,

(5.10)
then
. o (a—1 1657 (@) (a6 P (@)
V= Gy + ORinpn Zio () 1) COPEE 2 - RO (5

Then we have
W, 8,i,w,l) = —ffooo vdu =
oo i * i % _ a—1
3 1 @) R T3 (") ) o

I a+l
(4 - 1)(@ 1 /1+p+1 L2y~ (a 1)(@ 3 T Tapel 1)
—(a+ l)(m Iy — ;1:21 IH]l+ A -1l — (a—Dilg — (e + D], (5.12)

where
= [7 92— (@ + DG(2)) (1 = G(2)) @ DUDGAPHETD=2(5) 4,
Z}+1 (] + 1) (—(0! + ﬂ.))hﬂ.ﬂ'l_h
[ 92(2)(1 = G7(2)) @ DUHDGZAHPHEATDH2 ()4,
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by putting x = 1 — G,(z). Therefore, we get
21+1 (J + 1) (=(a + )P Ai+1n fl x(@DUHD (] _ )22+ A-1+h-2y
=wn (¢ ; " 1) (= +
X[)’((a’—l)(]+1)+121+p+h+j(/1—1)—1)
I =2, 9: A~ @+ DG (2)* (1~ G, (@) @ DI HPIED T (ydz
=25 (D) @+ (e = DG+ 1 + 120+ p+ - 1)

=17 92— (@+ D)62(2)) (1 = G4 (2)) @ DH @ DGZHPHEDT (44,
ZJ+ 1 (] + 1) (—((Z + A))hﬂ.j'ﬂ_h
xﬁ((a—2)+](a—1)+1,2/1+p+h+j(l—1))

I; = [2 g2 — (@+ 2)G4(2)) (1 = G4 (2)) @ DH @ DGZHPHED () g,

Z]"'l (] + 1) (—((Z +A))hlj+1_h
xﬁ((a—Z)+j(a—1)+1,2/1+p+h+j(/1—1)+1)

I =17 g2(2)(A = (@ + 2)G2(2)) (1 = G4 (2)) @ DUHDGHPHUHDED (),
=T (J) (e + )"
XL(a—DG+D+1L,A+p+h+(G+DHA -1 +1)

=17 g2(2) (A — (@ + )Gz(2)) (1 = G5 (2)) @ DUHDGHPHUHDADH 5y g,

=3 () @ty
XB(a—DG+DH+L,A+p+h+(G+1DHA-1)+2)
I =17 922 (A— (@+ DG(2)) (1 = G5(2)) U@ DI DI (7) 4,
Z]"'l (] + 1)( (a +l))h/1]+1 h
XP((G+D(ae-D+1,G+DH)A -1 +h+1)
I5 = [ g2(2)(A— (@ + 2)Gz(2)) (1 = G4 (2)) @D+ @D A (5) 4z
Z}"'l (] + 1)( (a, +l))hﬂ,}+1 -h
xB(@a=2)+jl@a—1D)+1LA+h+jA-1)+1)

5= [, 92()@A = (@ + D62 (1 = Gz(2) VD6, (2)dz

=i_ ( ) (—(@+ VB + D@ =D+ LA+h+jA—-1)+1)

In the next subsection, we will apply the Shannon entropy of concomitants case-I of
Gos of Lai and Xie extension on exponential distribution.
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5.1 Exponential Distribution
Exponential distribution’s pdf and cdf are provided by, respectively:

g(z)=e?, (5.13)
GZ)=1—-e7%0<z< . (5.14)
Theorem 5.2

Let Zj, ;w,; is the concomitant of r-th case-1 of Gos for Exponential distribution from
(5.13) and (5.14) then, from (5.6), then the Shannon entropy of Z,.; ,, ;; is given by:
H(Zpyjwy) = 1= W@, 8,i,w,1) = SR}, ;1

X [AB(a, H(W(a) —Pp(a+ A1) — (a+ 1) (5.15)
B, A+ D (a) —P(a+ 1+ 1))]
where the Euler’s constant is v = —I'"(1), the digamma function is ¥(.) and
W(r,a,i,w,k) is defined by (5.5).

Proof:
From (5.6), (5.13) and (5.14), we have:

H(Zyiwn) = — [, e*In(e ) dz — W (r,8,i,w,1) — 8R}, ;1
X[Af, (e)%(1 - e *)*!n(e *)dz
—(a+1) [, (e*(1 —e ) In(e~?)dz]
=1=W(,68,i,w,1) = 8Ry;n[A%,, (2) — (a + DDy, (2)].

In order to find
D, (2) =] e?(e7®)* (1 — e~?)*"Un(e~?)dz, we note that
n(®) = f, [g@] ™) (1~ e ) 1dz
— f0°° [e—Z]t(e—Z)a—l(l _ e—Z)A—le
= fol x71x% (1 — x)*1dx = B(t + @ — 1, 1). By putting x = e 2.

Therefore, we get n’'(t) = Bt +a— 1L, D[Pt +a—-1) =yt + a+ 1 —1)], then
n(1) =@y (2) = Ba,DY(a) —yY(a+ )]

By the same manner, we can obtain the

@y, (2) =B, A+ D[Y(a) —P(a+ 1+ 1)].

6. FISHER INFORMATION

The following theorem introduces the Fisher information for concomitants of case-I
of Gos of Lai and Xie extension as:
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Theorem 6.1
Let Z}, i w,y is the concomitant of r-th case-1 of Gos from (2.1), then from (1.14), the
Fisher information of Z},. ; .., ; is given by:

o [dlng T,iw, (2) 2
i) = 0 [T g (2) 6.1)
=1+ 28R}, ;1 + (6R}; )1,

where
I = f [alngZ(Z)] g riwl] (Z)dZ (6-2)

1=["9,(2)9:@[A - DA~ (@ +D)G6(2))(1 — 6,(2))* 163 72(2)
—(@ = DA = (@+ )G (2)(1 = G,(2)* 263 (2) (6.3)
—(@a+D(1-G,(2)* 16} (2)]dz.

11 = f 93(2)

= 148R[,; 1 A= (a+)Gz(2)(A-Gz(2)* 16471 (2)

[(A= DA = (a+DG(2)(1 = Gz(2)* 63 7*(2) (6.4)

—(@ = DA = (@+ DGz (2)(1 = Gz(2)* 265 (2)
—(@a+ DA = G6;(2)* 164 1 (2)]?dz.
This is shift-invariant Fisher information, which is Fisher information for the location
parameter. Noting that it differs from what BuHamra and Ahsanullah (2005) introduced.

We will apply the last theorem for the exponential distribution in the following
subsections.

6.1 Exponential Distribution
Theorem 6.2

Let Zp.;w, is the concomitant of r-th case-I of Gos for exponential distribution
function from (5.13) and (5.14) then from (6.1), the Fisher information of Z,.; ,,;; is given
by:

IZpy i) = 1+ X0 (1) (ORf i) [(A = D2 = 2(A = D(a = D,

20— D(a+ Dz + (a — 12, + (a + )25 — 2(a — 1) (a + D). €5

Proof:
From (5.13), (5.14) and (6.1), we have:

1(Zyoom) = f [alne ] Iiriw(2)dz + 28R, ; 11
S -A-DA - (@+ DA —e™)N(e ) (A —e )
—(@=D@A=(@+HA-e (e (L —e '™
+Ha+ DA = e dz + (8Rjy i)’

© 9_32

f—oo 14+6R},. ;1 (1—e DA 2(2)e~ (@~ D22~ (a+2) (1-e %))
[(A-D@A - (a+ DA —e))(e™)* (1 —e )2
+(@—-1DA = (@a+ D)1 —e?))(e)* 21 —eH)*?!
—(a+ D) (e 1 —e?)*1)2dz

=14 26Rp ;I + (5Rfr,i,w,z])2111'
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where

® rdlne%1°
:f [ 0z ]g[r.i.w,z](z)d2=1. ©6)

= ["[-A-DA-(a+D(1—e?))(e ) (1 - e )2
—(@-DA-(@+ DA —e))(e (L —eH*
+(a + D) (e )11 — e ?)*1]dz, by putting x = 1 — exp(—2z).
Therefore, we get
[ @+ DA = DA = 0% = A4 - 1)1 - 2)%x27]
+(@+ D@ - DA —x)*x* — A(a — 1)1 — x)* x* 1]
+(a + (1 — x)*x*dx
= zero. (6.7)

— (e™%)3
= f-oo 146R}, ;A= (@+ ) (1-e~2) (e 72) %1 (1-e~Z)A~1

[(A— DA - (@+ D)1 —e?))(e !

(1-e D2+ (@—1D)A—(@+ D)1 —e?))(eH*2(1—e !
—(@+ DDA —e D 2dz = [T 3% (=1 (6R} 1)’
(A= (a+ D)1 —e %) (e ?)3H@D(1 — e77)/ @D

[(A— DA (@+ DA —e ) (e (1 — e #) 2
+a-1DA-(a+A)(1 - e‘z))(e‘z)”“2 1- e‘z)’l‘1

—(@+ ) (e)* (1 —e M) MPdz

= 3% (=1 (6R} 1) [(A — D2 —2(— 1) (a — DI’

—2A =D (a + DI+ (a — 1?1, + (@ + D)% — 2(a — D(a + D]

By putting x = 1 — exp(—z). Therefore, we get
= [, (A= (@ + Dx)/*2(1L — x)2a @Dy 20-2+(0-D gy
_ ZJ+2 M2k (— (@ + ) (] + 2)
XBR2A-=3+j(A—-1)+k, 2a+](a—1)+1)
L' = [ (A= (@ + D)x)/*2(1 — x)2a- 1 @Dy 2A-3+/G-D gy
= YI*2 vk (—(q + A))* (f + 2)[;(2,1 24j(A—1) +k 2a + j(a—1))

13\ =f (l (0!+).)X)j+1(1 x)2a+1(a—1)x21—3+1(/1—1)dx
=Sy k@ + ) (Ut 1)[;((] +2)(A—1) +k,2a + j(a — 1) + 1)

I = [ (A= (a+D)x)/*2(1 — x)UDE Dy +DA-D gy
=g k- 0 (112
XB(G+2)A—-1)+1+k, (]+2)(a—1)+1)
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I = [ (A= (a+Dx)/ (1 — x)22 @D (+D0-D gy

= Tho V(=@ + ) (}) B+ DA =D+ 1+ k2a+jl@ =D +1)

I, = fol (A = (a + Dx)/ L1 — x)2a-1+i@- Dy (+2)(A-D gy

j+ 1

= B4 V(o + )k (! i JBWU+D@A=1) +1+k,2a +j(a - 1)).

7. CONCLUSIONS
In this article, we consider a new extensions of Morgenstern family is Lai and Xie

extensions and discuss their concomitants for case-l of generalized order statistics and
case-1 of dual generalized order statistics. Additionally, recurrence relation between
moments is found for the recommended models. We have also derived the expression for
the joint distribution of concomitants for generalized order statistics and its dual. We
established the Shannon entropy and Fisher information with exponential distribution as
an example from Lai and Xie extensions.

10.
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