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ABSTRACT

In this paper, explicit forms of single and product moments with recurrence relations
are obtained based on k-th lower record values from the inverted Nadarajah-Haghighi
(N-H) distribution. We have also conducted a characterization of inverted N-H distribution
using recurrence relations based on the same framework of lower k-th record values and
truncated expectations.
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1. INTRODUCTION

Record values are considered as those observations that exceed the previous ones in
magnitude. There were first published in the work of Chandler (1952). Their significance
is noted in a wide variety of practical situations such as industrial stress testing,
meteorological analysis, hydrology, seismology, mining surveys, sports and athletic
events. Various developments on record values and related topics are extensively studied
in the literature. See for instance Ahsanullah (1995), Kamps (1995), Arnold et al. (1998),
Ahsanullah and Nevzorov (2015). Dziubdziela and Kopcoinski (1976) have generalized
the concept of record values by introducing k-th record values. They are defined in the
following manner:

Let {X,,n>1} be a sequence of independent and identical distributed (iid) continuous
random variables with df F(x) and pdf f(x). The j-th order statistic of a sample
X1, X5, X, is denoted by X;., . For a fixed positive integer k, we define the sequence

{L(n),n >1} as k-th lower record times of {X,,n>1} as
L D=1,

L(n+D)= min{j > L (M) Xy, (nysk-1 > X jrka }
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The sequence {Z{),n>1with Z8 = X, k1. N=12,... is called the sequence
of k-th lower record values of {X,,n>1}. For convenience, we shall also take Z((,l) =0.

Note that for k=1 we have a sequence of ordinary lower record values Z{" = Xy N21.

The pdf of Z,(,k)and the joint pdf of Zr(nk)and Z,(,k) are as follows:

n

(0 00 = Ty PO RO 109, n =1 &)
_ k" ~ ma F(x)
240,240 N = Tmyr—m U R G

x[INF(x)~InFWI"™ ™ FWIF F(y), @)

y<xl<m<n,n>2, respectively.

The conditional pdf of Z{), given Z& =x, is

k-1
- ﬁ _ n-m-1 f(x) f(x)
fzr(]k)lzr(nk)(xy y)= Tm [(InF)—InF(y)] {_F(x)} _F(x)'y< X. (3)

Replacing F(x) with 1— F(x) we obtain expressions or upper k-th record values. The

usefulness of record values on different inference problems may be found in e.g. Pawlas
and Szynal (1998), Pawlas and Szynal (2000), Bieniek and Szynal (2002), Khan and Zia
(2013) and Singh and Khan (2018), Vidovic (2019, 2021), Alam et al. (2021, 2022b).

Inverse transformations of distribution models are constantly introduced in statistical
literature for the purpose of providing more flexible models with higher performance skills.
There exist a significant literature of inverse (or inverted) distributions. Inverted
distributions have a mayor impact in statistics due to their large modelling performances
based on various shape styles of the density and hazard rate functions. Their applicability
has a tremendous role in different real-life problems where non-inverted distributions have
a noticeable lack of fit. For more details on inverted distributions we may refer to e.g.
Sheikh et al. (1987), Lehmann and Shaffer (1988) and Ahmad (2007). In this paper we deal
with an inverted N-H distribution which was introduced in Tahir et al. (2018). Its
probability density function (pdf), is of the form

f(X) = 00X 2 (1+ XX_l)a_l exp {1— (1+ kx_l)a=, x>0,a>0,1>0, 4

with the distribution function (df)
F(x):exp{l—(1+7»x_1)}ax>0,(x>0,7»>0. (5)
This distribution is obtained by the transformation 1/Z, where Z follows the N-H

distribution (see Nadarajah and Haghighi (2011)). Its fitting performances are improved
over the N-H distribution by enabling the hazard rate function to exhibit a decreasing or
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bathtub form. By setting a.=1, the inverted N-H distribution reduces to the inverted
exponential distribution. With all this in mind, the inverted N-H distribution can be seen
as a potential model for positive data with wide fitting abilities.

One may realize that a functional relation between pdf and df can be expressed as
(x2 +kx)f(x))=ak[1—ln FOOIF(xX)]. (6)

The key role of this article is to present recurrence relations of single and double
product moments of the inverted N-H distribution based on lower records. We use
integration methods for obtaining such relations and we discussed potential applications of
these results in those distribution arising as special cases of inverted N-H distribution in
Section 2 and 3, with respect to single and product moments. The characterizations of
inverted N-H distribution using recurrence relations and truncated moments are taken into
account in Section 4, while Section 5 concludes this paper.

2. RELATIONS FOR SINGLE MOMENTS

Theorem 1
For n>1 and k>1, we have a representation of the record value moments from
inverted N-H distribution as

) i iAoz [Rfed o0 T(g+ )
E(249) - r(n) anp“)pz::( e )

where [.] is a maximum integer.

Proof:
For the first step

£(280) =< T - FOoP 2 FO0F £ (o

1ﬂ( )o
E(z00)] = }J(r_(i))ikn pf‘,oa (J)j(t+1)p/at n-To—Kt gt
:%Hl—{—ln F(x)+1}1/°°]_ [=In FOOT L [F OO £ (x)dx.

Making the substitution t =—InF(x), we find that

E(ng,y:_xi(r_(?;k“ Z[1 e ] ete 6)

By using the binomial expansion found in Cordeiro and Andrade (2009), we can write

(l—wl’y) ' 1+Z( I)Hlﬁ(fﬁLJ)W'/V—Za(r)W"y |wl<1, 9)

i=0
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From which we obtain

MEDIK" 2 el N gt ke
=222y a,(f) X (B e (10)
rn)  po " o0 (q )g

where in the last step we used the gamma function and, hence, get the result.

Remark 1

i) Setting ao=1 in (7), we get the single moments of k-th lower record values from the
inverted exponential distribution (see e.g. Dey et al. (2016)) as

oy _ DI e R T(g+n)
E<Z" ) ~ I(n) anp(ng‘()(‘?) C

Moreover for k =1we get the single moments of lower record values from the
inverted exponential distribution.

ii) Setting k=1 in (7), we get the single moments of lower record values from the
inverted N-H distribution as
; _1)1' Wo» _[pla] /
E(Xl) =2 S ay(i) > (P g,
( L(“)) rm = 7 i (q )
iii) Setting k=1 and n=1 in (7), we get the j-th single moments from the inverted N-H
distribution as

E(X 1) =(-)ial e a,()I(p/a+11),
p=0

where
[p/a]
3 (gp’“l)r(q +)=el(p/o+11).
p=0
See also Tahir et al. (2018).

The following theorem gives the recurrence relations for single moments of k-th lower
record values from (2).

Theorem 2
For n>1 and k >1, a recurrence relations based on the record value moments from
inverted N-H distribution has the form

E(Z,(,k))j+2 :%[k E(zrg‘i)l)j+1 -n E(Zr(,'fr)l)rrl +(n -k —%j E(Zr(lk))jﬂ} (11)

For j=0,1,...
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Proof:
From (4) for n>1and j=0,1,... we have

K - InE I In FOOT [F GO o

r(n) o
ok«

= =~ Ty | [x [=InF ) F(X)]F dx + ——— ) ng[ InF ()] [F ()] dx

One can notice that (see Bieniek and Szynal, 2002)

E(Z{0)1*? —1EZ{9)" =

oAk =

KT e X L InF oI L [F (0T dx.

E(zMN _gz&yi =
( n ) ( n—l) r( ) 0

ko

J+

n . .
—j{Eaék_ﬁ)’”—E(zgk’)“l}}. (12)
Arranging (12) gives the results (11).

Remark 2

i) Setting ao=1 in (11), we get the recurrence relation for single moments of k-th lower
record values from the inverted exponential distribution as

E(z0)" - J+1[kE(Z'(1k)1) nE(z%)" +(n—k—j—1)E(z,§k>)j+l}.

Moreover, for k =1we get the single moments of lower record values from the inverted
exponential distribution.

ii) Setting k =1 in (11), we get the recurrence relation for single moments of lower record
values from the inverted N-H distribution as

£ (43 ) = 2 e - (ke o (0112 e (i) |

3. RELATIONS FOR PRODUCT MOMENTS
In this section, we derived the exact moment and recurrence relations for product
moments of k-th lower record values from inverted N-H distribution (1).

Theorem 3
Forl1<m<n-1andi, j=0,1..., we have
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. r+sa r+s n_m 1) »
E|:(Zr(nk))l(zi(1k)):| )T zl( )( -m- jzoaq(i)

r(mrI(n-m) p=
[a/a] / 0 [s/a] /
qu ([q o] Zat( )Z ([s oc]] 1"(t+n+r3+r 13)
r=o \ I (r+ p+m)k
where [.] is a maximum integer.
Proof:
From (2), we have
My z0yilo_ K" T ma F(X)
el @) |- s TR A=
S[INF(x)—InF(y)I" ™ [F(y)]™" £ (y)dxdy.
K" m-=1ye i i p+m-1
e o Y [p JH”[ el
LEX;[ INE) ™ L) F (y)dxdy.
SR S )(” - 1}
r(mI(n—m) p=o
xg Y -InFWI™ ™R £(y) 1(y)dy, (14)
where 1(y) has the form
|(y)=°fx‘[—|nF(x)]P*ml%dx
= (=D)iAd j[l {—InF(x)+l}1’°‘] [~InF(x)]"™ 1;§X;dx
By substituting t =—InF(x), I1(y) simplifies to
. .—InF(y) )
I(y)=(D'A" | -{t+1Y* 7" tP ™t (15)

0

Next, by using the binomial expansion as in (10), we can rewrite 1(y) as

) L —InF(y)
=0 L) ] ? e nPerrm gy
0

o InF
= (-1 x'za [q/z][[rq/a]) njm P gt

q=0 r=0 0
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S ) S e )
e Sl r+p+m

Inserting (16) in (14), we get

[l by Sion(; s
X[q é a]([q / a]J 1

U (RS i ) A Y
r=

r+p+mg F(y)

Making the substitution z=—InF(y), we find that

O\ ooV ] (_1)i+ixi+1k“ nml n-m-1
E[(Zm ) (7 )}r(m)rm—m) Z Dp[p ]
Xia(i)[qfl([q/a]j 1

. [ [1—{2 +l}”°‘]_jz"”‘l e ¥z

g=0 r=0 r+p+myo

By using the binomial expansion (9), we can write

|:Z(k) (k) } (D'“k‘“k”nml( N 1
r(mr(n—-m) p=o

: r=0 r s=0 r+p+m0

z a( z(:x ([q/ ]J Z as 1 J' (Z+1)S/0tzl‘fnflefk2dz'

_ Ak s [ —1j z 00
=~ 2 -1
- T(m)T(n-m) p= o )’ qgoaq
X[qgt]([q/(x]j g agi)[sg]{[sl(x]] 1 T Jeren-L gk g, an
r=0 \ I s=0  t=0 \{ r+~p+mgq

where in the last expression we have used gamma function. This completes the proof.

Remark 3

i) Setting o =1 in (13), we obtain the product moments of k-th lower record values from
the inverted exponential distribution

S R P
p

‘s S| T'(t+n+r)
§(7)5 ang 7] Lo

+p+m)

Moreover, for k=1 we get the single moments of lower record values from the
inverted exponential distribution.
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ii) Setting k=1 in (13), we get the product moments of lower record values from the
inverted N-H distribution as

1 r+57\’r+5 n-m-1 _1 0 )
[(XL(m))(XL(n))] m pZO( 1)P ( quoaq(l)
[a/a] / [s/a] /
qu {[q OL]JZ ()Z[[S Ot]jl"(t+n+r).
r=0 \ I s=0 (r+p+m)

iii) Settingi =0, we get a representation of the moments of single record as in (7).

Theorem 4
For1<m<n-1landi, j=0,1,...

e[ 2@y ]2 ke[2W) )]
mE[(Z) @) |+ [m k- .;1} [(Z&“)‘”(Zé”)jﬂ. (18)

For m>land i, j=0,1,...
E|:(Z£nk))l+2(z(k)) :| |:kE|:(Z(k)l)l+l(Z(k)l)J:|
~menE[@) 17+ m- k—'”j [(zﬁn”)‘*l(z&kzliﬂ- (19)
o

Proof:
From (2), we have

E|:(Zr(nk))i+2(zr(1k))j]+ |: |:(Z(k))|+l(z(k)) :|:| WMCZTXWJ
y

(X2 +)[=In F(x)]m‘l%[ln F(x)—In F(y)]"‘”"l[F(y)]k-1 f (y)dxdy

_ adk"
~ T(m)[(n—m)

I TX Yy = InE I InF () — InE )™ ™ L F (Y £ (y) dxdy

ork"
r'(m(n—m)

I XY= F QO™ InF ()~ In F ()™ [F ()] £ (y) dxdly
y

Due to Alam et al. (2022a), it is noted that
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E|:(Zr(nk+)l)i(zlgk))1:|_ E[(Zr(nk))i(zl(]k))i}:_m

BB i-1,,j m n-m-1 k-1
X[ XY =InEOAI [INF ()= InF ()™ [F ()l f(y)dxdy.
ay

E[(Zr(nk))nz(zr(]k))j}FX[E[(Z&k))m(ng))jﬂ ockk[ |:(Z(k) )'*l(Z(k)) ﬂ
_ (K)yi+1(7 (K)yi ], OAM (K)yi+1 7 (Vi ] i+1(7 (K)y ]
e[y @y + 20 [E[@y @y |- [E[ @@ ]|
By arranging the terms, we get the expression (18). Putting n=m+1 in (18) and
noticing that E[(Z&k))i(zr(nk))j]=E[(Zrﬁqk))”j], the recurrence relations (19) can be
easily recognized.

Remark 4

i) Setting oo =1 in (18), we get the recurrence relation for product moments of k-th lower
record values from the inverted exponential distribution as

ElZ) 220y 1= e[ @) |
—meEe| (z&) yi+ Z(k) i —k—i—DE| (z&kyi+Lz&K)yi
m(m+l (n)+(m I)(m)(n)
Moreover, for k=1 we get the single moments of lower record values from the

inverted exponential distribution.

ii) Setting k =1 in (18), we get the recurrence relation for product moments of lower
record values from the inverted N-H distribution as

. (X}\, .
e[ KLk = 2] E[ X )0
i - i+1 i+1 i
_mE|:(X|I_(m+1))(XI£(n)):|+|:m1T:|E|:(XLJEm))(Xﬂ(n))]:|
iii) Setting j = 0in (18), we get the recurrence relations of single moments as in (11).

4. CHARACTERIZATIONS

The characterization results can be used to know if the designed models fit the
requirements probability distribution under study or not? There are several authors which
are used the characterization theorem for order random variates such as order statistics and
record values, we may refer to Athar and Akhtar (2015), Khan et al. (2015, 2016, 2017)
and Alam et al. (2020).

In this part of the paper, we present a characterization of the inverted N-H distribution
based on record values, using the following result found in Lin (1986):
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Proposition 1
Let n, be any fixed non-negative integer, —co<a<b<oo and g(x) =0 an absolutely

continuous function with g'(x)=0 a.e. on (a,b). Then the sequence of functions
{(g(x))n e‘g(x),nZnO} is complete in L(a,b) iff g(x) is strictly monotone on (a,b) .

Theorem 4
Let k>1 and j>0 be integers. A necessary and sufficient condition for a random

variable X to have a pdf (4) is
E(Z{0)i+2 =.°‘—k{k E(Z,ﬁk_)l)jﬂ—nE(Z,ﬁ‘j)l)“l+(n—k Hle(Z(k))‘”} (20)
j+1 o
For n=1,2,...

Proof:
The necessary part follows from (11). On the other hand if the recurrence relation (20)
is satisfied, then by rearranging we have

E(Z{))"2 +1E(Z{) =

a ik { E(z®)i _E(Zék))m}
i “

_ OAN
j+1
Reasoning as in Bieniek and Szynal (2002), we deduce that

Fk(n ofx (2 + W) [=In FOOI" 2 F 01 £ (x)dx

{E(Z(k))J+l E(Z(k))j+1} (21)

0;3;"; X InFOP Y F (0] dx + ?X [-In FOO)I"[F ()] dx
0

T InFOOI O £ (%)
0

y {(Xz a0 PIFCOL of=In F(x)][F(x)]}dX o,
f(x) f(x)
It now follow from the above proposition with
g(xX)=—=InF(x)
that

(X2 +2x) f (x) = oA[1— In F()][F (X)].

which proves that f(x) has the form as given in (4).
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Theorem 6

109

Let X be a non-negative random variable having an absolutely continuous df F(x),

f(0)=0and 0<F(x)<1 forall x>0, then
Koy
E[F(Z)Z)=x]=gy(x) = eXp{l_(mX—l)a}[mj |
I=mm+1
If and only if
F() =exp{l-(L+2x )"} x>0,a>0,1>0.

Proof:
From (3), we have

n—-m

)j(exp {l— 1+ ky‘l)“}

(k) Ky_ v =
E[FZ) 2 )—x]—r(n_m)0

k-1
&} 109,

n-m-1
x[ln F(x)—In F(y)] {F(x) F ) y.

F(y) exp{l—(l+ ky’l)“}
F(x) exp{l—(1+ xx‘l)“}

By setting u = , from (5) and (23), we have

kn—m
r'(n—m)

1
E[FzP)zP)=x] = exp{1- L+ 2x 1) | [u [ Inu" ™ Lqu.
0
Using the identity found in (Gradshteyn and Ryzhik, 2007, p. 551):

XU =Inx]*tdx = )
UH

o —r

We obtain the relation (22).
To prove the sufficient part, we reason as
n—-m

r'(n—m)

[FOOT £ ()X = [F OOT gm0,

n-m-1

fexp{l— @+ 2y [INF ()~ InF(y)]
0

where

k n-m
Gnjm (9 = EXP {1— (L+ax7h)e }(mj .

(22)

(23)

(25)

(26)
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Differentiating (25) both sides with respect to x, we get

K" f(x) X e s
mgexp{l—a%y D) }[In F(X)-InF(y)]

[F OO1™ £ (y)dy = g7ym OOTF (T +K gy COLF OOT< (),

kg1 COLF COT ™ £ (%) = 9y COIF OOT +Kgy COIF OOT £ (%),
Therefore, we have the differential equation

f(x) Yy (X)

FOO K[ 9njmea () = Gam(9) ]

where

G (¥) = X 2 (L+x )" Fexp {1— (L+ax)e }(%)

and
' _ -1ya 1 K o
gn|m+1(x)—gn|m(x)—eXp{l—(lﬁL?vX ) }E(m -
Hence, we obtain the functional relation

T _ oax2eax et
F(x)

Which implies that F(x) =exp {1— 1+ kx‘l)“} . This conclude the sufficiency part.

Theorem 7
Suppose an absolutely continuous (with respect to Lebesgue measure) random variable

X has the df F(x) and the pdf f(x) for 0<x <o, such that f (x) and E(X | X <x)
exist for all x, then

E(X X <x)=g(x)n(x), (27)
where
_fx
n(x) = F (0
and
_ X _ 1% _ -1ya
0= T et f(x)£EXp{l (L) fdo
if and only if

f(X) = oA 2(@Q+ax 1)t exp{l— 1+ kx’l)“}, x>0,a>0,A>0
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Proof:
From (4), we have

E(X X <x)= % Tul @+ )  Lexp {1— 1+ ku‘l)“}du. (28)
0

Integrating (28) by parts treating 'oiu?(1+aut)** exp{l—(1+ ku‘l)“}' for integration
and rest of the integrand for differentiation, we get

E(X|X<x)= %{xexp{l— @+ }Lx’l)“}—){:exp{l—(l+ ku_l)“}du}. (29)

After multiplying and dividing by f(x) in (29), we get the result given in (27).

For sufficient, from (27) we have that
Juf (u)dt =g(x) f (x). (30)
0

Differentiating (30) on both the sides with respect to x , we find that
xf () =g'(x) £ (x) +9(x) £'(x),

from which we have

ff((:)) X z;?xg)() — o 2 (L xR
Hence
g'(x)=x-g(x) [ax X2 (1+7\x’1)°"1}. (31)

Integrating both the sides in (31) with respect to x , we get

f(X) = Coax 2(1+ax )* texp {1— (L+axH)® }

Now, using the condition [ f(x)dx =1, we obtain
0

£(x) = oAx 21+ Ax1)* exp{l— L+ kx'l)“}, Xx>0,a>0,1>0.

5. CONCLUSION

This article describes the recurrence relations of the single and product moments of
k-th lower record values in Sections 2 and 3, respectively. These results are interesting for
researchers since they provide the ability of evaluating higher order moments based on the
first several known moments. These results are of interest since they may potentially reduce
time and costs. In Section 4, characterization of inverted N-H distribution is given through
recurrence relations and using truncated moments.
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