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ABSTRACT

Reliability of the stress(Y) — strength(X) R = P(Y > X) model using Bayesian
estimation method is proposed in this paper. We used it to evaluate the component's
performance when the two variables X and Y are independent Exponentiated
g-Exponential random variables with common parameter 4, ¢ and ¢. Three different loss
functions [weighted, quadratic, and entropy] under two different prior functions [Gamma
and Extension of Jeffery], with an empirical Bayes estimator for a type Il censored
sample are used. A comparison of the three reliability estimators for stress — strength are
established with two different types of criteria such as mean squared error (MSE) and
mean absolutely percentage error (MAPE). Finally, the results of the simulation study
discovered that for small, medium, and large sample sizes, the entropy loss function,
weighted and quadratic to the advantage, performed best, respectively.
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1. INTRODUCTION

Recent work has produced a number of g-type super statistical distributions, including
the g-exponential, g-Weibull, and g-logistic, in the context of statistical mechanics,
information theory, and reliability modeling. In tests of reliability and survivability,
exponentiated g-Exponential models can be used to simulate a range of component
failures. A lot of motivation has been placed on how challenging it is to draw conclusions
about the stress-strength reliability (one component or system) concept. Reliability,
defined as R = P(Y > X), is a performance metric that may be used to assess the
effectiveness of a component if X is its strength and Y is the stress. R is estimated using a
number of alternative lifetime distributions.

The calculation of the reliability function has been the subject of much research for
several failure models. Widely employed in a range of conventional and Bayesian
estimation methodologies as well as in real-world applications. 2015 through the current
year. Umesh, Sanjay, and Abhimanyu [9] talk about the traditional and Bayesian estimate
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of the parameters, reliability function, and hazard function for a novel extension of the
exponential distribution using asymmetric loss functions in (2015). In 2016, Li and Hao
calculated R = P(Y < X) and utilized Monte Carlo simulation [10] as a comparison. In
their analysis, Najarzadegan et al. took into account the Bayes, Maximum Likelihood,
and UMVUE estimators. To compare the employed methodologies, real data and
simulation were used [11]. Multi-component system dependability was calculated in
2017 by Srinivasa et al. [12]. In 2018 [13], Cheng proved the system's reliability in the
strength stress model with parallel components based on the Pareto exponential
distribution. To calculate the stress-strength reliability of a multi-component model that
followed a Pareto distribution in 2019, Jamal et al. proposed the Maximum Likelihood
estimator and the Bayes estimator under two loss functions (linear exponential loss
function and squared error loss function) [14]. Jana et al. showed that the Rényi entropy
implies artificial biases not warranted by the data and incorrect updating information
due to the finite size of the data despite being additive based on g — exponential
distribution [15][18]. In 2020, Jha et al. considered the reliability of multi-component
stress-strength under progressive Type-1l censoring when stress and strength variables
obey the unit Gompertz distributions. The reliability was estimated under Bayesian
methods. Then, Monte Carlo simulations and three actual data sets were used for
comparison of the proposed methods [16]. Also, in the same year, Hassan et al. estimated
the multi-component system reliability stress-strength model. The Markov Chain Monte
Carlo method was used to assess the performance of estimates [17]. Jana and Bera
developed Bayesian estimators for the entropy loss function's parameters in 2020 [5]. The
reliability function of a probability distribution on the cone Q of positive definite
symmetric matrices defines the distribution without any invariance conditions, as
established by Hassairi and Roula in their article from 2022 [6]. Additionally, they
showed that the exponential probability distribution on Q holds up when described by a
memory less attribute even without the assumption of an invariance requirement. They
looked at the relationship between the uniform distribution on Q a limited interval of and
the exponential distribution on Q. We explain the idea of a matrix Pareto distribution and
demonstrate how it exhibits the long tail feature.

The concept of competitive hazards, which emphasizes other competing events
that preclude viewing the event of interest, is incorporated into the Exponentiated
q-Exponential distribution. The unknown parameters of this model may be estimated
using a variety of techniques, including maximum likelihood estimation, Bayesian
estimation, and empirical Bayesian estimation [4]. The latter method, however, runs into
a challenging integration that is exceedingly challenging to implement due to its
complexity. We questioned if the outcome would have been the same given the same
parameters for the competitive risk model and different loss functions (weighted,
quadratic, and entropy)? This post was prepared with such attitude in mind.

The following is a description of the paper's structure. The posterior functions of the
distributions are shown numerically in Section 2. The Bayesian estimates for model
parameters are determined in Section 3. We got the empirical Bayes estimators of EQE
reliability based on different loss functions in section 4. In Section 5, a Monte Carlo
simulation study is used to validate the correctness of the Bayesian estimates. Finally, in
the final part, there are some concluding observations.
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1.1 The Reliability System Methods

In this paper, the reliability under two prior functions [Gamma and Extension of
Jeffery], with three loss distributions [weighted, quadratic, and entropy] are proposed.
Bayesian analysis is performed when stress X and strength Y are two independent
Exponentiated g-Exponential random variables with parameters (4,¢, ) and (4, ¢, 0),
respectively. Let X~EQE(a,A4,1—¢) and Y~EQE(0,4,1—¢), where EQE means
Exponentiated g-Exponential distributions under different shape parameters o and o. In
particular, the EQE distribution is defined by the probability density function (p.d.f.) and
(c.d.f) of x for A > 0 as [1]

fax, 4,1 —¢) = a(l + e)de,(—Ax) (1 —[1- Asx]¥>a_1 x>0, )

1+¢

a
E,(,,1—e)=1- <1 -1 —Asx]T) x>0

The survival function and hazard function when 1 < (1 —¢) < 2 are given as;
respectively:

S, Al—g) =1— (1 - sas]%)a, (2-10)
and
1 1+e\ %
(1+ )AL — £6)z (1 - eAE]T>

ho(e, M, 1—¢) = e a ) (2-11)

1- (1 . eAE]T)

Similarly, the (p. d. f.) and (c. d. f) of y for ¢ > 0 as
£,0n 4, (1= ) = a(l + £)dey (~1y) (1 . Asy]$)g_ y>0, @

1+¢

F(y,4(1—¢)=1- (1 - Asy]T>Uy o

1
where exz{(l—sx)s; if1-9#1
e* ;if(l—g)=1
1
ey:{(l—sy)s; FA-#1 a0
¥ if(l-g)=1

giventhat (1 —¢) < 2.
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Figure 1: The Probability Density Function of f,(x,A,q =1 —€)

In addition to its significance in the field of reliability and life testing, the exponential
failure model is one of the popular failure models for its many uses. When the failure rate
is constant over time, the exponentiated g-exponential distribution is used. However,
there are times when it is necessary to find reliability that begins at a specific time rather
than zero, and this particular time represents (the warranty period), necessitating the
urgent inclusion of this. Exponentiated g-Exponential distribution parameterized.

ExaAd Ginadg Grahal

0g s =]
= a=1i=1g9-12 —_— =3 l=1g=12 — o5 k101
L — a=24=10=15 18 —-1)=1g=15 ® — o Age
w = al=10=17 — a=3)=10:17 T
— a=10=19 s — =3=1g=19 = — A e
o 02 @
x
& 100 13 x
50 o 130 L1l 1w |
(a) ItS o
Gxadd Gleada) Braid
i 10 0
i3 o8 [
— a=2,)=05,0=13 — =3 05,913 T=55,0-13
o — a=2)=15,0=13 8 — aelA15g13 © — st
— a3 — a3a20-13 .
d - =2,=13
M — =2 43,013 04 — raaes u / a5
0= — 5413
@ o2 [
i o} f
. I
5 L B a x i
(d) 5 10 15 a 5 ® ¥ 2 I
el

Figure 2: The Cumulative Function of F,(x,4,q =1 —¢€)
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Figure 3: The Survival Function of S,(x,4,q =1 —¢€)
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Figure 4: The Hazard Function of h,(x,4,q =1 —€)

The stress-strength reliability is given below:
oo Y

R=Ply>x) = j j FGOf 0 dx dy
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0
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- fo [ [1 —(- szy)¥r—1 de

R=Ply>x)=

a+o (3)
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This study compares the reliability estimates from the Bayesian estimation method
using three different loss functions—weighted, quadratic, and entropy—under two
different prior functions—gamma and Jeffrey extension—with the empirical Bayes
estimator in the case of data from exponentiated g-exponential distributions. For a
controlled type Il stress strength sample with two different types of indicators, such as
mean squared error (MSE) and mean absolute relative error (MAPE).

2. THE POSTERIOR DISTRIBUTIONS

Let xq, x5, ..., x, and y;,¥,, ..., ¥m be two random samples. We get the likelihood
function as[2]

L=—" 1= FG)" Tl f(x,6),

(n—n)!
and the posterior function as:
L(xy|ao)g@o)
I ;OL(a,a | g,z)g(a,a)dada

Suppose that the sample is singly type Il censored such that » < n,and r < m then
the likelihood functions of x,, ..., x,, and y,, ..., ,,, are given by

(n —. r)!

P(a,a|£,z) =

Lla,A, (1—¢) Ix) =

[1 - <1 -1 - Az—:xr]%y]n_r a"(1+e)f A" ﬁ(l — )\sxi)%
ﬁ [1 -(1- Asxi)%]a_l (1)
and = L
LioA(1—¢€) 1y) = (mL_'r), [1 - (1 -1 - Asyr]¥)a] o"(1 4 &) A"
ﬂ(l ~deype @

2.1 Under Gamma Prior

The Gamma distribution is used as a prior distribution because of its wide importance
in Bayesian analysis. Let a, and o be two independent Gamma random variables with
common parameter a > 0 with different b; and b, parameters, the p. d. f. is given by [3]

a
1

I'(a)

gla) = a%te 1% q, b, > 0. 3)

ba
g(o) = F(iz) 0% le7b2% g b, > 0. (@)
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Using the formulae (1), (2), (3) and (4), then the joint likelihood function and prior
distributions can be written as

L(a,a|§,)_/)g(a,o)
[ nl! m!  bib§
n-r)im-r)r2a)

aro (1 + ey [1-(1- 11 —Aexrﬁ)a]n '
[1 — (1 -1 - Aeyr]Hg) ]m—T

= i 1reqa-t 1
1_[(1 — Aex;)e 1_[ [1 —(1—2Aex;) ¢ ] H(l — /Lsyl-)a
i=1 i=1 i=1

r

1+e12-1
l_[ [1 — (1 — AE}’{)T] aa—lo.a—le—bla—bzo'

i=1

and
(o]

o oo ! 1 bhapa
ﬂL(“wfl%z)gw"’)d“d":L f ey
0

a’ r(1+£)2r)'2r a—1o.a—1e—b1a—b2a
1+e n-r
1—(1— [1 —Aex, ] ¢ ) ]

1 - (1 . Aeyr]T> ]m_r ﬁu —dex))
—[ [1 -(1- Asxl) € ] - ﬁ(l - /lsy]-)%
j=1

5 1+£ a-1
—[ [1 — (1 - 2ey)) ] dado

Let 1 — Aex, = ¢ and 1 — Aey, = {,, then

(1 + &) A% —[(1 — dex;)e 1_[(1 - ley]

n! m!
(n—r)'(m—r)'l“z( )

fo °°ar+a—1e-b1a[ -(1-1r¥) _n r]_[[l—(cl)l?]“ ' da

l=1

e IR [

(|1

We assume that e? = 1 - [51]1 agnde” =1 - [Zz]ﬁ, then
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! ! .
(n i ! (mn_l ! FZ( ) (1 + £)2r)\2r 1_[(1 — Aex;)e 1—[(1 - 7\Syj

.fooar+a 1 —bla (ez) ]n rl_[[ez a 1da
0

_fowarﬂz—le—bzcr [1—(ew)]m™ T H[ew]a—l do

! !
~ Il r)! (mm r)! r2( ) (1 + )T H(l —Aex;)e 1_[(1 B Asy’

n-r

—-r (r+a—-1)!
Z( S T e

r (r+a-1)!
Z( 1)k k (b2 — 2w — kw)r+a

The posterior distribution P, (o, 0 | X, y) under gamma prior, is given by

/ Z ( 1)k (n T)ekza \

s . +a—1)!

I Zk:o(_l)k( k )(b _(Tlr 1aZl — iz)rﬂl I
Piaolxy) = | Ty (=D (M) efwe | ©

(r+a—1)!
k Z ( 1)k )(b _Z:« 1WL—kW)r+a }

qfta-1 gr+a-1,—(b1— Si_.z zj)a g —(b2- S wi)o

2.2 Under Extension of Jeffery’s Prior
Regarding the case of non-informational distributions the Extension of Jeffry as prior

distribution have been used for the case of common parameter (c) in order to focus on the
rest of the parameters, where the functions for (8, 4) are given by [4]

c

n
gla) =k a2C,0(>0 k,n,c> 0. (6)

c

m
g(o) = ,0>0; k,m,c>0. (1)

Using formulae (1), (2), (6) and (7), it will be:
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L(a,a | g,z)g(a,o*)

n! m!

(n—=r)t(m—r)!

[1 - (1 -1 - /Lsxr]l:s) ] [1 — <1 -1 - Aeyr]¥>a]

= +e12-1 . 1
1_[(1 — Aex;)e 1_[ [1 —-(1- Aexi)T] 1_[(1 — )usy]-)E
i=1 i=1 j=1

146721

-
l_[ [1 _ (1 _ /18}/]')7 q® lga-1lg—bia—bzo

j=1

kzncmcar—ZCO.r—Zc(l + S)Zr/'er

m-r

We use the same procedure and previous hypotheses to obtain the product of
integration:

ml
k*n°m¢

fooofooL(oc olxy)g(a 0)dado =

(n .7’)' (m — T)'
(14 &) A% 1_[(1 — dex;)e 1_[(1 — Aey;)E

n[ezl]a 1da

.fomar‘zce‘bz" [1— (e " n[ewl]“ ldo

i=1

f a’™™ 2c —b1“[1 (ez)
0

n! m!
= (n s vy e r)' E*nme(1 + €)% A%

1_[(1 — Aex;)e 1_[(1 — Aey; ) eZi=17i eXiz1 Wi

N r (r—20)!
.kZO(_l)k k (b1 - er=1 zZ; — kz)r—2c+1

N m-—r (r—20)!
Z (=D ( k ) (by — X1, w; — kw)r—2c+1

k=0

The posterior distribution P,(a, o | x, y) under extension of Jeffry prior, is given by

rso(=Dk (")

RS-0 () gk
P(a,01xy) =

7 — T—2c+1
-1z — kz)

Zznzor(_ 1)k (m—T)e kwo

Z o (DR (™,

(r— 2¢)!

)

al~2¢ g7~ 256(21=1 l)ae(ZLlwi)a

— -2c+1
Do Wy — kw)”

®)
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3. THE BAYESIAN ESTIMATORS FOR EQE RELIABILITY

In this section the Bayesian estimators for stress-strength Exponentiated Q-
Exponential reliability under three loss functions are derived as following:

3.1 Under Weighted Loss Function

In this section the Bayesian estimator for R using gamma prior function will be
derived under weighted loss function [12] R,,;, where:

A -1
Rug = [E (R 1))
1Ixy f J- 1P aa|xy)dado
=J- f o 'aP(a,0 | x,y)dado +f f P(a,0 | x,y)dado
o Jo - o Jo -

= A, + A, ®)
where
e[ [ B G
1 ner (r + a—1)!
Yroo(— 1)k( )(b STz — kz)™7a
Z ( 1)k ( )-:kwtf 1)' aqTta-1 gr+a-1
r+a—1)!
Z ( 1)k )(bz — ;«=1 w; — kw)r+a
e~ (b1-Xi, zi)ae—(bz—Z,Ll wi)o dado
[ vn-r n-r + !
Zk:o(_l)k ( k ) (b _ Zr(:Z (i)kz)r+a+1
n-r +a—-1)!
Z ( 1)k ( ) (b (T z 1aZl _ iz)rﬂz
(r+a—2)! ’
Zk 0 ( 1)k ) [b — r_l w; — kw]r+a—1
) (r+a-1)!
Zk 0( e ) [by = Xi_ w; — kw]+a |
and
nor(—1)k (M * r
Az —0( ) ((7,. + 21 — 1)' J- qrte-1 e—(b1—2i=1zi_kz)ada

Z ( 1)k (n T) (b z 17 _kZ)r+a 0
Yise (M)

(r + a—1)!
Z ( 1)k )(b — ‘{:1 WL —_ kW)T+a

f gTra—1g=(b2-Yi wi—kw)o g5 — 1
0
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Then the Bayesian estimators for EQE reliability based on weighted loss function
Ry is given as

LD () = g:; Ci);cz)”““
o Ze= D) _(E;t lazf_l)k!zyw
Rre = : (10)
S GV (U = Z(,Tr:wi = ?A!,]Ha_l
R O e |

3.2 Under Quadratic Loss Function
The derivation of Bayesian estimator for EQE reliability using gamma prior under

quadratic loss[8] function RQG is obtained as follows

. E(RTIxy)
RQG [ S —
E(rR21xy)
Such that
E (R'2 | K’X) = fooofooo (a?67 % + 2071 +1) 1)
P(a,0 | x,y)dado =B, + 2B, + 1.
where
n-r k (n-r oo
k=0(=1) ( k ) r+a+1l ,—(b1-Y—; z;
—(b1-Xl_, zi—kz)a
By (r+a-1) J @ € v da

n-r¢e_1\k ("7
Zk=0( 1) ( k )(b1 — {:1 z; — kz)r+e
Z;cn:_or(_l)k mk_r

m-r m-r ta-1)!
YiZe (=D k )(b2 —%Lli}i - 3<W)r+a

.foo O_r+a—3e—(bz—Z_{:lWi—kW)Udo‘

0

[ <n—re_ 4k (=T (r+a+1)!
roo(=1D"*( k )(b1 — 21z — kz)Ttat?
n-rc_1)k (M7 (r+a—1)

Trzo(=Dk ( k )(b1 — Xz —kz)Tte

m-r .y (m-r (r+a—3)! ’
Zk:o =1 k ) [b2 — Z;‘:lwi — kw]r+a—2

m-r m-r (r+a-1)!
Lieo OO ) I, =5 = o |

and
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) e COLIGD)
2 - —r n-r — 1 '
A CL ( k ) (b, _(gl.{lazi — 3{Z)T+a
Zz}_:—or(_l)k mk—r)
(r+a-1)!

[oe]
J- ate g=(b1-Xi_ zi-kz)a g,

[oe]
T
f O.T+a—2e—(bz—zizlwi—kw)ado.

R D) @y =S = Ry
n-rc__1\k (n-7 (T' + a)!
~ TRz (=Dk( K )(b1 —Nio12; — kz)rtatl

-r n-r - 1!

B0 () g =y
m-r m-r +a-—2)!

Zia 0 ) s

m-r. .\ (m-r (r+a—-1)!
zk:(] ( 1) k ) [b2 — ?:1 w; — kW]r+a

*

Then
E(R?1xy)
r ner¢_a\k (n—T (r+a+1)!
R A Tl T ¥ i
ot 4k (T (r+a-1)!
Teo(-DF (Y )(b1 — 2Tz, —kz)Tte
mer. S (mer (r+a-3)!
Liee GV () (b, — Xy wi — kw]™*a2
*
I — (r+a-1)!
~ k=0 (=1) k ) [b, — T W — kw]r+a
= _ _ (r+a)!
o ko(=DF (") (b, — Y,z — kz)T+a+1
R0 () =g
k=0 k/(by — XY,z — kz)™¢
m-=r. . g (m-r (r+a—2)!
Zk:o( 1 X ) b, — YT Wi — kw]+a-1
*
m=r.  _\p (m-r (r+a-1)!
Yeco CDE(T) b, — X7, w; — kw]™+e |

Now, the Bayesian estimators for EQE reliability based on quadratic loss function
Ry is given as
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(r+ a)!

k;g(_l)k (n;r) (bl — {=1Zi — kz)r+a+1

1+

(r+a-1)!

S ()

;=1Zi — kZ)T+a
(r+a—2)!

m-r. . g (m-r
Zk:o =D (7, ) (b, — X7, w; — kw]r+a-1

m-r m-r ta-1!
. Zk:O (—DF k ) [b, _glle?/vi - 3<W]T+a -
Q6 =
T D () = Sj;‘ = ?Z!)”‘”z
1+ (r+a-—1)!

ZSCV O s, 7 - ks

(r+a-23)!

m-rc_q1\k (M-7T
Zk:o ( 1) k ) [bz — 21{:1 w; — kW]r+a—2

(r+a-1)!

S D () =

1[:1 w; — kW]r+a
(r+ a)!

TGO () =
22 !

7 — L, rta+l
T,z —kz)

(r+a-1)!

ZS Y O G 2= Ry

(r+a—2)!

Lo CVF () =

r — r+a-1
_ow; — kw]

(r+a-1)!

3.3 Under Entropy Loss Function

m=r. 4Nk (m-r
Zk:(]( 1) k )[bz_ lT=1Wi_kW]r+a ]

411

(12)

The derivation of Bayesian estimator for EQE reliability using gamma prior under

entropy loss R,z function [7] as:

1
Rige = [E (R‘t Ig,z)] .

where t # 0. If t = 1, then like formulae (10) the R, is

A _1 A
Rige = [E(R 12y)] =Ry
If t = 2, then like formulae (11), we get
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SR () et |
1+
( 1)k (n r) (b (T :I-lazl__lzz)r+a
Zk 0 GO <) (b, — (;:_V‘?i = 2/5/]”‘1_2
(r+a—-1)!
a Yy =Dk (™ ) by — >, w; — kw]*e (13)
2EG n-r k (n-T (r+a)! ‘
=0(_1) ( k )(b _ Z{ 1Z _ kz)r+a+1
+2 k (n-T (7" + a— 1)'
Z ( 1) ( )(b l ]_Zl — kz)r+a
Zk 0( 1)k ) b — (;=;I_M?i:i?4!/]r+a_1
Z ( 1)k ) b _(g;":-li/i__li!w]r+a

Now, the Bayesian estimators for EQE reliability based on entropy loss R, function
is given as

Rigg = [E (R‘t | X, X)]_t.

K (-1 (r+a+j—1)!
. RE L (FECY D Gy
tEG = J (r+a—1)'

Z ( 1)k (n T) (b L 12 — kz)r+a
+a—j—1)! o
Zk 0 ( 1)k ) (r T_lawi ]_ kw%rﬂz—] -!
* (r+a-1)! |

Zk 0( 1)k ) b — {:1 w; — kw]r+a J

(14)

where
E [R_t I {,X] = J J ot (0 +a)P(a,0|x y)dado

f f 'tz ot~ JaJP aalx )dado’
Srop (=D (%)
i ( 1)k (n r) (b _(g:;;lazi__li!z)rﬂz

=0 .
J J- afta—1+j g=(b1-Xi_,zi~kz)a 4,
0
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Y (M)
(r + a—1)!
( 1)k )(b _ l 1W _kW)T+a

[oe]
J- grra—1-j g=(bz=Ei_ wi~kw)o q
0

4. THE EMPIRICAL BAYES ESTIMATOR FOR EQE RELIABILITY

4.1 Using Gamma Prior

The empirical Bayes estimators of EQE reliability corresponding to Gamma prior
distribution are obtained based on different loss functions. However, if the prior Gamma
parameters ( b, and b, ) are unknown, it may use the empirical Bayes approach to get its
estimation from likelihood function and probability density function of prior distribution
as [8]

f(x,y | blbz) = foo foo L(a,0 | x,y)g(a,0)dado
0

m!  bybs

f f (n - r)' (m —1r)!Tala

1_[(1 — Aex;)E 1_[ [1 - 7\8)(0%]0(_1
[1_(1— [1 —Asx]1:s> ] [1
~(1-u -2 T n(l—xsyl)s l_Hl

1+¢

a-1
-(1- Asyi)T] dado

Tcr(l + S)ZTAZT aa—lo.a—le—bla—bzo"

Indeed the joint likelihood is

f(xy 1 bib,)
n! m!  byb§
n—r)(m—-r)'Tala

< -r (r+a-1)!
= ,Z::( ¥ ( k ) (by — YT,z — kz)T+e
N ~r (r+a—1)!
( 1)k ( k ) (bz — Z;‘zl w; — kw)r+a

(14 )7 A% 1—[(1 — Aex;)E 1_[(1 - Asyl)s

k=0

Taking the natural log , we get
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n! m!
1nf(£,y|b1b2)=ln( —r)' (m— )'+2rln7\
+2rin(1+¢)+ ) In(1 —Aex; )s + ) In(1- )\syl)s
z )
(r+a- 1)!
+ an( v (" ( T

+1 Z( e (") (rta-1)! +alnb
n - ain
L k (bz — YT w; — kw)r+e !

+alnb, —InTala

Now, we derivative with respect b, to obtain the MLE estimators of b; as follows

P (=1 (") 4 @ — ) = Db Bl 7 fez)r et

oL a (CE R Dk
db, b, K (=T (r+a—1)‘
Z ( 1) ( )(b 1Z — kZ)r+a
n-r n-r 1
a Zk:o(_l)k( Kk ) (b, — 21, z; — kz)'*@
- bl = B o nr (T'_+ Cl) (15)
:0(_1) ( k )(bl — 21{:1 z; — kz)r+a+1
In the same way we derive relative to b,, we get;
1
k
b Z ( 1) ) (b — lT=1 w; — kw)r+a 16
2 X (r +a) (16)
Z ( 1) ) (b — 1Wi —_ kw)r+a+1

4.2 For Extension of Jeffery Prior
The Bayesian estimators for EQE reliability is derived in this section for extension of
Jeffery prior as in formulae (6) and (7) under the three loss functions as follows:

4.2.1 Weighted Loss Function
The Bayesian estimators of EQE reliability for extension of Jeffery prior under the

weighted loss functions Rw] is obtained from formulae (9) as follows:

Ry, =D, + D,]*

where
b _ n—r(_l)k ( , 2) - J-ooar_ZCH e_(_zl,T:lzi—kz)ada
n-r c— .
Yr=o(— 1)k( )( 1z “kz)T-2¢ 0
Y (=R (™)

[oo]
-
J- o.r—2c—1e—(— Zizlwi—kw)ada
0

2 (= 1)k (™ )( (r—ZC—l)!

i Wi — kw)r—2¢
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n n-r (T—2C+1)'
D. = ( l)k( )( ZT 1Z _kz)r 2c+2
e k (n-T (r—2c—1)!
k=0(_1) ( k )(_ Zr 17 _kz)r 2¢C

IV () S )
(r—2c—1)!
z G

ZT=1 Wi — kW)T—ZC

and
Zrso(=Dk (" )ekee
n-r — 2c¢)!
. o Z ( 1)k( )( Zl Erzl_;ég)r—20+1
D, = k (m—-1\_,kwo =1
=l ST (— Dk (" )e

m-r — 2c)!
Z ( 1)k )( Zr_l(‘:/i _ Iia/)r—2c+1

ol —2¢ T 2ce(Zl 1 l)ae(zlr:lwi)o‘

- e —2c+1)!
X oo (DR (" )(_ Z(,rrlzi fiz)z_mz
Ry = 1+ o (r—2c— 1)
Z ( 1) ( )( Zr 1Z _kz)r—ZC
K (1‘ —2c—1)! -
( 1) )( Z _kz)r 2c-1 (17)
—2c—1)!

ka Or( 1)k (m r)( ZI‘ LW — kw)r —2C

4.2.2 Under Quadratic Loss Function
From formulae (8) and (11), assuming that E(R™2 | x,y) = D; + 2D, + 1, then:

n-r¢e_q1\k (n-T 0
D, = Zk:o( 1) ( k ) f a—2c+2 e—(—Zirzlzi—kz)ada
R0 () o
k=0 [EH zi kz)r=2¢
(- 1)" )

IO () oy WC_‘kiv))'r -

foo o722 (-Zio Wi~ kw)ado_
0

n-r 2 +2'
( D () e

( 1)k (n r) ( (T _ZLC__ki%:" 2c

| I
= I

n—r (r —2c—2)! ’
L ( 1)k ( )( ZT 1Z — kZ)T 2c—-1 )

B
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and
Z;{l;g(_l)k (n,:r) J-ooar—2c+1 e—(—Zlezi—kz)“da
Spr(— 1)k(n " (r—Zc—l)! o
( Z _ kZ)r—Zc

1 k 0
Z ( ) (r_ )C_l)' f gr—2c-1 —( Zl LWi— kw)a'do.

SV ) g w ey
n—r (r—2c+1)!
( 1)"( )( Zr 17 —kZ)T 2¢c+2 \

o=k (n r)( U _ZZLC__kB'r 2C |

I
= |

- ner (r—2c-1)!
k (_1)k( )( Zr 1Z _ kZ)r—Zc

D, =

oDk (", T)( ZZ{C_—kg'r 2c

Now
!
DR r)( % sz ?c-z? 2c+3

RCONCuIc “;jji‘kgi_n
SRS D* () et
Z s(=Dk (", r)( (r—ZZLc_—kg'r 7

DK () = Z(r;25I2§2'2C+2

BN () e
SEH-D () “‘jc_‘,;;i .
RrmIC P A

Here the Bayesian estimators of EQE reliability for extension of Jeffery prior under
the Quadratic loss functions

ER?|xy) =

+2

+1
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S () e
S — (r—ZC—l)!
Zk:o(_l) ( k )( 1% _kZ)T—ZC
v C L G ) - Z(r _lef ;52' 21
R ka Or( 1)k )( ZT W: C__kt/?)lr 2c
Roy =~ n—r (r—21c+2)'
( 1)k( )( Z Zi— kZ)r 2¢c+3 (18)
— 90 — I
S -1 () = (r et
Yrco(=1)F (n r)( i 1225 ;Z§T)”|2L‘ T
S0 () o
Yo (=1)k (n " - Z(r _ZLZE ZZ?' 7cT2
e T (r—2c— 1)
Zk=o(_1) ( )( Zr 17 — kz)r—Zc
Tor =1k (7 T)( ZZ C__kglr 2
r —2c—1)! +1

Z ( 1)k(n r)( (

4.2.3 Under Entropy Loss Function

17— kz)r 2c

Likewise, from formulae (10) and (11) the Bayesian estimators of EQE reliability f{tE] for
extension of Jeffery prior under the entropy loss functions are obtained as
1

Ry =[E(R12y)] T =0,
If t=1-R, =R, same the formu

1
X, y)]_E then

lae (17), and if ¢t =2 > Ry, = [E(R72|
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Z ( 1)k (n T) ( Z 7 25 ZZ%Z' 2¢+3 K
1+ P (r—2c—1)'
D () e 2
=D () = sz ;z?'zf‘l
3 S0 () = a _z T
[E(R?12y)] * = K (nr —2c+ D "
SH(=Dk (™ )( Z 7 — kz)T 2
+2 - P (r —2c—1)!
ZRso (DR (7 )(— i=12i — kz)77%¢
0 () = Sr :22 C—_kg!r—"
Z ( 1)k (Tl T)( ZZIC—_ki%L 2¢c

and E [R‘t | K'X] = f0°° fooo o7t (0 + a)'P(a,o | x,y)dado. Now, the Bayesian
estimators of EQE reliability R.g; is given by

. n- n—r —2c+ !
|Z ( 1)k ( ) ( Zr 1% — kz)r—2c+j+1
~ . et 2c — 1)!
BE Shoo(=D* (", )(_ leic— kZ%L—ZC
(r—2c—))! _Tl
Zk 0( 1)k )[ Zr 1W — kw]r—2c=i+1 | . (20)

) I

2c—1)!
Zk 0( D™ )[ 1ch_ kw)]r 2C J

5. THE SIMULATION STUDY

Simulation is a strategy for employing computer models to duplicate or simulate real-
world phenomena. It is often difficult to understand and analyze processes in real life,
hence it is desirable to depict these processes using specialized models in a way that is
comparable to real-life images. Various phases of the use of techniques for evaluating the
system reliability of single systems were used in simulation testing. On six different
samples, the suggested estimation techniques were tested (15, 30, 50). Statistics based on
mean absolute error (MAPE) and mean squared error for each sample, repeated 1000
times (MSE). For this, the phases of the Monte Carlo simulation are as follows:

Phase 1:
= First: calculate the sample size using the formulas n = m (15, 30, 50) and r = 5, 8,
20. The sample size affects how accurate and effective the findings of estimate
techniques are. The linked tables were used to determine the sample size.
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= Second: Calculating the values of the three parameters (0. = 0.9, 6 = 0.3, A = 0.4,
and € = 4). The Exponentiated Q-Exponential Distribution's two parameters have
default values.

= Third: Choosing the sample frequency is the third step (L). The studies were
repeated (L = 1,000) times for each event in order to achieve great uniformity.

= Finding the values of the constants (a=4, b1=0.4, b2=0.8, t=1, c=1) is the fourth
step.

Phase 2: Create random samples as u,...,u, that follow a continuous uniform
distribution that is well-defined on the interval (0, 1).

Phase 3: Create random samples that follow a uniform continuous distribution in the
range (0, 1) as wy, ..., Wp,.

Phase 4: Using the (CDF), F(x) and F(y), where U is a uniform random variable on the
interval (0,1), are used to assemble discrete values for the two random variables,
respectively, by F(x) and F(y), and then by the inverse of distribution function method
obtained from

1+e\@
F(X) = (1- [1 — Aex] € ) - U,
and
E a
Fry =1-(1-[1 —2ey]= ) =W,vi=1,..nandj=1,...m

Convert the previously mentioned random uniform samples to samples that are
random having followed EQED.

1+¢ 1+

1N e 1\«
(1 - Ul-a) -1 (1 - Wj6> -1

Ae ; and y; = Ae
Phase 5: Using the formula (1) to recall R.

X; =

Phase 6: Using formulae (5), and (8), determine the posterior distributions under
(Gamma and extension of Jeffery) prior.

Phase 7: Using formulae (10), (12), (14), (17), (18), and (20), determine R of the Bayes,
respectively.

Phase 8: Compute MSE, and MAPE criteria based on replication of (L=1000) and
(n=15, m = 15) represented the smallest sample size, (n = 30, m = 30) for moderate,
and (n = 50, m = 50) for large sample sizes in three experiments with varied
parameter values as follows:

MSE = - Z(R —R)" and MAPE =~ Z' 7]

6. CONCLUSIONS

Tables (1-8) provide the findings of the simulation study, which show how the
predicted dependability of this system varies as sample sizes change using loss functions.
Finally, it was discovered that the entropy loss function of the Bayesian estimator,
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weighted and Quadratic to the advantage, performed best for small, medium, and large
sample sizes.

Table 1
a=0.9, 6=0.3, R=0.2500
1=0.4, £ =4, a=4, b1=0.4, b2=0.8, t=1, c=1

n,r Criteria| Weighted | Quadratic | Entropy | Best

Riamma 0.4164 | 2.1620e-04 | 0.3346
Gamma | MSE 0.0070 0.2498 0.0072 W

MAPE | 0.1673 0.9996 0.3383

R camma 0.9322 | 5.2211e-04| 0.6045
155 E MSE 0.4654 0.0622 0.1257 0

Gamma | MAPE | 2.7289 0.9979 1.4179

Ricsfery 0.1134 0.0013 0.0014
Jeffer MSE 0.1495 0.2487 0.2486 W

Y| MAPE | 0.7733 0.9975 0.9972

Riamma 0.4233 | 2.0882¢-04| 0.6170
Gamma | MSE 0.0059 0.2498 0.1347 W

MAPE | 0.1534 0.9996 1.4680

Rg Gamma 0.9766 | 6.7767e-04 | 0.7765
308 E MSE 0.5279 0.0622 0.2772 0

Gamma | MAPE | 2.9063 0.9973 2.1059

Riesery 0.1037 0.0224 0.0023
Jeffer MSE 0.1570 0.2281 0.2477 W

Y| MAPE | 07925 0.9551 0.9954

Riamma 0.2782 | 1.5336e-06 | 0.4482
Gamma | MSE 0.0492 0.2500 0.0393 E

MAPE | 0.4435 1.0000 0.7927

R camma 0.9632 | 1.3084e-04| 0.5214
50,20 E MSE 0.5086 0.0624 0.0737 0

Gamma | MAPE | 2.8526 0.9995 1.0856

Rieffery 2.7233e-05| 0.9995 | 2.3414e-04
Jeffer MSE 0.2500 0.2495 0.2498 0

Y| MAPE | 0.9999 0.9989 0.9995
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Table 2
a=3.7, 60=2, R=0.3509
2=0.4, € =4, a=4, b1=0.4, b2=0.8, t=1, c=1
n,r Criteria | Weighted | Quadratic | Entropy | Best
Reamma 0.0361 | 1.3000e-05 | 0.3206
Gamma | MSE 0.1108 0.1232 0.16808 | W
MAPE | 0.9028 0.1862 0.0863 E
R camma 0.8986 0.0061 0.4961
155 E MSE 0.3000 0.1189 0.0211 E
Gamma | MAPE | 1.5608 0.9828 0.4138
Ryesery 1.7924e-05|  0.4477 0.0012
MSE 0.4213 0.0406 0.4197
Jeffery | viaPE | 1.0000 0.3103 09981 | @
Riamma 0.0411 | 6.3725e-06 | 0.4569
Gamma | MSE 0.1112 0.1231 0.0112 E
MAPE | 0.9172 1.0000 0.3020
R camma 0.9627 0.0036 0.6827
3038 E MSE 0.3743 0.1206 0.1101 E
Gamma | MAPE | 1.7436 0.9898 0.9456
Riefery 0.1081 0.0356 0.0016
Jeffer MSE 0.2927 0.3764 04192 |
Y | MAPE | 0.8335 0.9452 0.9975
Riamma 0.0453 | 3.7424e-07 | 0.3819
Gamma | MSE 0.1119 0.1231 0.17614 | W
MAPE | 0.9290 0.9452 0.0884 E
R camma 0.9422 | 1.5685e-06 | 0.4085
50,20 E MSE | 023497 | 01231 | 00033 | _
Gamma | MAPE 1.6852 1.0000 0.1640
Rieffery 0.0910 0.0508 0.0052
Jeffer MSE 0.3115 0.3580 04146 |
Y | MAPE | 08598 0.9217 0.9920
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Table 3
a=0.9, 6=0.3, R=0.2500
2=0.4, £ =4, C=2,t=2, a=4, b1=2.1, b2=1.5
n,r Criteria | Weighted | Quadratic Entropy | Best
Riamma 0.0857 | 1.3177e-05 | 0.4465
Gamma | MSE 0.0931 0.0625 0.0386 E
MAPE 1.1427 0.9999 0.7858
R camma 1.3023e-06 | 2.3068e-11 | 1.4670e-07
155 E | MSE | 00635 | 00655 | 00625 | .
Gamma| MAPE 1.0001 1.0000 1.0000 ’
Ryerfery 0.1001 | 6.8076e-05 | 9.8447e-05
MSE 0.1231 0.4199 0.4212
Jetfery | \iapE | 05406 0.9983 09908 | W
Reamma 0.0657 | 2.4992e-05| 0.3747
Gamma | MSE 0.0728 0.0625 0.0156 E
MAPE 1.0629 0.9999 0.4988
R camma 6.8833e-06 | 3.1538e-10 | 5.1551e-07
308 E MSE 0.0635 0.0625 0.0625 0.E
Gamma | MAPE 1.0001 1.0000 1.0000 '
Rieffery 0.1006 | 1.1240e-07 | 2.0421e-07
Jeffer MSE 0.3919 0.4213 0.4213 W
Y| MAPE | 0.9549 0.9994 0.9998
Reamma 0.0393 | 3.8300e-07 | 0.6884
Gamma | MSE 0.0583 0.0625 0.1922 W
MAPE 0.9571 1.0000 1.7534
R camma 6.6539e-05 | 5.2622e-13 | 2.6994e-06
50,20 E | MSE | 00625 | 0063 | 00635 | .
Gamma| MAPE 0.9997 1.0000 1.0000
Riefrery 0.1000 | 1.2477e-06 | 2.8737e-04
Jeffer MSE 0.3915 0.4213 0.4210 W
Y| mAPE 0.9541 1.0000 0.9996
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Table 4
a=3.7, 60=2, R=0.3509
2=0.4, £ =3.5, a=4, b1=0.9, b2=1.8
n,r Criteria | Weighted | Quadratic Entropy | Best
Reamma 0.0554 | 3.9004e-05 | 0.5416
Gamma | MSE 0.1149 0.1231 0.0364 E
MAPE | 0.9578 0.9999 0.5433
R Gamma 0.5439 | 4.9746e-05 | 0.1170
155 E MSE 0.0372 0.1231 0.0547 W
Gamma| MAPE | 0.5499 0.9999 0.6666
Riefrery 0.1000 | 1.1801e-04 | 5.6138e-07
MSE 0.5125 0.5623 0.5645
Jetfery | \iape | 0.9333 0.9998 10018 | WV
Reamma 0.0377 | 6.8088e-06 | 0.6952
Gamma| MSE 0.1109 0.1231 0.1185 W
MAPE | 0.9075 1.0000 0.9811
R camma 0.9414 | 5.9047e-06 | 0.4580
308 E MSE 0.3487 0.1231 0.0115 E
Gamma| MAPE | 1.6827 1.0000 0.3053
Rieffery 0.1003 | 2.2004e-06 | 2.7600e-06
Jeffery | MSE 0.5126 0.5625 0.5625 W
Y| MAPE | 0.9337 1.0000 1.0000
Riamma 0.0490 | 9.1795e-07 | 0.6147
Gamma | MSE 0.1128 0.1231 0.4897 W
MAPE | 0.9397 1.0000 1.9942
R camma 0.9821 | 1.4739%-06 | 0.5681
50,20 E MSE 0.3984 0.1231 0.0472 =
Gamma | MAPE 1.7989 1.0000 0.6191
Riefrery 0.1000 | 8.1082e-06 | 1.1104e-07
Jeffery | MSE 0.5125 0.5625 0.5625 W
Y| MAPE | 0.9333 1.0000 1.0000
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Table 5
a=0.9, 6=0.3, R=0.2500
2=0.4, £ =4, a=2, b1=0.4, b2=0.8
n,r Criteria| Weighted | Quadratic | Entropy | Best
Riamma 0.0304 | 1.1073e-05| 0.2512
Gamma| MSE 0.0565 0.0625 0.003826 |
MAPE | 0.9215 1.0000 0.0050
Rz camma 0.8190 | 7.0260e-05| 0.3346
155 E | MSE | 03238 | 00625 | 0002 | _
Gamma| MAPE | 2.2760 0.9997 0.3383
Ryerfery 0.0471 | 2.6842e-05 | 3.7829e-07
MSE 0.5140 0.5625 0.5625
Jeffery | \iape | 0.9372 1.0000 10000 | W
Reamma 0.0341 | 4.1475e-06| 0.2996
Gamma| MSE 0.0571 0.0625 0.0025 E
MAPE | 0.9362 1.0000 0.1985
Rz camma 0.9508 | 1.5047e-04| 0.6170
308 E MSE 0.4911 0.0624 0.1347 0
Gamma| MAPE | 2.8033 0.9994 1.4680
Rieffery 1.9664e-08| 0.0125 | 3.7503e-06
Jeffery | MSE 0.5625 0.5454 0.5625 0
Y| MAPE | 1.000 0.9834 1.0000
Riamma 0.0484 | 7.6745e-07| 0.4659
Gamma| MSE 0.0617 0.0625 0.0466 E
MAPE | 0.9935 1.0000 0.8636
Rz camma 0.9512 | 9.5245e-05| 0.4482
50,20 E | MSE | 04917 | 00625 | 00393 | _
Gamma| MAPE | 2.8048 0.9996 0.7927
Rierfery 0.1000 | 7.4073e-06 | 7.7531e-06
Jeffery | MSE 0.5125 0.5625 0.5625 W
Y| MAPE | 0.9333 1.0000 1.0000
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Table 6
a=3.7, 60=2, R=0.3509
A=0.4, £ =4, a=4, b1=0.4, b2=0.8
n,r Criteria | Weighted | Quadratic Entropy | Best
Riamma 0.0434 0.0074 0.2912
camma| MSE 0.1115 0.1231 0.0036 e
MAPE | 0.9237 0.9999 0.1701
Rg amma 0.5640 | 9.2849e-04 | 0.1257
155 E MSE | 00454 | 01225 | 00507 | .
Gamma| MAPE 0.6073 0.9974 0.6419
Rierfery 0.1000 | 1.6599e-04 | 1.3375e-04
MSE 0.3915 0.4211 0.4212
Jeffery | \iapE | 0.9541 0.9997 09998 | W
Reamma 0.9274 0.0064 0.5155
camma| MSE 0.3323 0.1187 0.0271 e
MAPE | 1.6429 0.9819 0.4692
R camma 0.8716 | 1.4545¢-04| 0.3613
3038 E MSE 0.2711 01230 | 1.0751e-04| _
Gamma| MAPE | 1.4839 0.9996 0.0295
Riesrery 1.3322e-14 | 5.6179e-05 | 1.5199¢-05
Jeffery | MSE 0.4213 0.4209 0.4213 o
Y| MAPE | 1.0000 0.9999 1.0000
Riamma 0.9219 | 1.3092e-06 | 0.4137
camma| MSE 0.3260 0.1231 0.0039 e
MAPE | 1.6271 1.0000 0.1790
Re camma 09412 | 2.3536e-04| 0.3830
50,20 E MSE | 03484 | 01230 | 00010 | _
Gamma| MAPE | 1.6822 0.9993 0.0916
Ryefrery 2.3391e-07 | 1.7596-05 | 4.1195e-05
MSE 0.1341 0.1231 0.1231
Jeffery | viapE | 1.0000 0.9999 00999 | QE
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Table 7
a=0.9, 6=0.3, R= 0.2500
3=0.4, € =4, a=4, b1=2.1, b2=1.5
n,r Criteria | Weighted | Quadratic Entropy | Best
Reamma 0.9361 | 9.1981e-04| 0.6193
Gamma| MSE 0.4707 0.0620 0.1364 0
MAPE 2.7443 0.9963 1.4773
Rg Gamma 0.8781 | 1.8448e-04 | 0.4445
155 E MSE | 03945 | 00624 | 00378 | .
Gamma| MAPE 2.5123 0.9993 0.7780
Rierfery 0.1196 | 6.5235e-07 | 7.4369e-09
MSE 0.1458 0.0625 0.0625
Jeffery | \iapE | 1.2784 0.9999 10000 | @E
Reamma 0.9654 | 5.4700e-05| 0.7260
Gamma| MSE 0.5118 0.0625 0.2266 0
MAPE 2.8617 1.0002 1.9039
Rz camma 0.9702 | 4.1529¢-04 | 0.7305
3038 E MSE 0.5186 0.0623 0.2309 0
Gamma| MAPE 2.8807 0.9983 1.9220
Riefrery 0.1000 | 1.4532e-05 | 6.5758e-05
MSE 0.0630 0.0625 0.0625
Jeffery | viape | 10037 | 09999 | 09997 | @E
Riamma 0.9513 | 3.2438¢-06| 0.5085
Gamma| MSE 0.4918 0.0625 0.0668 0
MAPE 2.8050 1.0000 1.0341
Rz camma 0.9567 | 1.8873e-04| 0.4795
5020 E MSE | 04995 | 00624 | 00527 | .
Gamma| MAPE 2.8269 0.9992 0.9180
Rierrery 0.1000 | 6.3174e-06 | 1.7129e-08
MSE 0.1125 0.0625 0.0625
Jeffery | \apE | 1.2000 1.0000 10000 | @E
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Table 8
a=3.7, 60=2, R=0.3509
A=0.4, £ =4, a=4, b1=2.1, b2=1.5
n,r Criteria | Weighted | Quadratic | Entropy | Best
Reumma 0.9389 | 4.6379¢-04| 0.6365
camma| MSE 0.3458 0.1228 0.0816 £
MAPE | 1.6757 0.9987 0.8139
Ry camma 0.0181 | 8.0348e-06| 0.0019
155 E MSE 0.1107 0.1231 01218 | o
Gamma| MAPE 0.9484 1.0000 0.9945 '
Ryefrery 0.1000 | 1.3569e-06 | 6.2729e-07
MSE 0.1231 0.1363 0.1231
Jeffery | \iapE | 1.0000 1.0438 10000 |WE
Reamma 0.0445 | 8.8062e-05| 0.5543
camma| MSE 0.3524 0.1231 0.0414 e
MAPE | 1.6917 0.9997 0.5795
R camma 0.1927 | 5.2524e-07| 0.0227
3038 E MSE 0.0250 0.1231 01077 |\,
Gamma| MAPE | 0.4508 1.0000 0.9353
Riesrery 9.1969e-04 | 0.0491 | 1.6927e-07
Jeffery | MSE 0.1225 0.1128 0.1231 o
Y| MAPE | 0.9974 0.9400 1.0000
Riamma 0.9247 | 1.5201e-06 | 0.3946
camma| MSE 0.3292 0.1231 0.0019 e
MAPE | 1.6352 1.0000 0.1247
Ry camma 05052 | 4.9047¢-09| 0.0391
50,20 E MSE | 00238 | 01231 | 00972 | .
Gamma| MAPE | 0.4397 1.0000 0.8886
Ryefrery 0.1000 | 3.6460e-06 | 1.5228e-08
MSE 0.1530 0.1231 0.1231
Jeffery | \apE | 1.0850 1.0000 10000 | @E
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