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ABSTRACT

This paper presents the estimation of the parameters of the multiple linear regression
model when errors are assumed to follow the independent extended skew normal
distribution. The estimators of the regression parameters are determined using the
maximum likelihood and least squares methods. In addition, the asymptotic distributions
of the estimators are studied. The properties of the estimators under both approaches are
compared based on a simulation study and a real data set is applied for illustration.
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1. INTRODUCTION

The multiple linear regression (MLR) model is a common tool which is usually used
for analyzing data, especially in the applied areas such as agriculture, environment,
biometrics and social science, see for example, Arellano-Valle et al. (2005). However,
there are many cases where the assumption of normality is not feasible, may be due to the
presence of outliers or skewness in the data. If the observed data is skewed, it is difficult
to apply the assumption of normality because it may lead to unrealistic results. Many
researchers have used the transformation method to obtain normality by transforming the
data to near normal. Instead of applying the transformation on the data, some symmetric
distributions such as student-t, logistic, power exponential and contaminated normal are
adopted to deal with the lack of fit to the normal distribution, see Cordeiro et al. (2000),
for example. However, in this study, the extended skew normal distribution is assumed
when applying the multiple linear regression model on the data.

Azzalini (1985) has introduced a new class of distribution known as the skew normal
distribution by including the skewness parameter in addition to the scale and location
parameters to model the skewed data. One may refer to Liseo and Loperfido (2003),
Genton et al. (2001) and Capitanio et al. (2003) for more detailed works on skew normal
distribution and its applications. Azzalini and Capitanio (1999) have conducted a study
on the applications of skew normal distributions and some aspects of statistical inference.

© 2016 Pakistan Journal of Statistics 81


mailto:kamarulz@ukm.edu.my
mailto:alodatmts@qu.ed.qa

82 Inference for multiple linear regression model...

Recently, Cancho et al. (2010) have provided the statistical inference for non-linear
regression model based on the skew normal error model as suggested by Sahu et al.
(2003). In addition to the skew normal distribution, the extended skew normal (ESN)
distribution has also been considered in modeling the data with the presence of skewness.
This ESN distribution has been introduced by Adcock (2010). As explained in his work,
if a random variable Y is said to follow an independent extended skew normal
distribution with location parameter u, scale parameter o2, skewness parameter A and
extra parameter 7, then the probability density function of Y is given by

Ao (y-p)
F 05 ®) = 90 0% 2,00 (2 o), y e R,

where ¥ = (u, 02, A, ) represents the parameters, ¢ (v; u, %) and ®(y; u, 62) denote the
probability density function (pdf) and cumulative distribution function (CDF) of the
normal distribution respectively. The notation y~ESN (u, 62, 4, T) can be used to describe
the density of Y. The main purpose of this paper is to determine the estimators for the
parameters of the multiple linear regression model where the errors follow the
independent extended skew normal distribution. In addition to determining the
estimators, the properties of these estimators are also studied. In Section 2, we present the
multiple linear regression model under ESN errors. In Section 3, we show two methods
of parameter estimation, i.e., maximum likelihood and least squares methods. In Section
4, we derive the asymptotic distributions for the estimators of the multiple linear
regression model denoted as f3,, 8; and f3,. In Section 5, we conduct a simulation study
for computing the maximum likelihood and the least square estimates of the parameters.
In Section 6, we apply the findings to the Scottish hills races data. Finally, we conclude
the article with a discussion of the results found.

2. MULTIPLE LINEAR REGRESSION MODEL WITH ESN ERRORS

In this section, we consider the multiple linear regression model when the errors are
independent and identically distributed following the extended skew normal distribution
given by

Y,=xIB+e¢,fori=1,2,..,n,
where

x’{ = (1,xi1,xi2,xi3, ...,xip),ﬁ = (ﬁo, ...,Bp)T
and
€1, -, €n ~MESN(—(7 + Ry (D)2, 0% 4,7),

where h;(x) = d'log®(x)/dx', i = 1, 2.
Hence, the density function of Y; is given by
Yi~UESN(xTB — (t + hy(v))A, 0%, 4,T), for i = 1,2,...,n.
Let @ = (B,02, 4,7)7. Then, the density function of Y; is given by
fr, i 0) = o(yi; x B — (1 + hy(1))4,0%4,7)
% P (‘L’+Ao‘“2(yi—xiTﬂ+(t+h1(t))l)) (D), y, € R™, @.1)

J1+2A25-2
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In order to simplify the mathematical derivation, we write the pdf of Y; as follows:

1

fr,i; 0) = mexp (— EDi(0)> o(K;(0)), (2.2)
where

D. (0) (vi—x; ﬁ+(‘[+h1(‘[))/1)

o2 ’
and
_ _ 42072 (y;—xT B+ (t+hq (2))A)
Ki(0) = J1+226-2 '
Then the joint pdf of Y is given by
1
fr(y;0) = Wexp( =1 D; (9)) L, @(K;(6)).

We can easily show that the expectation and variance-covariance of ¥ as follows:

E(e) = 0,E(Y) = XB, and Cov(Y) = ¢2I,, where B, = (B + &, 51 +
& Bp +OT,E=—(1+h(@))1and o2 = (62 + (1 + hy (1)) 22).

So, the log-likelihood function of Y is

nlog2nm nlogo?
2 2

1 n n
log fy(y;0) = — — nlog ®(7) — Ez D;(8) + Z log CID(Ki(G)).

3. METHODS OF ESTIMATION

Maximum Likelihood Estimation

We can find the maximum likelihood estimation (MLE) for each parameter in vector
0 by taking the derivative of log fy(y; @) with respect to each parameter and setting the
derivatives to zero as follows:

1. Derivative with respect to g:

n i()
L xf (= B+ (4 @)2) — Ao S, T S 0. 3

2. Derivative with respect to A:

(0050 (- + e+ )

_yn P (e+hy () +0?(yi-x] B+A(r+201(D))  @(k:(8)) _ (3.2)
=1 02(A2+02)\1+A252 o(Ky(0)) '
3. Derivative with respect to a2:
204 1(3’1 x{ B+ (T + h1(T))/1) - =
n /121:(12+o'2)+/1(12+20'2)(yl—x p+/1h1(r)) o(Ki(0) _ 0 33
i=1 206%(A2+02)\/1+126°2 & (K;(0)) - ( ' )
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4. Derivative with respect to t:
@®, 1 ’
o Pl L+ @) (i — 2B + (1 + (D))
1 n oK) 2, -2 / _
== ) (1 +2072(1 + hl(r))) =0. (3.4)

We used the numerical technique to solve the equations above.

Least Square Estimation of the Parameter vector g

We seek estimators that minimize the sum of squares of the deviation of the n
observed y; from their predicted values ¥, It can be easily shown that B = (X" X)"'X"Y
and the variance s? = ﬁ (YTY — BTX"Y). Then, the properties of the least squares

estimator can be described by the following theorem:

Theorem 1:
) E(B)=E(X"X)"'X"Y) = B, i.e,, B is an unbiased estimator for .
i) Cov(B) = Cov((X"X)71X"Y) = (a2 + (1 + hy(1))A?)(X"X)~L.
i) E(s?) =%+ (1+ hy()A2%

This theorem can easily be proven by referring to Rencher and Schaalje (2008)
4. ASYMPTOTIC DISTRIBUTIONS FOR THE ESTIMATORS OF THE
MULTIPLE LINEAR REGRESSION MODEL
Consider the following multiple linear regression model:
Yi = Bo + Prxiy + Poxiz +€,i =12,...,m,

where B,,5; and B, are unknown parameters and €; is the ith error term. The least
squares estimator for the parameters are:

B;=7_Ef1_ﬁzf2'

ley - B_;lexz

p =————=,
lexl (4,1)
L‘[’;\ — Sx1x15%5y = Sx125x1y
2 = =,
SX1X1Sx2X2 - (lexz)
where
=31 (i) 5 g e o)
Seyy = Bibq Xy — SEEHASEIEL S, L = L xpy; — SRR
2
_ 5 R §  _yn 2 ()
Suiw, = BimtXuXip =50 S5 Sy = Dima X —
2
_yn .2 _ Cimaxe) o _lym _ 1lenm
Svry = NimaXip =% = L B X, Xy = ) M Xigs
and

s _ 1
Y= ;2?=1 Y.
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Using equation (4.1) and with some straightforward simplification, we have

n
Bo— By = Z ae, (4.2)
i=1
where
1 Uxyy —%) Vi(xgp — %) 2
a; = n + RZ + RZ 'R = Sxxy Sxpx, (lexz) ’

2 2 _ _
Z= szxz (SX1X1) - SX1X1(SX1X2) U= x25x1xzz - x15x1x15xzsz'
and
V = %185,x,Sx,6, R — X38x,x, Z-

Similarly, we can rewrite 8, and £, given in (4.1) to obtain

n
BI - B = Z b; €, (4.3)
i=1
where
b = Sx1x15x2x2 (xil - fl) - lexzsxlxl (xiz - JZ2)
i y
Z
and
B2 — By = Xiqci€i (4.4)
where

c Sx1x1 (xiz - fz) - Sx1x2 (xil - J?1)
A - .
R

It is easy to show that the estimators S,, 5, and B, are unbiased for f,, B; and S8,
respectively and the variances of these estimators as the following:

) =2
X1 szxz + x25x1x1

lexlsxzxz - (5x1x2)2 ’

X2X2

Var() = (o + (14 R@)2) |+

Var(By) = (6% + (1 + hy(7))2?)

2'
x1x19%x2%7 (lexz)
and

SX1X1

Var(B;) = (62 + (1 + hy(1))22)

2
X1x19%X2%2 (lexz)

In order to derive the asymptotic distributions of fB,, f; and B,, we need to use
Berry-Esseen theorem and Slutsky’s theorem. For more details (see Chow and Teicher,
1978; Alodat et al., 2010).

Theorem 2. (Berry-Esseen)
If {X,,n=1} are independent random variables such that, E(X,) =0,
E(X2)=02>0,S2=Y",0;?> 0,2 =Y E|X;|* <oo,n =1, for some
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6 €(0,1] and W, =X, X;, then there is exist a universal constant Cs such that

Tn 246
Sup—m<x<00|P(Wn < xSn )_ (l)(x)| < C5 (g)

Theorem 3.
By using Slutsky theorem and Berry-Esseen theorem, we have

M 2 N(0,1),
Var(B;)
M E, N(0,1),
’Var(ﬁz)
and
M E, N(0,1),
’Var(ﬁo)
where
o E (1 x2S, . +X2S o
Var(ﬂo) _ SS {_ + X1Oxpxy T X29x1x, _ ,Var(ﬁl)
(n—=3)(n Sty Sy, — (lexz)
_ SSE S,
(1= 3) (Skyxs Sy, = (Sriy) )
and

SSE Sx1x1
n—3) (lexlsxzxz - (Sx1x2)2)

For the proofs of Theorem 3, see the Appendix.

Var (,[/?;) = (

5. SIMULATION

The Maximum Likelihood Estimation (MLE) Method

In order to estimate the parameters of the multiple linear regression model under
extended skew normal errors (ESN-MLR) and normally distributed errors
(N-MLR) using the maximum likelihood method, we conduct a simulation study
for sample sizes n = 35 and 10000 iterations. Then, we compare the bias and mean
square errors (MSE) for the estimators in both cases. The simulation results are shown in
Table (1).
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Table 1
Maximum Likelihood Estimates, Bias and Mean Square Errors
Assuming Certain Values for Parameters

Parameters . N-MLR . ESN-MLR
Estimate Bias Mse Estimate Bias Mse
Bo(2) 2.1268 0.0282 | 0.0355 | 2.0485 0.0071 | 0.0107
B1(3) 2.9902 -0.0042 | 0.0014 3.0156 0.0003 0.0006
B2(5) 4.9850 -0.0522 | 0.1537 | 4.9676 0.0031 | 0.0005
1(0.3) - - - 0.3184 -0.1418 | 0.0657
o?(1) 0.8783 -0.0457 | 0.0085 0.9971 -0.5969 | 0.5254
7(0.2) - - - 0.4872 | 0.09759 | 0.0363

Based on the Table (1), we have parameter estimates for N-MLR and ESN-MLR, in
addition to the estimates of bias and MSE for the respective estimators which have been
found based on simulation. In general, we note from Table (1) that the estimates of bias
and MSE for the ESN-MLR are smaller than those in the N-MLR.

The Least Squares Estimation (LSE) Method

The LSE is a common method which can also be used for estimating the parameters
Bo,B1, B, and o2 for both MLR-N and MLR-ESN. So, we conduct a simulation
study to compare the standard errors for the estimators obtained. The results are shown in
Table (2).

Table 2
Least Square Estimates and Standard Errors
Assuming Certain Values of the Parameters

Parameters - N-MLR ___ESN-MLR
Estimate S.E Estimate S.E
Bo(2) 2.1979 0.1733 2.1117 0.1635
B.1(3) 3.0797 0.0381 2.9819 0.0295
B.(5) 4.9973 0.0439 4.9908 0.0338
2(0.3) - - - -
a?(1) 1.1012 1.0494 0.9020 0.9498
7(0.2) - - - -

From Table (2), we can notice that the standard errors of the parameter estimates are
found to be smaller for ESN-MLR as compared to N-MLR, indicating that the estimation
is more precise under ESN-MLR errors.
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6. AN APPLICATION: THE SCOTTISH HILLS RACES DATA

The Scottish hills races data, which has also been applied by Chatterjee and Hadi
(2012), consist of n =33 observations where the response variable y = time
(in seconds) is related to two other predictor variables, namely, x, = distance (in mile)
and x, = climb (in feet). This set of data is also available in the R package call (MASS).
To investigate the presence of skewness in the data, as shown in Figure 1, normal and
skew normal probability density functions are fitted to the histogram of the residual
found after fitting the skew normal error model. As given in Figure 2, the data are further
plotted on the normal Q-Q plot. Several points fall away from the straight line on the
normal Q-Q plot, indicating the presence of outliers. It will be further shown in the
analysis that the extended skew normal model can nicely account for the presence of
outliers in the data.

The Scottish Hills Races Data

= Skew normal
= = MNormal

0.086
|

0.04

Density

0.02

0.00

Residual

Figure 1: The histogram of the residuals of the Scottish hills races data
and the fitted normal and skew normal model
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The Scottish Hills Races Data

Sample Quantiles

Quantiles of normal

Figure 2: The normal Q-Q plots of the Scottish hills races data

Both N-MLR and ESN-MLR are fitted by using the maximum likelihood and least
square methods to the Scottish hills races data and the results found are given in Table (3)
and (4) respectively. Also, note that the Akaike Information Criterion (AIC) values
shown in Table (3) indicate that ESN-MLR outperforms N-MLR since the smaller value
is obtained when extended skew normal errors are assumed.

Table 3
Results of Fitting N-MLR and ESN-MLR to the Scottish Hills Races Data
Involving Maximum Likelihood Estimates and Standard Errors

Parameters ___N-MLR __ESN-MLR
Estimate S.E Estimate S.E
Bo -10.2728 1.8421 -10.4404 2.1872
B 6.72021 0.2469 6.71300 0.2332
Ba 0.00787 0.0010 0.0079 0.009
A - - 0.3439 -
o? 34.5378 5.8769 48.4769 6.9625
T - - 1.776735e-09 -
Log-likelihood -104.6752 -80.2972
AIC 217.3504 172.5944
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Table 4
Results of Fitting N-MLR and ESN-MLR to the Scottish Hills Races Data Involving
Least Squares Estimates and Standard Errors

Parameters ___N-MLR ___ESN-MLR
Estimate S.E Estimate S.E
Bo -10.3616 1.8976 -10.3616 1.7031
B 6.6921 0.2543 6.6921 0.2531
B, 0.0080 0.0011 0.0080 0.0011
A - - - -
a? 36.6489 6.054 36.6489 6.051
CONCLUSION

In this paper, we study the statistical inference and estimation for the parameters
using the maximum likelihood and least squares methods for the multiple linear
regression model under normal and extended skew normal errors. Also, we have derived
the asymptotic distributions of the estimators for the parameters of the multiple linear
regression model under extended skew normal errors. From the comparison of the
parameter estimates found based on the simulation study for the regression model under
normal and extended skew normal errors using the maximum likelihood method, the
fitted model is better for the latter case. The results are further supported by the model
fitting of real data since the response variable in the data exhibits some skewness
properties due to the presence of outlying observation. There are more potential
applications which can be investigated for this proposed regression model in addition to
the given example.
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APPENDIX

Proofs for the asymptotic distribution of the estimators B4, B, and B,

Proof 1.
Using the equation (4.3), we natice that E(b;e;) = 0 and

%)= X2
E(bLZELZ — (lexlsxzxz(xll %1) sxlxlsxlxz(xtz xz)) (0_2 + (1+h2(‘[))ﬂ.2),

Z
n
w-n3

=1

then

_ — 2468
szxz (xil - xl) - lexz (xiz - xz)

Z*

)

where A5 = E| ;]>*% < oo is independent of i. Also,

. (a2 + (1 + hy()2?)Q
n — Z*Z

)

where

Q = SX1X1 (szxz)z

- Zszxz (lexz)z + szxz (lexz)z'
and
AR Sx1x1Sx2x2 - (Sx1x2)2'
Hence, we have
(&)2+8 _ A(S Zlnzllsxzxz (xil - JZ1) - Sx1x2 (xiz - JZ2) |
Sn (07 + (1 + hy(@)22) 7 0%

By applying Berry-Esseen theorem, we obtain

246

sup [P Zbiei Syj(ffz + (1 +h()22)Q _o()

—o00<x <00 ‘ Z*Z
i=1
_ _ 246
Z?=1|Sx2x2 (xi1 — X1) — Sx1x2 (xi2 — %) |
<Ysa 746 )

Q2

where
CsAs
Ysa = TS
(62 + (1 + hy())22) 2

The following inequality, as given in Bhattacharya and Rao (1976), is used for
proving the theorem:

n n 1/p
ZES Za_f’ _
n n

I=1 i=1

By using this inequality and assume that a; = Y71 |Sy,x, (i — %1) — Sy x, (Xiz — %) |2,
p=2/(2+6)and for v > 2, we have
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N[Oy

n 1+
_ _ 2
<Z|Sx2xz (xil - xl) - Sx1x2 (xiz - xz) | >
i=1
246

n
5
=nv Z|szx2 (i1 = X1) — Sy x, (Xiz — %3) | .

i=1

Then, based on a straightforward simplification and setting p = 2/(2 + &), we get

n

) _ _ 246

nv Z|szx2 (xil - xl) - lexz (xiz - xz) |
i=1

5. 1 (& v
8,1 _ _ |(2+8)p
=nv P (Z'szxz (Xix = %1) = Sy, (Xiz — X2) | )
i=1

N[

" 1+
8 _ 2
< nz® ™V (Z'szxz (X1 — %1) = Sy, (Xiz — %2) | > :

i=1

This conclude that %(2 —v) <1, foraln>1and v >2. Consequently, we may
conclude that

n 2
s | Zbifi - y\/(oz + (1 + hy(0))22)Q _o|! < 1/)5,,1%.
i=1

2
*
—oco<x< 0o Z nv

Eventually, this implies that

ﬁA1 - B _ Yi-1 b€ gN(O 1)
\[Var(ﬁl) \/(62 £ (14 h(D)22)Q
Z*Z
where
i SSE (S R
var(B) = Gra) % yan(p).
(n—-3) (5x1x15x2x2 - (lexz) )
Then, by Slutsky’s theorem, we conclude that
Mi N(0,1).
/Var(ﬁl)

Proof 2.
Consider equation (4.4) and we note that E(c;e;) = 0forevery i =1,...,nand

) XN 2
o = E(c?e?) = (S"l"l(xlz xZ)RS"l"Z(x” xl)) (a2 + (1 + hy(1))A2). On the other hand
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n
Lt = Asz

=1

_ =N |246
Sx1x1 (xiz - xz) - lexz (xil - xl)

R )

where A5 = E| ¢;|?*% < oo is independent of i. Also,
3 (a2 + (1 + hy(D) )W

52 =
where
W= szxz (SX1X1)2 - 2SX1’C1 (Sx1x2)2 + Sx1x1 (Sx1xz)2'

Hence, we have
2468 _ _ 246

(E) * _ Aé’ Z?=1|Sx1x1 (xiz - xz) - lexz (xil - xl) |
S - 248 245 )

(24 (14 hy(1)A2) 2 Wz

After applying Berry-Esseen theorem, we get

§ \/(02 + (1 + hz(r))AZ)W

sup |P Z Ci€; <y 72 -d(y)
—o0<x<00 n
=1
_ _ L1246
Z?:1|Sx1x1 (xiz - xz) - Sx1x2 (xil - xl) |
<Vsa 745 g
W 2
where
CsAs
Ysa =

75
(62 + (14 hy(D))22) 2
Similarly, based on the inequality by Bhattacharya and Rao (1976) as given earlier

. _ _ 2
and assuming a; = X1 1| Sy, x, (Xiz — %2) — Sy,x, (cin — %) | and p = 2/(2 + 6) for
v > 2, we have

n
_ _ 2
(lexlxl(xiz - xz) - Sx1x2 (xil - xl) | )
i=1

n

S
1+E

[} _ 248
2nv |Sx1x1 (xiz - xz) - Sx1x2 (xil - xl) | )
i=1
and with more simplification, we obtain
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n

8
nv Z|Sx1x1 (xiz - fz) - Sx1x2 (xil - fl) |

=t 5 A 1/p
e _ _ [(@+)p
=nv 4 <Z|Sx1x1 (xiz - x2) - lexz (xil - xl) | )

i=1

246

n 1+E
i(2—1;) = X. z
< n2v |SX1X1 (xl'Z - xZ) - lexz (xil - xl) | ’

i=1
This conclude that %(2 —v) <1, foral n>1and v > 2. Consequently, we may
conclude that

n
02+ (1+ hy(7))A2)W 1
sup {|[P Zcieiﬁy\/( ( o %) ~o)| ¢ < ¥sa—5
—oo<x<0oo i=1 n;
Thus, Berry-Esseen theorem is satisfied. Then, we have
g — nocoe
.82 .82 — Zl:lclel gN(O,l),
JVar(gz) (0% + (1 + hy(@)A2)W
RZ
where
e SSE(S P o
Var(B,) = (Sxm) —~ - Var(B,).
(n—3) (Sx1x15x2x2 - (lexz) )
Then, by Slutsky’s theorem, we conclude that
(B:— F2) ﬁZ)iN(o,n.
/V’dr(ﬁz)
Proof 3.

Using equation (4.2) and applying Berry-Esseen theorem, we can prove the
following:

E(a;e;) = 0foreveryi =1,2,,..,n.
Also, from Berry-Esseen theorem, we have

RZ + Un(x;; — %1) + Vn(x;,

of = E(ajef) = 7
3 (6% + (1 + hy(D)A?)G

(nRZ)? ’

_ ;zz)) (62 + (1 + hy (D)) 22),

Sn

where
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G = R*Z* + n*U?S,,x, + 2n*UVS, x, + n*V?S,,,, + 2nRU (x4 — %,)Z
+ 2nRV (x;, — X,)Z.

Now, we compute the term T;2*¢ as follows:

n _ _ 2+6
246 _ 4 Z RZ +nU(x;; — %)) +nV (xp — %) |°F
n — 4as

nRZ
i=1

)

where As = E| ;|?*%,i = 1,2, ..., n.

By combining the two expressions of I, and S,,, we get
(&)” A Y IRZ +nU(xyy — %) + 1V (3, — %) 270

Sn 246 246
(a2 + (1 + hy(1))22) 2 =
Thus, we get
- (0'2 + (1 + hz(r))/lz)G
- Z e =y J (nR2)? e

CsAs X1o1|RZ + nU(x;y — X%y) + nV (x5 — X)) |20
= 248 248 ’

(62+(1+h,@)2)26z

which leads to the following conclusion:

,éo - Bo _ Diz1 Q€ gN(O 1)
\/Var(,[%) (62 + (1 + hy(D)A2)G
(nRZ)?
where
P SSE (1 x2S, . + X2S .
Var(Bo) = — o o TRan var(f,)-
n-3)|n 2
Sx1x15x2x2 - (lexz)

Then, by Slutsky’s theorem, we conclude that

(:30 - ,30) 2>N(0,1).

Var(B,)



