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ABSTRACT

In this paper, generalized exponential-type estimators have been proposed for
estimating the finite population mean of study variable using information on two auxiliary
variables in the presence of non-response under stratified two-phase random sampling. The
expressions for the bias and mean square error (MSE) of proposed estimators have been
derived in two different situations of non-response. Theoretical comparisons of proposed
estimators have been made with modified forms of Hansen and Hurwitz (1946), ratio and
product estimators to the stratified two-phase sampling method. An empirical study has also
been carried out to demonstrate the performances of proposed estimators.
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1. INTRODUCTION

Estimation of the population mean in sample surveys when some observations are
missing due to non-response has been considered by Hansen and Hurwitz (1946). In the
presence of non-response, the problem of estimating population mean of the study
variable (y) has been discussed by Cochran (1977), Khare and Srivastava (1997) and
Singh and Kumar (2008). Singh and Kumar (2009) proposed a general family of
estimators under two-phase sampling in the presence of non-response. Singh et al. (2009)
have proposed a family of combined-ratio-type estimators for estimating the population
mean under non-response by adapting the estimator of Khoshnevisan et al. (2007). Khare
and Sinha (2009) proposed some estimators using multi-auxiliary characteristics with
known population means in the presence of non-response. Singh et al. (2010) proposed
some exponential-type ratio and product type estimators and their generalized version for
estimating the population mean of the study variable (y) in the presence of non-response.
Singh et al. (2010) suggested some exponential-type ratio type estimators using single
auxiliary variable under two-phase sampling in the presence of non-response.
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Kadilar and Cingi (2003) extended Upadhyaya and Singh (1999) estimator of simple
random sampling in stratified random sampling. Singh et al. (2008, 2009) proposed some
exponential estimators in simple random sampling to estimate the population mean of the
study variable y, following Bhal and Tuteja (1991). Singh et al. (2008) have considered
exponential-ratio-type estimator in stratified random sampling. Koyuncu and Kadilar
(2010) have suggested a family of estimators in stratified random sampling following
Diana (1993) and Kadilar and Cingi (2003). Upadhyaya et al. (2011) suggested some
improved ratio and product exponential type estimators. Malik and Singh (2012)
proposed some modified ratio type estimators using geometric mean and harmonic mean
for stratified random sampling. Motivated by Singh et al. (2009), Singh and Kumar
(2012) proposed some exponential estimators in stratified sampling.

Consider a finite population of size N which is stratified into L homogenous strata.
Let N, be the size of h™ stratum (h=1,2,...,L) such that >+, N, =N and (Vhi» Xni ) be
the observations of the study variable (y ) and the auxiliary variable (x) , on the i unit
of h™ stratum, respectively. Let, y, and X, be the sample means of h'" stratum

corresponding to the population means Y, and X, respectively. In order to obtain

approximations to the bias and mean square error (MSE) for the proposed estimators
under stratified two-phase sampling, let us define notations and expectations for
situation-I and situation-I1 separately as,

Situation-1: When non-response is observed on all the variables taken at second-
phase.

Situation-11: When the study variable is observed with non-response at second-phase
whereas the two auxiliary variable(s) are observed with complete response.

i) Notations for Situation-I

« _ Yn—Yh . %=X, « Iy =L
€h=—=— CGh=—7F—": Ep=—=1»
h h Z,
L o_ ., L Lo_ .,
N hZ By Yn€on th By Xhern N th PiZnean
e - = — 1 ’ = = — 1] e = = —
0 v € N 7) z
n, ,
< MY MY ;Xhi « MhZn, Tl
yh _ @) Iy (2) Iy Yr,] _ |_1' and Zh _ @) "My (2) n, (1.1)
Ny My Ny
1 1) ., (1 1Y), (k-1 ,
M ={———,], h_{_,‘_j Xh:[ jwh(z) Ap =hp =4y
Ny Ny o Ny h
_ _
N h2) o2 _ \b ( i ‘Y) 2 N (y, ‘Yh<2))
By =—W = Spy = and Sy, =
N Nh i=1l h — i=1 Nh(2) -1
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ii) Notations for Situation-11
L _ M
7, _Z—h hzlphzheZh _lem
& =— =1, 6, =1——— andz, == 1.2
=g g = . (L2)

where e in (1.1) and (1.2) for i=X, y,and Z is the sampling error. Further we

assume that
E(e;) = E(ef) = E(e;) =0,
and (1.3)
E(e; )=E(e;) =0

respectively for Situation-I and Situation-11.

In stratified random sampling without replacement, we may obtain the following
expectations respectively for Situation-1 and Situation-11 of non-response as,

iii) Expectations for Situation-I

- XTyszt
E(e*)zziip (x S2 1)rs2 ) Voo E(€))% = ipz(wsz ):V'
0 Y—g = yh yh2 020 )zz = h h*xh 200
E(e*)zziipz(x s2 4382 ) =~V E(e*e*)_éipz(x S, +ArS ):v*
2 Z—z ] h zh2 002 0°%2 YZ 5 h hYyzh h*yzh2 011
* 1 L 2 * 1 L 2
Ee.' El—3 }\‘IS :V’ E '.e === P 7\.'8 :V,
(&€1) X E,l ( h yxh) 110 (er€;) 7 hgl h (A0 Syan ) =Vion
8Jzkoo :Vzoo —Va0 8*1k10 :Vﬁo ~Vi1o
(1.4)
iv) Expectations for Situation-11
*\2 1 ! * "n2 1 I '
E(e,) ?—Z (7L Syh +A Syhz):VOZO E(e) —X—Z Khsxh =Vao
l I 1 *
E(ez) _Z__h=1 7“ Szh =Vonz E(e ez)—=ZZ=: (7L Syan +Ap Syzh2) Vo
1 I ’ 1 ’ ’
E(e, ) XA > Ry hSyxn =Vi10 E(ere,) 3% lehthsxzh =Vio1
9200 =Vaoo _Vzoo 9110 =V110 _V1’10

(1.5)



74 Generalized exponential-type ratio-cum-ratio and product-cum...

2. NON-RESPONSE IN STRATIFIED TWO-PHASE SAMPLING

In stratified two-phase sampling, a first phase sample of size n|, from the h™" stratum
using simple random sampling without replacement (SRSWOR) is selected such that
Zh:lng =n’' and observe auxiliary characteristic(s) for these units. A second phase
sample of size n, (n, <n}) is selected SRSWOR such that Zﬁ;lnh =n and collect

information on the study variable say y. From the available second-phase sample n;, only
Npy Units respond to the survey and Ny, do not respond. From ny, ;) non-respondents,

a sub-sample of ry, (rh - “T(a) , k> 1) units is selected and information are obtained from
h

these ry, units.
A modified form of Hansen and Hurwitz (1946) estimator to the stratified two-phase
sampling is given as
Vo = Zha PV @.1)

The estimator (2.1) is unbiased with variance,
* L 2c2 S 2c2 v A *
Var(yg) = hle By Sty +thM R Shy, =Y Voo (2.2)

Following Khare and Srivastava (1993) and Tabasum Khan (2004), ratio and product
estimators are modified to the stratified two-phase sampling in two different situations of
non-response separately as,

i) Situation-I
EO
Yrg = Vst = and Ypa = Vst i_ft (2.3)

st st

The mean square errors of VRd and Vpd in (2.3), up to the first order approximation
are,

MSE (Y_Rd ) =Y? (Vo*zo + 9300 23;10) 24)
MSE (Y_Pd ) =v? (Vo*zo + 9300 + 29;10) (2.5)
ii) Situation-11
2 _x X 2, _x X
Yro =V =~  and Yoa =Yoo (2.6)
Xst Xst

The mean square errors of ﬂ;’d and ﬂi’d in (2.6), up to the first order approximation
are,
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MSE (Y_F;d ) =v? (Vo*zo + 900 — 29110) 2.7)

MSE (Y_F?d ) =Y? (Vo*zo + 900 + 28110) (2.8)

In the following section, we propose some generalized estimators of population mean
for stratified two-phase sampling with non-response.

3. PROPOSED GENERALIZED EXPONENTIAL-TYPE ESTIMATORS

In this section, motivated by Singh and Kumar (2012), and Upadhyaya et al. (2011),
some generalized exponential-type ratio-cum-ratio and product-cum-product estimators
have been suggested for two different situations of non-response using two auxiliary
variables with known means.

3.1 First Proposed Generalized Estimator for Situation-I
We propose a generalized exponential-type ratio-cum-ratio estimator of population
mean for situation-1 under stratified two-phase sampling in the presence of non-response
as,
|

A Izph(ih—fﬁ) th(z_h—zr:)
Yer = X R Y exp| = exp| = (3.1)
h=1 > R (Xh +(a-1)%;) YR (2, +0-0)7)
h=1 h=1

where a and b are some suitably chosen scalars whose values are to be estimated so that
MSE of Yng is minimized.
It is remarked that for various values of a and b in (3.1), we get various exponential-

type ratio estimators as deduced family of VR%. From this family some are given in
below as,

i) For a=land b=1, Yagis deduced as the family of Y, as,

Lo Lo
AL, Elph(xh_xh) Elph(zh_zh)
Yer = 2. PV €Xp| “——/—— eXp| —/—— 3.2)
"= 2 R X 2 Rz,
h=1 h=1
ii) For a=2and b=1, Y2 is deduced as the family of Y3 as,
L — Lo .
AL, hz_:lph(xh_xh) hX_:lPh(Zh_Zh>
YR = hzl P Ynexpl = eXp| ——/——— (3.3)

Elph(ih +X) > RZ,
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iii) Fora=2and b=2, \?R’; is deduced as Singh and Kumar (2012) type estimator as the

family of Yqg as,

L Lo .
N L h{Anh =Xy h{4nh —Zn
R N P (X, =X, > P Z, -7
Yer = 2 Py Yh exp hfl — exp hfl — 34)
h=1 > Py (X + %) hzlph(zhn;)

Using (1.1) the estimator in (3.1) may be expressed as,

Vi =V (1+ €5 exp| g + (a—Dei2 [exp[ —e5 +(b-1)ez3 | (35)
Expanding the right hand side of (3.5) up to the second order of approximation, we
have

Y ¥ =¥ [ 6 —efg — 636 +(a—Deid + (b-1)es2 —e5els —€5es +€fess | (3:6)

Using (3.6) the bias and the MSE equations of \?R% are obtained as,

Cqae\ olfa-1) ., (b-1) . 1., 1.. 1.,
BIaS(YF?R ) ~Y K?jvzoo + (b_zjVOOZ _Evllo —Bvon +£V101} (3.7)

2o\ a1 1. (1. 1. 1.,
MSE (YRCI;? ) ~Y? {Vozo + gvzoo +b—2V002 - 2(5 110 +EV011 _EvlolJ:| (3.8)

In order to obtain minimum MSE of Y., we differentiate MSE (Y, ) in (3.8) with
respect to a and b respectively. The optimum value of aand b are obtained as
’ * 2 ' * 2
(VZOOVOOZ _VlOl) (VZOOVOOZ _VlOl)

a= — - and b= — (3.9)
(VllOVOOZ _V101V011) (V200V011 _V101V110 )

Substitution for the optimal values of aand bin (3.9) yields the minimum value of
MSE(Yaz) as

N * 2 ' *2 ' * 2
min.MSE (Y_RGR ) = Y_Z [V(;QO _ [VOOZVJ.].O +\/'200V311 — 22101\/011\/110 J:| (310)
V200V002 — V101

The bias and MSE expressions for deduced family \?R% may be obtained by putting
the values of aand b in (3.7) and (3.8) respectively as
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i) For a=1 and b =1, the bias and MSE of \?RlR is obtained as

Bias(\?éR ) <V (Vo Vo +Vion) (3.11)
MSE (Y_RlR ) ~Y? |:V(;20 +Va00 +V(;)2 - 2(V1’10 +V(;11 _V1,01)} (3.12)

if) For a=2and b =1, the bias and MSE of \?RZR is obtained as

B T R T
BI&S(Y,%R ) ~Y (szoo _Evllo —Vou +§V1o1j (3.13)
12 v 2 * 1 ’ * 1 ' * 1 ’
MSE{Yrg |*Y “| Voo +ZV200 +Vooz —2 Evllo +Vour _EV101 (3.14)
iii) For a=2and b=2, the bias and MSE of
. = v l ’ * l ’ * V’
BIaS(Y}'?AR ) ~Y —(Vzoo +Voo2 ) == | Vo +Vor — =2 (3.15)
4 2 2
AA 2 * 1 , * , * 1 ,
MSE (YRR ) ~Y *| Voo + Z(Vzoo +Vooz ) ~Vi10 —Vour + EVlOl (3.16)

3.2 Second Proposed Generalized Estimator for Situation-I
We propose another generalized exponential-type product-cum-product estimator of
population mean for situation-1 under stratified two-phase sampling as,

L _ L .

R th(fé—xh) th(zh_zh)

Yep = 2 Py ¥ exp| = — |exp| = — | (317)
=) >R ((c-1)% +X,) >R (@-vz75+2,)

where cand d are some suitably chosen scalars whose values are to be estimated so that
MSE of Ypp is minimized.
It is remarked that for various values of ¢ and d in (3.17), we get various

exponential-type ratio estimators as deduced family of VPGP . From this family some are
given in below as,
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i) For c=1and d =1, Y2 is deduced as the family of ¥.S as

Lo L =
B thPh(Xh_Xh) Elph(zh_zh>
Yop = ;l Py exp| = exp| 1= (3.18)
B > B X > Rz,
h=1 h1
ii) For c=2and d =1, Y is deduced as the family of Y as
L _ L .
. L hzlph(x,; - X) hz—:lph(Zh +Zy)
pp = 2 PhYn exp| = — eXp| —/—— (3.19)
h=1 hzl Ry (X, +X) hzl R.Z,

L I L I
R L th(xﬂ—xh) ZF’h(Z - h)
Yep = X RV exp| 22 exp| It (3.20)
h=t > Py (% + Xp)
h=1

Using (1.1) the estimator (3.17) may be expressed as

Vi =V (1+e5)exp| efg +(c—Dei2 [exp| e3¢ +(d ~Dez? | (3.21)

Expanding the right hand side of (3.21) up to the second order of approximation, we
have

Vs =Y =V | e el +e56 —(c-Defd —(d ~Dels +egei +€5ess +efers | (3:22)

Using (3.22) the bias and MSE equations of VP% are obtained as,

e fle=1), (d=1) .+ 1., 1.. 1.,
Bias (YPGP ) ==Y {(ijzoo + (d—zjvooz — Vo~ g Vou avm} (3.23)

d
2oV ool 1 e (10 1. 1.,
MSE (YPGP ) ~Y? {Vozo + C—zvzoo + d—2V002 + 2[3 110 +EV011 +aV101 H (3.24)

In order to obtain minimum MSE of Y, we differentiate MSE (Yp5 ) in (3.24) with
respectto ¢ and d respectively. The optimum value of ¢ and d are obtained as
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’ * 2 ' * 12

Rx (VZOOVOOZ _VIOl) an d d _ Rz (VZOOVOOZ _VlOl)

(V1'10V002 _Vl'OlV011) (VZIOOVOll _V1,01V1'10 )

Substitution for the optimal values of cand d in (3.24) yields the minimum value of
MSE(Yps ) as

N * \y12 ’ *2 IBVARYA
min .MSE (VPGP ) ~Y? [VJZO - [VOOZV“O +YoooVoss ~ MronVousthno H (3.26)
V200V002 — V101

c=- (3.25)

The bias and MSE expressions for deduced family \?P% may be obtained by putting
the values of cand d in (3.23) and (3.24) respectively as

i) For c=1and d =1, the bias and MSE of Yg, is obtained as,

Bias (\?gp ) =¥ (Vo ~Vou +Vios (3.27)
MSE (?;P ) =¥ (Voo +Vio0 +Vooz +2(Viho +Vou +vl'01)) (3.28)

ii) For c=2and d =1, the bias and MSE of VPZP is obtained as,

2o\ (1., 1o, . 1.,
BIaS(YF%P ) =Y | —Vaoo =5 Va0 —Vour + 5 Vios (3.29)
4 2 2
12 v 2 * 1 ' * 1 ' * 1 '
MSE(Ypp | # Y “| Voo +ZV200 +Vop2 +2 EVMO +Vou +EV101 (3.30)

iii) For c=2 and d =2, the bias and MSE of Ygp is obtained as,
R 2 — 1 * 1 * V,
Blas(Y,fp)z -y —(vz'00 +v002)—— Vo +Vggy + 2L (3.31)
4 2 2
AA v 2 * 1 ’ * ' * 1 '
MSE (YPP) =Y [Vozo +z(V200 +V002)+V110 +Voug +§lej (3.32)

3.3 First Proposed Generalized Estimator for Situation-I1
We propose a generalized exponential-type estimator of population mean for
situation-11 under stratified two-phase sampling as,
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. >R (X %) > R(Z,-7)
Go o* h=1 h=1
Yrr = 2 B Yh exp| — exp| - — (3.33)
h1 >h (X +(a"-2)%) 2h (Zo+ 0" -1z,

where a° and b° are some suitably chosen scalars whose values are to be estimated so

that MSE of \?RGF; is minimized.

It is remarked that for various values of a° and b° in (3.33), we get various

exponential-type ratio estimators as deduced family of VR?{. From this family some are
given in below as,

i) For a’=1and b° =1, Yay is deduced as the family of Yz as

L -_— — L = *
> Py (Xn %) >R(Z-7)
h-1 exp| =L — (3.34)

Ph )Zh Z Ph Z_h
h=1

2, L .
YF%IOR = hz P Yh exp
-1

Mr

h=1

i) For a°=2and b° =1, Y2 is deduced as the family of Yau as

L _ L _ .

N L . th(xh—7r'1) th(zh_ih)

YR = 2 PV exp| P — exp| ML —— (3.35)
h=1 hzl Ry (Xy +X) hzl R.Z,

jiii) For a°=2 and b° =2, \?Rﬁ" is deduced as Singh and Kumar (2012) as the family

of Yaz for situation-I1.

L — L —
N L th(xh—_h) th(zh‘fh
Yer = X PV, exp| 2 — exp| =L —— (3.36)
h=1 hzlph(xh+x,;) hzlph Zy+1,)

The proposed estimator in (3.33) follows naturally in exactly the same fashion as that
for Situation-I in Section 3.1. In addition, the relation between a° and b° is the same as
that for Situation-I in Section 3.1. Finally, the same is true for the MSE and the bias. It is
therefore directly from Section 3.1 we may have the bias and the MSE equations of VR%"
are obtained as,

Cae olfa-1),, (b1 1., 1 1,
B'aS(YF?R)zYH 2 JvzooJ{bTJVooz —gvno —b—OVonJrﬁVlol (3.37)
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2 — | * 1 1 1 1 1
Go 2 ’ ’ ’
MSE (YRR )zY Vo2o +—5 Vaoo + 5 Vooz _2(—0 110 T = Vou _Tvlolj

a b a b a’b

(3.38)
MSE (?R(f{) is minimized for the optimal values of a° and b° given as
_ (Vz'ooVooz —Vl'ozl) and b — (Vz'ooVooz —V1621) (3.39)
(V110Vooz —V101V011) (VzooVon —V101V110>

Substitution for the optimal values of a°and b® in (3.38) yields the minimum value of
MSE (VR%) as

N 12 ’ 2 ’ ’
min.MSE (Y_R(I?{o ) ~ VO*ZO _ (VOOZVllO +V200V011 — 2\/lOlVOIlVllO J (340)

' 12
V200V002 _V101

The bias and MSE expressions for deduced family VR?{ may be obtained by putting
the values of a°and b’ in (3.37) and (3.38) respectively.

3.4 Second Proposed Generalized Estimator for Situation-11

We propose another generalized exponential-type product-cum-product estimator of
population mean for situation-11 as

L _ L _
. L th(fﬂ—xh) th(zh—zh)
Go =* h=1 h=1
Yep =2 FyVhexp| eXp| — (3.41)
-t P((c-Y%+ %) | | TR(@ -0z +2,)
h=1 h=1

It is remarked that for various values of c“and d° in (3.41), we get various

exponential-type ratio estimators as deduced family of VF?F?. From this family some are
given in below as,

A

i) For ¢ =1and d° =1, Yp; is deduced as the family of Yo as
L _ L -
N L th(xﬂ‘xh) th(zh_zh)
Yep = > R Y, exp| 2= exp| 2= (3.42)
" P X, hzl P.Zp

M

h

1
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i) For ¢ =2and d° =1, Y2 is deduced as the family of Yny as

L — L

. L hgph(i;]—xh) hgph(i’#z"h)
Yep = 2 BV exp| T —— exp| =0 (3.43)
h=1 hzl Ry (X +X) hzl R.Z,

iii) For ¢°=2 and d° =2, YAP‘,\," is deduced as Singh and Kumar (2012) as the family

of Yz for situation-II.

L - L -
. L th(xr']—xh) th(_h— h)
Ao =% h=1 h=1
Yep = 2 B Vhexp| exp| = (3.44)
h=1 zph(i,;nzh) zph(7h+z"h)
h=1 h=1

The proposed estimator in (3.41) follows naturally in exactly the same fashion as that

for Situation-1 in Section 3.2. In addition, the relation between c¢and d° is the same as
that for Situation-I in Section 3.2. Finally, the same is true for the MSE and the bias. It is

therefore directly from Section 3.2, we may have the bias and the MSE equations of VP%"
are obtained as,

C(2e\ o [c-1), (do-1 1., 1 1,
BIaS(YFE;P)z_Y [( o2 jvzooJ{d—onVooz_EVno_ V011+c°d°V101] (3.45)

do

ey o —_ * 1 , 1 1 ’ 1 l ’
MSE (YP% ) ~Y? {Vozo + CTzvzoo + d—ozvooz - 2[§V110 + Fvon - §V101J:|

(3.46)
In order to obtain minimum MSE of Ys5', we differentiate MSE (VP%) in (3.46) with

respect to ¢’ and d° respectively. The optimum value of c¢”and d° are obtained as

R V2,00V002 _Vl,021 R VZIOOVOOZ _Vl,OZl
c’=- X( >and and d° =- Z( )

(Vl'lOVOOZ _VlblV01l ) (VéOOV01l _Vl,OlVl,ZLO )

(3.47)

Substitution for the optimal values of c®and d°in (3.45) yields the minimum value of
MSE (VPGFF) as

_ 2 S R YA YA VARV, VAN VARYA
mm,MSE(Y,D(f:,")zYZ[VOZO _( 002V110 ,200 011 ’2101 011V110 H (3.48)
Va00Vooz —Vior
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The bias and MSE expressions for deduced family \?p% may be obtained by putting
the values of ¢cand d° in (3.45) and (3.46) respectively.

4. EFFICIENCY COMPARISONS

Now we compare the proposed generalized estimators with usual Hansen and
Hurwitz’s (1946) unbiased estimator 7; and some other considered estimators under
two different cases as

i) Ratio-cum-ratio Estimators under Situation-I
MSE (Yzr) < MSE(¥5)
V300 +Vaoo

1
Z(Vflo +Vour _V1'01) )

MSE (V) < MSE (e )
and _ (Véoo +Voo2 ) - (9200 ~2%9 ) (4.1)
2 (V1'10 +Vo*11 _V1'01)

MSE (Yax ) < MSE(¥y,)
V300 +V2*00

= <1
2(2Vf10 + Vo1 _Vlbl)

MSE () < MSE (Vg )
and (Véoo +VoB2 ) - 4<9;oo - 29Zlo ) -1 (4.2)
2(2V1'1o + 2\/0*11 _V1b1)

MSE (Y% ) < MSE(Vy,)
V00 + 4V2*oo

4 (Vf1o + 2\/0*11 _Vlbl)

<1

MSE(Yer ) < MSE (Yag )

and { (Véoo + &0y ) —4 (9200 ~2919 ) (4.3)
if — <1
4 (Vlle + Vo1 —Vim )
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MSE (Yag ) < MSE(¥3;)
2\/1’01\/0*11\/1’10

if - >
4 (V110V002 +V00Voi1 )

<1

MSE (Yag ) < MSE (Ygg )
* * ,2 ’ *
and (9200 =29y ) (V101 “V200Vo02 ) L (4.4)
<
* 2 ' *2 ' ’ *
(Vooz Vi1 +Va00 Vo1 = Vi Va0 Von)

if) Product-cum-product Estimators under Situation-I
MSE (Y55 ) < MSE (V)
- (Vﬁoo +V2*oo)

if — >1
2 (Vl,lo +Vou +V151)

MSE (Y ) < MSE (V)
and (9200 +29750 )— (Vzloo +Voo2 ) ) (4.5)
>
2 (Vl'lO +Vou +V161)

MSE (Ypp ) < MSE (V)

. - (Véoo +V2*oo )
if — >1
2 (2V1'1o + Vo1 +V161)

MSE (YA ) < MSE (V)
and 4 (9200 +29730 ) - (VZ,OO +Vooz ) 1 (4.6)
>
2 (2Vf10 +2Vo11 +V151)

MSE (Ygh ) < MSE(Yy,)

. - (Vzloo + 4V2*oo )
if — >1
4 (Vflo +2V011 —Vior )

MSE(Y:2,) < MSE (Y )
and 4( 9500 ~ 29710 )~ (Vo0 + ooz ) . 4.7)
>

4 (V1'10 + Vo1 +Viog )
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and

MSE (Ypp ) < MSE ()

’ * ’
VlOlV011V110

<1

2 (V1'120V502 +V2’ooVo*121 )

MSE (Ypp ) < MSE (Ypg)

(3200 +29750 ) (Vlbzl “Vs00Vooz )

* 12 ' *2 ' ' *
(VOOZ VllO + V200 VOll - 2\/101\/110 VOll )

iii) Ratio-cum-ratio Estimators under Situation-11

and

and

and

MSE (Yag ) < MSE(y,)

Voo +V.
200 T V200 <1

2 (Vflo +Vour _Vl’Ol)

MSE (Vi) < MSE(Yag)
(Véoo +Voo2 )_ (9200 —2919 )
2 (Vl'lo +Vous _Vlbl)

MSE (Yag ) < MSE (V)

Voo +V.
200 T V200 <1

2 (2\/1'10 +2Vo11 —Vipg )

if

MSE (Ve ) < MSE (Yrg)
(Véoo +Voo )— 4 (9200 =29y, )

<1
2 (2V1'10 + Vo1 ~Vipg )

MSE (Yer ) < MSE(¥y;)

V00 +WNo0 <1

4 (Vf1o + Vo1 _Vﬁ)l)

MSE (V%) < MSE (Yay)
(Véoo + Voo )_ 4 (9200 — 2539 )
4 (VlllO +2Vo11 ~Vioy )

85

(4.8)

(4.9)

(4.10)

(4.11)
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MSE (Ygz ) < MSE(¥s,)
Vio1Vo11 Vi1o
2 ' yy2
2 (V110V002 +Va00Vo11 )
MSE (Yez ) < MSE (Ygg)
and it (9200 — 2959 )(Vlbzl Va00Voo2 ) . (4.12)
<
(V002V1'120 +Va00 V0211 - Vi Vi10 Von)

<1

iv) Product-cum-product Estimators under Situation-11
MSE (g5 ) < MSE (V)
- (Véoo +Vzoo)

if >1
2 (Vflo +Von +V161)

MSE (V22 < MSE (V7 )
and (8200 + 28110 ) (Vo0 +Vooz ) . (4.13)
>
2 (V1'10 +Voug +V161)

MSE (Ypp ) < MSE (V)
- (Véoo +V200)

if
2 (2\/1,10 +2Voy +V161)
MSE (YA ) < MSE (V)
and 4 (9200 +28y59 ) - (VZ,OO +Vooz ) (4.14)

if >1
2 (2Vf10 + 2V +V151)

MSE (Yep ) < MSE (¥4,

) - (Véoo + 40 )
if >1
4(Vf1o + 2V _Vlbl)

MSE(Yg3) < MSE (Ve )
and 4 (9200 =299 )_ (Vzloo +4Vo0 ) 1 (4.15)
>
4 (Vflo + QVp11 +Vioy )




Sanaullah, Amin and Hanif 87

MSE (Y3 ) < MSE(Vy,)
Vi01Vo11 Vi1o
12 ’ 2
2 (V110V002 +Va00Vo11 )
MSE (Ypp ) < MSE (Ypg)
12 '
and (9200 +29yy9 ) (VlOl “V200Vo02 ) L (4.16)
<
2 ' 2 ' ’
(Vooz Vi1 +Va00 Vo1 = Vi Vi1o Von)

<1

5. EMPIRICAL STUDY

In order to examine the performance of proposed estimators under stratified two-
phase sampling, we have taken two different stratified populations:

Population-I: (source: Koyuncu and Kadilar (2009))

We consider No. of teachers as study variable (Y), No. of students as auxiliary
variable (X), and No. of classes in primary and secondary schools as another auxiliary
variable (Z) for 923 districts at six 6 regions (1: Marmara, 2: Agean, 3. Mediterranean, 4:
Central Anatolia, 5: Black Sea, and 6: East and Southeast Anatolia) in Turkey in 2007.

Population-11: (source: detailed livelihood assessment of flood affected
districts of Pakistan September 2011, Food Security Cluster, Pakistan)

We consider food expenditure as study variable (Y), household earn as auxiliary
variable (X), and total expenditure in May (2011) as another auxiliary variable (Z) for
(6940) male and (1678) female households in flood affected districts of Pakistan.

The Neyman allocation has been used for allocating the samples to different strata.
The comparison of proposed generalized exponential-type ratio-cum-ratio and
exponential-type product-product estimators have been made with respect to Hansen and
Hurwitz’s (1946), stratified two-phase ratio and stratified two-phase product estimators.
The information for two populations is given in appendix-A Table-5.

6. CONCLUSION

The MSE values of the estimators are computed in Table 3-4 using (2.2), (2.4), (2.5),
(2.7), (2.8), (3.10), (3.12), (3.14), (3.16), (3.26), (3.28), (3.30), (3.32), (3.38), (3.40),
(3.46), and (3.48). Table 1-2 indicates that the performance of exponential-type ratio-
cum-ratio estimators in both situations is better than modified stratified two-phase due to

Hansen and Hurwitz’s (1946) estimator 7; . The generalized exponential-type ratio-cum-

ratio estimators are more efficient as compared to ratio estimators (VRd , ng) modified

to the stratified two-phase for both situations of non-response. Furthermore, it is observed
that proposed estimators are more efficient than ratio estimators for both situations of

non-response (YRd + Yra ) .



88 Generalized exponential-type ratio-cum-ratio and product-cum...

The PREs for the proposed family exponential-type estimators increases if inverse
sampling rate k;, increases from 2.0 to 3.5 at W, =20% and W,, =30% but this is not

true for Yay. For W, =10%, PREs of the estimators decreases in situation-I of non-

response. In situation-11 of non-response, the PREs for Singh and Kumar (2012) type
estimators including stratified two-phase ratio estimator decreases if the inverse sampling
rate k,, increases from 2.0 to 3.5 at each of higher non-response.

It is found from Table 1-2 that generalized exponential-type product-cum-product
estimators are more efficient than modified stratified two-phase Hansen and Hurwitz’s

(1946) estimator Y, and stratified two-phase ratio estimators (\fpd , VF‘,’d ) ,Ypq in both

situations of non-response. When we further observe we can infer on the basis of PREs
that performance of generalized exponential-type estimators in section 3 is better in both
situations of non-response than the performance of the Singh and Kumar (2012) type
estimators. Furthermore we can see that generalized exponential-type estimators are more
efficient in situation-1 than the generalized exponential-type estimators in situation-I1.
Finally we conclude that the class of generalized exponential-type estimators can be
proposed for their practical application for both of the situations of non-response.
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Table 1:
Percent Relative Efficiencies (PRESs) of Estimators with respect to 37;
for Different VValues of ki, each at Different Rate of Non-Response
under Situation-I using Two Different Populations

Generalized exponential-type ratio-cum-ratio and product-cum...
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Yrr
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Yrr
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*kk

*k%

35
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*kk
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*k%

20%

2.0
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409.22
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473.46

1003.22
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*kk

*kk

*kk

*kk

*k%k

25
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452.16

285.69

505.56

1002.44

2787.51

100

*kk

*kk

*kk

*kk

*k%

3.0

100

492.71

279.61

533.95

1001.84

2886.71

100

*kk

*kk

*kk

*kk

*k%

35

100

531.06

274.90

559.23

1001.35

2975.23

100

*kk

*kk

*kk

*kk

*k%

30%

2.0

100

425.00

291.75

487.81

1009.61

2601.63

100

*kk

*kk

*kk

kkk

*kk

2.5

100

47418

283.65

524.63

1010.80

2671.29

100

*kk

*kk

*kk

kkk

*kk

3.0

100

520.08

277.76

556.68

1011.70

2730.02

100

*kk

*kk

*kk

*kk

*k%

35

100

563.00

273.30
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1012.41
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Rl s s a2 N | = | = | Population No

100

*kk

kkk

kkk
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(***) shows population is not applicable.
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Table 2:
Percent relative efficiencies (PREs) of estimators with respect to )7;
for different values of k;, each at different rate of non-response
under situation-11 using two different populations
2
g * Z Z Z Z Z Z Z Z Z Z
Wha| ki § Yst | Yrg YRAr\z YRlR YRZR Ypq YP/; YF}P YPZP YRGR YPGP
QU
<
20 11100 |231.36(234.67|263.80| 398.18 | *** | ** | ** | *=* 1409314 | **
2100 | ™ f W% 122.96(51.87(14.22(19.17| = 12017
25 11100 |209.94 |212.44|234.02| 323.29 | ™ | *** | ** | = | 377.77 | **
10% 2100 | ™ b **138.28|53.01(14.79119.89| ** [119.09
11100 |194.52(196.51|213.40| 278.47 | ** | ** | ** | = 1 31475 | **
30 2100 **= b I ¥ 137.45|54.10(15.35(20.60| ** |118.12
35 11100 |182.90(184.54|198.28| 248.63 | *** | ** | ** | = 127503 | ™
2100 | ™ b % 136.71|55.15(15.91121.29| ** [117.25
20 11100 |198.01|200.11|218.00| 288.04 | *** | *** | *** | *=* | 327.85 | ***
2100 | ™ b % 139.72|54.27(15.43120.71| ** [117.99
25 11100 |177.03(178.50{190.78| 234.68 | *** | *** | *=* | *=* 1257.03 | ***
20% 2100 **= b % 139.04 56.36(16.58 [22.13| ** |116.29
3.0 11100 |163.45(164.57|173.77| 204.91 | *** | ** | *=* | = 121980 | ***
2100 | ™ b ** 138.47|58.27(17.68(23.51| ** [114.88
11100 | 153.94 |154.83|162.12| 185.92 | ™ | *** | ** | ** | 196.84 | ***
33 2100 | ™ b ¥+ 138.00(60.02(18.76|24.84| ** [113.70
20 11100 |188.75(190.56|205.85| 263.27 | *** | *** | ** | *=* 120430 | ***
2100 *= b ¥ 138.68|56.67|16.75(22.35| ** |116.05
25 11100 |168.59(169.84|180.16| 215.81 | *** | *** | *=* | *=* 123325 | ***
30% 2|100| ™= i ¥ |37.79|59.57 (18.48124.49| ** [113.99
11100 | 155.90 [156.84(164.51| 189.72 | ™ | *** | ** | *= 120139 | **
30 2|100| ™= i B 137.11(62.11]20.14(26.51| = |112.40
11100 | 147.17 [147.92|153.97| 173.23 | ** | ** | *=* | = 118183 | ™
33 2100 **= b W 136.57(64.3521.73(2843| **  |111.14

(***) shows population is not applicable.
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Table 3:

MSES of V. ,Ysq . Ypq and Proposed Estimators for Different Values of k, each at
Different Rate of Non-Response under Situation-1 Using Two Different Populations
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plaNapadadapavap oo = Population No
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(***) shows population is not applicable.
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Table 4:

93

MSEs of V. ,Ysy, Yoy and Proposed Estimators for Different Values of k, each at
Different Rate of Non-Response under Situation-I1 using Two Different Populations
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Table 5: Data Sets

Population-I Population-11
Stratum (h) 1 2 3 4 5 6 1 2
Np 127 17 103 170 205 201 6940 1678
Ny 31 21 29 38 22 39 750 181
5, M 70 50 75 95 70 90 1874 453
G % Syn | 883.84 | 644.92 | 1033.40 | 810.58 | 403.65 | 711.72 | 2143 | 22.13
a] g Sy |30486.70|15180.77|27549.69(18218.93| 8497.77 |23094.14 | 16625.33 |12861.40
:E S | 555.58 | 365.46 | 612.95 | 458.03 | 260.85 | 397.05 [19394.09|16143.74
gg Y, | 703.74 | 413.00 | 573.17 | 424.66 | 267.03 | 393.84 | 47.98 | 48.06
E '% Xy, 20804.59| 9211.79 [14309.30| 9478.85 | 5569.95 |12997.59 | 18746.55|14303.98
3(‘% "t) Z, | 498.28 | 318.33 | 431.36 | 311.32 | 227.20 | 313.71 |19124.75|14742.47
g S Pxyn | 0.94 1.00 0.99 0.98 0.99 0.97 -0.48 -0.44
Pwn | 0.94 0.97 0.98 0.96 0.97 1.00 0.91 0.80
Py | 0.98 0.98 0.98 0.98 0.96 0.98 -0.44 -0.35
Syno | 510.57 | 386.77 | 1872.88 | 1603.30 | 264.19 | 497.84 | 20.48 | 21.74
g Sxnz | 9446.93 | 9198.29 52429.99|34794.90|4972.56 |12485.10|18121.44 |15492.72
§ S| S | 30392 | 278.51 | 960.71 | 821.29 | 190.85 | 287.99 |22010.50 20204.85
‘1§ Pxy2 | 1.00 1.00 1.00 0.97 1.00 0.93 -0.48 -0.54
gé Py2 | 0.99 0.99 1.00 0.96 0.99 0.98 0.86 0.77
Pyz2 | 0.99 0.99 1.00 0.99 0.99 0.96 -0.39 -0.32
Syno | 396.77 | 406.15 | 1654.40 | 1333.35 | 335.83 | 903.91 | 20.74 | 22.63
B| Sknz | 7439.16 | 8880.46 |45784.78(29219.30| 6540.43 |28411.44|16155.37 |13887.44
§ §_ Sie | 24456 | 274.42 | 965.42 | 680.28 | 214.49 | 469.86 [19251.39|17323.10
cll'% Pxy2 | 1.00 0.99 1.00 0.98 1.00 0.99 -0.49 -0.49
gé Py2 | 0.99 0.99 0.98 0.96 0.98 0.98 0.88 0.84
Pyz2 | 0.99 0.98 0.98 0.99 0.98 0.99 -0.43 -0.33
Syne | 500.26 | 356.95 | 1383.70 | 1193.47 | 289.41 | 825.24 | 2147 | 2244
g Synz |14017.99| 7812.00 |38379.77|26090.60| 5611.32 | 24571.95|16877.33|12852.95
§ S| S | 28444 | 24763 | 811.21 | 631.28 | 188.30 | 437.90 |19985.52|16007.36
szﬁ Pxy2 | 0.96 0.99 1.00 0.98 1.00 0.97 -0.48 -0.44
gé Py2 | 0.91 0.98 0.98 0.97 0.98 0.96 0.89 0.83
Pyz2 | 0.97 0.98 0.98 0.99 0.98 0.98 -0.43 -0.28




