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ABSTRACT

The problem of estimation of the population product and the change, for the current
occasion, based on the samples selected over two occasions has been considered.
Expressions for optimum estimator and its variance have been derived. The values of
optimum matched proportion has been tabulated. The gain in efficiency of the proposed
estimate over the direct estimate using no information gathered on the first occasion is
computed. An empirical study is made to study the performance of the proposed strategy.
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1. INTRODUCTION

If the composition and characteristics of the units remained unchanged, a single
occasion would be enough to perform a sampling, as the results would always be valid. In
practice, the aforementioned changes prevent us from that simplification and, at the same
time, give rise to a set of targets -such as cross estimation of population parameters and
net changes, estimations of average values of parameters through time, etc. that can be
analyzed by means of continuous surveys.

If a population unit value in a occasion can be related to the same unit in the next
occasion, then we are enabled to use the information obtained in the preceding occasion
to improve the current estimation of the population parameter. To this effect, the sample
must be obtained in such a way that the sample units in the two successive occasion have
some common units, in order to use the preceding sampling information.

These are some of the reasons which explain that partial replacement of sample units
should be used:

1. It reduces costs (using totally new samples at each time can be unduly
expensive).

2. Itincreases the estimators’ accuracy.

3. The indefinite presence of the same units in the sample can result in failures
and efficiency reduction of the estimators.
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88 Estimation of Current Population Product in Successive Sampling

The theory on successive sampling, has been discussed extensively by several authors
in the case of estimating the population mean (total) (Rao and Mudholkar, 1967; Artés
and Garcia, 2001, 2002).

In many practical situations the estimate of the population ratio and product of two
characters for the most recent occasion may be of considerable interest. The theory of
estimation the population ratio of two characters over two occasions has been considered
by Rao (1957), Rao y Pereira (1968), Thipathi and Sinha (1976), Okafor and Arnab
(1987), Okafor (1992), Artés and Garcia (2001), Garcia and Artés (2002) among others.

In this paper we have presented some sampling strategies for estimating, by a linear
estimate, the population product of two characters over two occasions.
2. SELECTION OF THE SAMPLE

Suppose that the samples are of size n on both occasions, we use a simple random
sampling and the size of the population N is sufficiently large for the factor of correction
be ignored.

Let a simple random sample of size n be selected on the first occasion from a
universe of size N . The measurements are taken on two characteristics y and x in each

of two occasions. When selecting the second sample, we assume that m = pn(O <p< 1) .

The units of the second sample is selected from the sampling units of the first occasion
sample.

3. NOTATION
X; (y; ), the variable x(y) on ith occasion, i =1, 2,
R =Y,X; (P, =Y, X, ), the population product on the first (second) occasion,

I3l = Vlil(lsz = 7272)1 the estimator of the population product on the first (second)

occasion,
Y,
X—l[Rz ] the population ratio on the first (second) occasion,
1
# R, = yz], the estimator of the population ratio on the first (second)
X
occasion,

p1(p2 ) . the correlation coefficients between the variables y, and x (y, and x,),
p3(p4) . the correlation coefficients between the variables y, and x (y; and X,),

p5(p6) , the correlation coefficients between the variables x, and x, (y; and vy,),
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f’lm(%m), the estimator of the population product on the first (second) occasion

based on the matched sample of m units,

f’lu (|32u) , the estimator of the population product on the first (second) occasion based
on the unmatched sample of u units.

We construct the optimum estimate of the population product for the second occasion,
P,, by combining the estimates of the populations products for the matched and

unmatched sample on the first and on the second occasion. (Hansen, Hurwitz and
Madow, 1953).

4. MEANS AND VARIANCES OF POPULATION PRODUCTS

In this section, we find means and variances of population products. Following
Hansen et al. (1953) methods, we use

I32’ = al3lu +b|5lm +c|32m + dl32LI ,

where FA>1U,I31m,FA’2m and I32u are defined in section 3.

E(Ru)=E(Pn)=P and E(Py)=E(Py ) =P,
We find that
P, =(a+b)P +(c+d)P,.
If we now require that I32’ be an unbiased estimate of P,, we must have

a+b=0and c+d =1
so that
By =a(Py — R )+ Py +(1—C) Py

The variance of P, is

~ 1 1)1 1 2 1 A oA
V(P)=a%| =+= |—=A+c>———B+(1-c¢ ~—_B-2acCov(P,..,P, ),
( 2) (q PJan pnX 2 ( ) gnX 2 ( m Zm)

where
A=S8J +R’SE +2RCov(y;,% ),

A A 1 35
Cov(Bin. Bon) =m[COV(y1, ¥2)+RiCov(¥z, %)
+F§2Cov(yl, Xo )+ §1§2Cov(xl, X, )] .
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We wish to choose values of a and c that minimize V (Isz’). Equating to zero the

derivatives of V (I52’ ) with respect to a and c, it follows that the optimum values are

~ pgX,ABC _ pgBCX, ¢ __ DPAB
A?BX, — g2 X, AC? (AB_chZ))?2 ' AB-g2C?

Aopt

where
C= [Cov(yl, ¥, )+ RiCov(y,, X))+ R,Cov (i, X )+ §1§200v(x1, xz)} :

Thus, the estimate with optimum values for a and ¢ may be written

PAB -~ ( pAB

- pgx, ABC s 5\ B
(AB—qlzcz)Aiz( i —Fin) = AB —q°C? Fom | £ AB —g?

Py =

CZ}SZU’ 4.1)

and its variance is

v(ﬁg):_iAB"—qcz.

4.2
X3in qg%c? (42)

Note that if q=0, p=1, complete matching or q=0, p=1, no matching this variance
(4.2) has the same value,

Vv (f’z') :%(852 +R3SZ +RyCov(y,, xz)) :
2

Thus, for current estimates, equal precision is obtained either by keeping the same
sample or by changing it on every occasion.
If X, =X, , the estimate given by (1) is somewhat simplified

5 PGABC R PAB 5 (1 DAB J

ZZ(AB—qZCZ)A(Al”_Pl”‘%AB—q2c2 e\ ap—gic? )

but its variance is unchanged, that is,

A, B AB-qC?
V(PZ): X2n AB—q’C?
2 q
Note, also, that an estimate for the first occasion is given by (4.1) simply by
interchanging B, ’s and P,’s if the estimate for the first occasion can await a time until
data for both occasions are available.
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e e L ) B o M el IR )

Its variance is

~y B AB-qC?
V(Pl)zizn AB-qC?
1 -q°C

Equating to zero the derivative of V (Isz’ ) with respect to g, we find that the variance of

P, will have its minimum value if we choose

_[a2p2 _~2
qopt:AB A2B2 —C2AB :g[l_ /71_02/%} AB>C2, 4.0)

CZ

and

(4.5)

Vo () - B AB+VA’B2-C’AB B AB1+y1-C?/AB
mn\2) T X2, 2AB X2n C2 2
However, if only the estimate using information gathered on the second occasion is
considered, the estimator of the population product is

P = pﬁzm +qﬁ2u y

and its variance is

- 1 A A B
V(P):f_zzn(si +R3S? +2R2Cov(y2,x2)): on’ (4.6)
We find
B 1+y1-C?*/AB _ B @7)
)zzzn 2 B )Zzzn .

We can compute the gain in precision G of the estimate obtained by using a linear
estimate over the direct estimate using no information gathered on the first occasion

V(IS) ~ AB—q2C2

G:v(‘z')_ AB—qC? '

(4.8)

or

= : (4.9)
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If now A B and C are rewritten in terms of the correlation coefficients and the
coefficients of variation

A=Y?(CE +C} +20,C, Cy )

B=Y;(C}, +Ci, +2p,C,,C,, ) ;

C= Y_lY_Z (p6Cy1Cy2 "'pSCxle2 +p4cx2Cy1 + pSC)ngz )
and assuming that

Cy1 = Cyz = CX

T sz = CO
PL=P2 =P3=P4s =P Ps=Ps=Po-
The expressions (4.4), (4.8) and (4.9), become
(1+p)° —(1+0)* ~(po +p)’ (1+p)’

(Po +P)2

Oopt =

(1+p7+2p) -0 (5 +p* + 200
(1+p%+2p)-a(p§ +p” +2pep)

G=

1(1+p
Gy - (L+p) |

(1+p)+y(1+p) ~(po +p)’

Table 1:
Gain in precision, G, of the estimate proposed over the direct estimate.

p=03 p=0.6 p=09

N 0.3 05 0.7 0.3 0.5 0.7 0.3 0.5 0.7
0

03 | 104 | 105 | 1.05 | 1.07 | 1.09 | 1.08 | 1.09 | 1.12 | 1.18

06 | 112 | 1.15 | 1.15 | 114 | 119 | 119 | 116 | 1.22 | 1.22

09 | 124 | 137 | 144 | 125 | 1.39 | 148 | 1.25 | 140 | 151
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Figure 1: Optimum matching fraction 1= q,, and Gain in precision, G —1
If, also we assume that

C)ﬁ = CYz = CX1 = CX = CO

Po=pP

the expressions (4.4) and (4.9), become

(1+ p)2 —\/(1+ p)4 —4p2 (1+ p)2
4p2 ’
6 - 2(1+p) |
(1+p)+ (1+p)2—4p2

opt =

The figure (2) shows for a series of values of p the optimum that should be matched

and the gain in precision compared with no matching. The best percentage to match never
exceeds 50% and decrease steadily as p increases. The greatest attainable gain in

precision is 100% when p = 1. Unless p is high, the gain are modest.

Although the optimum percentage to match varies with p, only a single percentage
can be used in practice for all items in a survey.

Opt. matching

Gainin
fraction precision
0. B— 1
0. o.B
a. 0.E
a. 0.4
0.1 0.2

Coeff.
0.2 0.40.50.B 1correlation

Figure 2: Optimum matching fraction, when p, = p and Gain in precision,
Gopt » when p, =p
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5. ESTIMATES OF THE CHANGE

One possible obvious estimate of the change A, can be made by using simple
averages on both occasions

A= pISZm +q|52u _( plslm +qéLu)
= p(PZm - I:?Lm)_"q(l:)ZU + F?Lu)
This estimator is unbiased

£ (8) = B[ E(Bun)~E(Bun) [+ (B )-E (R
=p[P-R]+a[P,-R]=P,(p+a)=P, =R,
and its variance is given by

= 12 A+ EZB—zp _1_ C. (5.1)
nX; nXx; nX; X,

V(4)

In the special case that A=B, X, = Xz,(v (Pl) =V (Isz)) , the variance is simplified to

the form
2
V(A)=——(A-pC). 5.2
()= 55 (A-pC) 52)

If we consider the more general linear estimate of the change of the form (Hansen,
Hurwitz y Madow (1953))

A, = al31u + blf’1m + CISZm + dI32u ,
subject to the condition that this provides an unbiased estimate
E(Az) = aE Ry )+bE(Py )+ CE (Pyn ) +dE(Py )
=aR, +bPR +cP,+dP, =(a+b)R +(c+d)P, =P, —R,.
We find that we must take

a+b=-1and c+d =1,
then

A, =aPR, -(a+1) R, +CP, +(1-c) P,

Following the same procedure as for the estimate of the population product in the
second period
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V(a;)=aV (R )+(a+1)°V (R )+ ¢V (Pon)
+(1-¢)*V By )-2(a+1)cCov( Ry, Pon )

—-gX, (AB —qC2)+ BCpgX,
(AB-0’C?)X,

Qopt =

pABX; + CX, pgA
(AB—qzcz)Xl

Copt =

We find that the estimate that minimizes the variance is

q(AB-qC?) . .
L ABLquy(P )

In the special case that A=B,X; = X,, (v(a):v(ﬁz)), the estimate is greatly

simplified to the form

=P (B )+ -, 3

This estimate of the change is obtained by taking the weighted mean of the two
estimates P2m le and P2u Plu The weights to be assigned to these estimates are
q(A-C)

PA and ,
A-Cq A-Cq

with
pA_, 4(A-C)

+ =1.
A-Cq A-Cqg

The variance of A, is given by

V(4,)=

2A A-C

XZn A-Cq’
We can note that for A/C >0 the last expression is minimum for q =0, i.e., the variance
of A, will be minimized if the units on both occasions are identical. In this case
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6. COMPARISON OF THE EFFICIENCY OF THE PROPOSED
ESTIMATORS OF THE CHANGE

The efficiency of the estimate, (5.2), over the estimate

2A A-C
V(A,)=—— y
( 2) len A—Cq
is
V(4,)  A(A-C)

V(A)  AZ_AC+Clpg’
If p=0,q=1, (no matching) and the two estimators are equally efficient. Identical
conclusion is obtained if q=0, p =1, (perfect matching).

However, if p=0 and q= 0 is obtained more efficient for A,, when the correlation
between the first and second periods for an observation on the same sampling units
increases.

The expression

V(4) _ A(A-C)

V(A)  A*-AC+C?pq’

is rewritten in terms of the correlation coefficients and assuming that

C, =C,, =C, =C,, =Gy,
PL=P2=P3=Ps=pP,
Ps =Ps =Po-
Its become
v (a,) (1-p)(1-po)

V(a) (1—9)(1—Po)+(Po_P)2 Pq .
If p=p, =0, for different values of p and q,

V(4,)
V(a)

=1

and identical precision is obtained with the two estimators.

7. AN EMPIRICAL STUDY

The data under consideration is taken from census 1951 and census 1961, West
Bengal, District Census Hand Book, Midnapore. (Das (1982)).
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The characters x; and x, are numbers of houses for 1951 and 1961 respectively and

the characters y, and y, are numbers of literate persons for 1951 and 1961 respectively.
For this population we obtain

% =38.3696  C, =13916 P =0.7990 Py =0.5471

X, =50.4321 éxz =1.0585 pe =0.5392 p, =0.7028

V, =314321 G, =22129  p, =0.9187

Yy, =42.5761 éyz =1.5048 p, =0.7952

From these data we state that

Vmin(ﬁg):o.87%<%:\7(ﬁ).

(Ggpt = 1.1494%) which means a gain in precision of 14.94% of the proposed estimator
over the usual estimator.

We have also calculated the optimum matching fraction
Popt = 42.59% .
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