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ABSTRACT 
 

 The problem of estimation of the population product and the change, for the current 
occasion, based on the samples selected over two occasions has been considered. 
Expressions for optimum estimator and its variance have been derived. The values of 
optimum matched proportion has been tabulated. The gain in efficiency of the proposed 
estimate over the direct estimate using no information gathered on the first occasion is 
computed. An empirical study is made to study the performance of the proposed strategy. 
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1. INTRODUCTION 
 

 If the composition and characteristics of the units remained unchanged, a single 
occasion would be enough to perform a sampling, as the results would always be valid. In 
practice, the aforementioned changes prevent us from that simplification and, at the same 
time, give rise to a set of targets -such as cross estimation of population parameters and 
net changes, estimations of average values of parameters through time, etc. that can be 
analyzed by means of continuous surveys. 
 

 If a population unit value in a occasion can be related to the same unit in the next 
occasion, then we are enabled to use the information obtained in the preceding occasion 
to improve the current estimation of the population parameter. To this effect, the sample 
must be obtained in such a way that the sample units in the two successive occasion have 
some common units, in order to use the preceding sampling information. 
 

 These are some of the reasons which explain that partial replacement of sample units 
should be used: 
 

1. It reduces costs (using totally new samples at each time can be unduly 
expensive). 

2. It increases the estimators’ accuracy. 
3. The indefinite presence of the same units in the sample can result in failures 

and efficiency reduction of the estimators. 



Estimation of Current Population Product in Successive Sampling 88

 

 The theory on successive sampling, has been discussed extensively by several authors 
in the case of estimating the population mean (total) (Rao and Mudholkar, 1967; Artés 
and García, 2001, 2002). 
 

 In many practical situations the estimate of the population ratio and product of two 
characters for the most recent occasion may be of considerable interest. The theory of 
estimation the population ratio of two characters over two occasions has been considered 
by Rao (1957), Rao y Pereira (1968), Thipathi and Sinha (1976), Okafor and Arnab 
(1987), Okafor (1992), Artés and García (2001), García and Artés (2002) among others. 
 

 In this paper we have presented some sampling strategies for estimating, by a linear 
estimate, the population product of two characters over two occasions. 
 

2. SELECTION OF THE SAMPLE 
 

 Suppose that the samples are of size n on both occasions, we use a simple random 
sampling and the size of the population N  is sufficiently large for the factor of correction 
be ignored.  
 

 Let a simple random sample of size n  be selected on the first occasion from a 
universe of size N . The measurements are taken on two characteristics y  and x  in each 
of two occasions. When selecting the second sample, we assume that ( )0 1m pn p= < < . 
The units of the second sample is selected from the sampling units of the first occasion 
sample. 
 

3. NOTATION  
 

 ( )i ix y , the variable ( )x y  on ith occasion, i = 1, 2, 
 

 ( )1 1 1 2 2 2P Y X P Y X= = , the population product on the first (second) occasion, 

 ( )1 1 1 2 2 2
ˆ ˆP y x P y x= = , the estimator of the population product on the first (second) 

occasion, 

 1 2
1 2

1 2

Y Y
R R

X X
⎛ ⎞

= =⎜ ⎟
⎝ ⎠

, the population ratio on the first (second) occasion, 

 1 2
1 2

1 2

ˆ ˆy y
R R

x x
⎛ ⎞

= =⎜ ⎟
⎝ ⎠

, the estimator of the population ratio on the first (second) 

occasion, 
 

 ( )1 2ρ ρ , the correlation coefficients between the variables 1y  and 1x  ( 2y  and 2x ), 
 

 ( )3 4ρ ρ , the correlation coefficients between the variables 2y  and 1x  ( 1y  and 2x ), 
 

 ( )5 6ρ ρ , the correlation coefficients between the variables 1x  and 2x  ( 1y  and 2y ), 
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 ( )1 2
ˆ ˆ

m mP P , the estimator of the population product on the first (second) occasion 

based on the matched sample of m  units, 
 

 ( )1 2
ˆ ˆ

u uP P , the estimator of the population product on the first (second) occasion based 

on the unmatched sample of u  units. 
 

 We construct the optimum estimate of the population product for the second occasion, 
2P , by combining the estimates of the populations products for the matched and 

unmatched sample on the first and on the second occasion. (Hansen, Hurwitz and 
Madow, 1953). 
 

4. MEANS AND VARIANCES OF POPULATION PRODUCTS 
 

 In this section, we find means and variances of population products. Following 
Hansen et al. (1953) methods, we use 
 

  2 1 1 2 2
ˆ ˆ ˆ ˆ ˆ

u m m uP aP bP cP dP′ = + + + , 
 

where 1 1 2
ˆ ˆ ˆ, ,u m mP P P  and 2̂uP  are defined in section 3. 

 

  ( ) ( )1 1 1
ˆ ˆ

u mE P E P P= =  and ( ) ( )2 2 2
ˆ ˆ

u mE P E P P= =  
 

We find that 
  

  ( ) ( )2 1 2P̂ a b P c d P′ = + + + . 
 

 If we now require that 2̂P′  be an unbiased estimate of 2P , we must have 
 

  0a b+ =  and 1c d+ =  
 

so that 
  ( ) ( )2 1 1 2 2

ˆ ˆ ˆ ˆ ˆ1u m m uP a P P cP c P′ = − + + − . 
 

The variance of 2̂P′  is 

  ( ) ( ) ( )22 2
2 1 22 2 2

1 2 2

1 1 1 1 1ˆ ˆ ˆ1 2 ,m mV P a A c B c B acCov P P
q p nX pnX qnX

⎛ ⎞
′ = + + + − −⎜ ⎟

⎝ ⎠
, 

where 
  ( )

1 1

2 2 2
1 1 1 1

ˆ ˆ2 ,y xA S R S R Cov y x= + + , 
  

  ( )
2 2

2 2 2
2 2 2 2

ˆ ˆ2 ,y xB S R S R Cov y x= + + , 

  ( ) ( ) ( )1 2 1 2 1 2 1
1 2

1ˆ ˆ ˆ, , ,m mCov P P Cov y y R Cov y x
pnX X

⎡= +⎣  

          ( ) ( )2 1 2 1 2 1 2
ˆ ˆ ˆ, ,R Cov y x R R Cov x x ⎤+ + ⎦ . 
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 We wish to choose values of a  and c  that minimize ( )2̂V P′ . Equating to zero the 

derivatives of ( )2̂V P′  with respect to a  and c , it follows that the optimum values are 
 

  
( )

1 1
2 2 2 2 2

2 2 2
opt

pqX ABC pqBCX
a

A BX q X AC AB q C X
= =

− −
 2 2opt

pABc
AB q C

=
−

 

where 
  ( ) ( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2

ˆ ˆ ˆ ˆ, , , ,C Cov y y R Cov y x R Cov y x R R Cov x x⎡ ⎤= + + +⎣ ⎦ . 
 

 Thus, the estimate with optimum values for a and c may be written 
 

  
( ) ( )1

2 1 1 2 22 2 2 22 2
2

ˆ ˆ ˆ ˆ ˆ1u m m u
pqx ABC pAB pABP P P P P

AB q C AB q CAB q C Ax

⎛ ⎞
′ = − = −⎜ ⎟⎜ ⎟− −− ⎝ ⎠

,    (4.1) 

 

and its variance is 
 

  ( )
2

2 2 2 2
2

ˆ B AB qCV P
X n q C

−′ = .                 (4.2) 

 

Note that if 0, 1q p= = , complete matching or 0, 1q p= = , no matching this variance 
(4.2) has the same value, 
 

 ( ) ( )( )2 2

2 2 2
2 2 2 2 22

2

1ˆ ˆ ˆ ,y xV P S R S R Cov y x
X n

′ = + + . 

 

 Thus, for current estimates, equal precision is obtained either by keeping the same 
sample or by changing it on every occasion. 
 

 If 1 2x x= , the estimate given by (1) is somewhat simplified 
 

  
( ) ( )2 1 1 2 12 2 2 22 2

ˆ ˆ ˆ ˆ ˆ1u m m u
pqABC pAB pABP P P P P

AB q C AB q CAB q C A

⎛ ⎞
′ = − + + −⎜ ⎟⎜ ⎟− −− ⎝ ⎠

, 

 

but its variance is unchanged, that is, 
 

  ( )
2

2 2 2 2
2

ˆ B AB qCV P
X n AB q C

−′ =
−

. 

 

Note, also, that an estimate for the first occasion is given by (4.1) simply by 
interchanging 1P ’s and 2P ’s if the estimate for the first occasion can await a time until 
data for both occasions are available. 
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( ) ( )2

1 2 2 1 12 2 2 22 2
1

ˆ ˆ ˆ ˆ ˆ1u m m u
pqx ABC pAB pABP P P P P

AB q C AB q CAB q C x B

⎛ ⎞
′ = − + + −⎜ ⎟⎜ ⎟− −− ⎝ ⎠

.     (4.3) 

 

Its variance is 
 

 ( )
2

1 2 2 2
1

ˆ B AB qCV P
X n AB q C

−′ =
−

 

 

Equating to zero the derivative of ( )2̂V P′  with respect to q , we find that the variance of 

2̂P′  will have its minimum value if we choose 
 

  
2 2 2

2 2
2 2 1 1 ,opt

AB A B C AB ABq C AB AB C
C C

− − ⎡ ⎤= = − − >⎢ ⎥⎣ ⎦
,      (4.4) 

and 

  ( )
22 2 2

min 2 2 2 2
2 2

1 1ˆ
2 2

C ABB AB A B C AB B ABV P
ABX n X n C

+ −+ −′ = =       (4.5) 

 

 However, if only the estimate using information gathered on the second occasion is 
considered, the estimator of the population product is 
 

  2 2
ˆ ˆ ˆ

m uP pP qP= + , 
 

and its variance is 
 

  ( ) ( )( )2 2

2 2 2
2 2 2 22 2

2 2

1ˆ ˆ ˆ2 ,y x
BV P S R S R Cov y x

X n X n
= + + = .         (4.6) 

 

We find 
 

  
2

2 2
2 2

1 1
2
C ABB B

X n X n
+ −

≤ .                (4.7) 

 

 We can compute the gain in precision G  of the estimate obtained by using a linear 
estimate over the direct estimate using no information gathered on the first occasion 
 

  
( )
( )

2 2

2
2

ˆ

ˆ

V P AB q CG
AB qCV P

−
= =

−′
,                 (4.8) 

or 

  
( )
( ) 2

min 2

ˆ 2
ˆ 1 1

opt

V P
G

V P C AB
= =

′ + −
,              (4.9) 
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 If now ,A B  and C  are rewritten in terms of the correlation coefficients and the 
coefficients of variation 
 

  ( )1 1 1 1

2 2 2
1 12y x y xA Y C C C C= + + ρ ; 

 

  ( )2 2 2 2

2 2 2
2 22y x y xB Y C C C C= + + ρ ; 

 

  ( )1 2 1 2 2 1 1 21 2 6 3 4 5y y x x x y x xC Y Y C C C C C C C C= ρ +ρ +ρ +ρ  
 

and assuming that 
 

  
1 2 1 2 0y y x xC C C C C= = = =  

 

  1 2 3 4 5 6 0;ρ = ρ = ρ = ρ = ρ ρ = ρ = ρ . 
 

The expressions (4.4), (4.8) and (4.9), become 
 

  
( ) ( ) ( ) ( )

( )

22 4 2
0

2
0

1 1 1
optq

+ ρ − +ρ − ρ + ρ +ρ
=

ρ +ρ
, 

 

  
( ) ( )
( ) ( )

2 2 2 2
0 0

2 2 2
0 0

1 2 2

1 2 2

q
G

q

+ ρ + ρ − ρ +ρ + ρ ρ
=

+ρ + ρ − ρ + ρ + ρ ρ
, 

 

  
( )

( ) ( ) ( )22
0

1 1

1 1
optG

+ρ
=

+ρ + +ρ − ρ +ρ
, 

 
Table 1: 

Gain in precision, G , of the estimate proposed over the direct estimate. 
 

 ρ = 0.3 ρ = 0.6 ρ = 0.9 
q  

0ρ  0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7 

0.3 1.04 1.05 1.05 1.07 1.09 1.08 1.09 1.12 1.18 

0.6 1.12 1.15 1.15 1.14 1.19 1.19 1.16 1.22 1.22 

0.9 1.24 1.37 1.44 1.25 1.39 1.48 1.25 1.40 1.51 
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Figure 1: Optimum matching fraction 1 optq=  and Gain in precision, 1optG −  
 

If, also we assume that 
 

  
1 2 1 2 0y y x xC C C C C= = = =  

  0ρ = ρ  
 

the expressions (4.4) and (4.9), become 
 

  
( ) ( ) ( )2 4 22

2

1 1 4 1

4optq
+ρ − +ρ − ρ + ρ

=
ρ

, 

 

  
( )

( ) ( )2 2

2 1

1 1 4
optG

+ρ
=

+ρ + +ρ − ρ
, 

 

 The figure (2) shows for a series of values of ρ  the optimum that should be matched 
and the gain in precision compared with no matching. The best percentage to match never 
exceeds 50% and decrease steadily as ρ  increases. The greatest attainable gain in 
precision is 100% when ρ  = 1. Unless ρ  is high, the gain are modest. 
 
 Although the optimum percentage to match varies with ρ , only a single percentage 
can be used in practice for all items in a survey. 
 
 
 
 
 
 
 
 
 

 
Figure 2:  Optimum matching fraction, when 0ρ = ρ  and Gain in precision,  

optG , when 0ρ = ρ  

Coeff.  
correlation 

Opt. matching 
fraction 

Gain in 
precision 

Coeff.  
correlation 
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5. ESTIMATES OF THE CHANGE 
 

 One possible obvious estimate of the change Δ , can be made by using simple 
averages on both occasions 
 

  ( )2 2 1 1
ˆ ˆ ˆ ˆ

m u m upP qP pP qPΔ = + − +  

      ( ) ( )2 1 2 1
ˆ ˆ ˆ ˆ

m m u up P P q P P= − + + . 

 
This estimator is unbiased 
 

  ( ) ( ) ( ) ( ) ( )2 1 2 1
ˆ ˆ ˆ ˆ

m m u uE p E P E P q P E P⎡ ⎤ ⎡ ⎤Δ = − + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
 

 

       [ ] [ ] ( )2 1 2 1 2 2 1p P P q P P P p q P P= − + − = + = = , 
 

and its variance is given by  
 

  ( ) 2 2
1 2 1 2

1 1 12V A B p C
nX nX nX X

Δ = + − .             (5.1) 

 

 In the special case that ( ) ( )( )1 2 1 2
ˆ ˆ, ,A B X X V P V P= = = , the variance is simplified to 

the form 

  ( ) ( )2
1

2V A pC
X n

Δ = − .                  (5.2) 

 

 If we consider the more general linear estimate of the change of the form (Hansen, 
Hurwitz y Madow (1953)) 
 

  2 1 1 2 2
ˆ ˆ ˆ ˆ

u m m uaP bP cP dPΔ = + + + , 
 

subject to the condition that this provides an unbiased estimate 
 

  ( ) ( ) ( ) ( ) ( )2 1 1 2 2
ˆ ˆ ˆ ˆ

u m m uE aE P bE P cE P dE PΔ = + + +  
 

    ( ) ( )1 1 2 2 1 2 2 1aP bP cP dP a b P c d P P P= + + + = + + + = − . 
 

We find that we must take 
 

  1a b+ = −  and 1c d+ = , 
 

then 
 

  ( ) ( )2 1 1 2 2
ˆ ˆ ˆ ˆ1 1u m m uaP a P cP c PΔ = − + + + − . 

 

 Following the same procedure as for the estimate of the population product in the 
second period 
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  ( ) ( ) ( ) ( ) ( )22 2
2 1 1 2

ˆ ˆ ˆ1u m mV a V P a V P c V PΔ = + + +  

     ( ) ( ) ( ) ( )2
2 1 2
ˆ ˆ ˆ1 2 1 ,u m mc V P a cCov P P+ − − + , 

 

  
( )
( )

2
2 1

2 2
2

opt

qX AB qC BCpqX
a

AB q C X

− − +
=

−
, 

 

  
( )

1 2
2 2

1
opt

pABX CX pqA
c

AB q C X

+
=

−
, 

 

 We find that the estimate that minimizes the variance is 
 

  
( ) ( ) ( )

2

2 2 1 2 12 2 2 2
ˆ ˆ ˆ ˆ

u u m m

q AB qC pABP P P P
AB q C AB q C

−
Δ = − + −

− −
 

      ( ) ( )1 2
1 1 2 22 2

2 1

ˆ ˆ ˆ ˆ
u m u m

x xpqC B P P A P P
x xAB q C

⎡ ⎤
+ − − −⎢ ⎥

− ⎣ ⎦
. 

 

 In the special case that ( ) ( )( )1 2 1 2
ˆ ˆ, ,A B X X V P V P= = = , the estimate is greatly 

simplified to the form 
 

  ( ) ( ) ( )2 2 1 2 1
ˆ ˆ ˆ ˆ

m m u u
q A CpA P P P P

A Cq A Cq
−

Δ = − + −
− −

.           (5.3) 

 

 This estimate of the change is obtained by taking the weighted mean of the two 
estimates 2 1

ˆ ˆ
m mP P−  and 2 1

ˆ ˆ
u uP P− . The weights to be assigned to these estimates are 

 

  pA
A Cq−

 and 
( )q A C
A Cq

−

−
, 

with 

  
( )

1
q A CpA

A Cq A Cq
−

+ =
− −

. 

 

The variance of 2Δ  is given by 
 

  ( )2 2
1

2A A CV
A CqX n
−

Δ =
−

. 

 

We can note that for 0A C >  the last expression is minimum for 0q = , i.e., the variance 
of 2Δ  will be minimized if the units on both occasions are identical. In this case 
 

  ( )2 2
1

2A A CV
AX n
−

Δ = . 
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6. COMPARISON OF THE EFFICIENCY OF THE PROPOSED 
ESTIMATORS OF THE CHANGE 

 

 The efficiency of the estimate, (5.2), over the estimate 
 

  ( )2 2
1

2A A CV
A CqX n
−

Δ =
−

, 

is 

  
( )
( )

( )2
2 2

V A A C
V A AC C pq

Δ −
=

Δ − +
. 

 

 If 0, 1p q= = , (no matching) and the two estimators are equally efficient. Identical 
conclusion is obtained if 0, 1q p= = , (perfect matching). 
 

 However, if 0p ≠  and 0q ≠  is obtained more efficient for 2Δ , when the correlation 
between the first and second periods for an observation on the same sampling units 
increases. 
 

 The expression 
 

  
( )
( )

( )2
2 2

V A A C
V A AC C pq

Δ −
=

Δ − +
, 

 

is rewritten in terms of the correlation coefficients and assuming that 
 

  
1 2 1 2 0y y x xC C C C C= = = = , 

 

  1 2 3 4ρ = ρ = ρ = ρ = ρ , 
 

  5 6 0ρ = ρ = ρ . 
 

Its become 
 

  
( )
( )

( )( )
( )( ) ( )

02
2

0 0

1 1

1 1

V
V pq

−ρ −ρΔ
=

Δ −ρ −ρ + ρ −ρ
. 

 
If 0 0ρ = ρ = , for different values of p  and q , 
  

  
( )
( )

2 1
V
V
Δ

=
Δ

 

 

and identical precision is obtained with the two estimators. 
 

7.  AN EMPIRICAL STUDY 
 

 The data under consideration is taken from census 1951 and census 1961, West 
Bengal, District Census Hand Book, Midnapore. (Das (1982)).  
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 The characters 1x  and 2x  are numbers of houses for 1951 and 1961 respectively and 
the characters 1y  and 2y  are numbers of literate persons for 1951 and 1961 respectively. 
For this population we obtain  
 

 1x  = 38.3696  
1

ˆ
xC  = 1.3916 5ρ̂  = 0.7990  3ρ̂  = 0.5471 

 

 2x  = 50.4321  
2

ˆ
xC  = 1.0585  6ρ̂  = 0.5392  4ρ̂  = 0.7028 

 

 1y  = 31.4321  
1

ˆ
yC  = 2.2129  1ρ̂  = 0.9187 

 

 2y  = 42.5761  
2

ˆ
yC  = 1.5048  2ρ̂  = 0.7952 

 
From these data we state that 
 

  ( ) ( )min 2 2 2
2 2

ˆ ˆ ˆ ˆ0.87 B BV P V P
x n x n

′ = < = . 

 

( optG  = 1.1494%) which means a gain in precision of 14.94% of the proposed estimator 
over the usual estimator. 
 
 We have also calculated the optimum matching fraction  
 

  ˆ 42.59%optp = . 
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