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ABSTRACT 
 

 Normal and Log-Normal LN(2) distributions are fitted, compared and tested using 
2χ -test, Simirnov – Kolmorgrov (S-K) test, Probability Plot Correlation Co-efficient 

(PPCC), Co-efficient of Skewness ( )sC  and Normality tests on the data of flood peaks at 
Kotri Barrage, from 1901-1999. Method of Moments (MOM), Maximum Likelihood 
Method (MLM) and Probability Weighted Moments (PWM) are used for estimating the 
quantiles and their Standard Errors (S.E’s) for each distribution. Confidence bands are 
also drawn which guide the reliability of the frequency curve.  
 

 In this Paper it is shown that Normal distribution is not a proper fit (although its 
quantiles and S.E’s are smaller) while LN(2) appears to be appropriate. MOM is found to 
be the most efficient method for LN(2). The Quantile estimate for 100 years for LN(2) by 
MOM is 0.95 million cusecs, which is 8% higher than its designed capacity. Hence, there 
is need to take appropriate measures to save the barrage from any damage by the 
occurrence of above predicted flood flow. 
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1. INTRODUCTION 
 

 Civil and Environmental engineers are often concerned with natural hazards. Extreme 
events, such as floods and earthquakes, can take many human lives and cause heavy 
damages. Unusually low stream floods can also result in high pollution and drought. Thus 
engineers must design the structures of barrages and buildings to withstand high floods 
and winds. The survival of a system depends on its capacity to resist those extreme 
conditions it can be subjected to, not simply on the typical values. 
 

 Given an adequately large sample of river floods, a probability distribution could be 
determined for a particular site to some level of precision in order to obtain the best 
estimates of the risk involved. An engineer is expected to use his practical knowledge to 
develop statistical techniques that are efficient and robust.  
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 Despite much efforts, statistical tests suggest that there is no best probability 
distribution for floods. There is no reason to expect that a single distribution will apply to 
all streams world - wide. Hence, we are trying to fit some suitable distributions on river 
Indus at Kotri and other barrages on the basis of some of their properties. We had already 
fitted Gumbel and Generalized Extreme Value (GEV) distribution on the same data, 
Memon and Shaikh (2005 C). Bhutto (1986) had analyzed the data of Kotri barrage for 
85 years, using Foster-I, III, Hazen and Gumbel extreme flood frequency curves. 
 

 Hazen (1980) had introduced the Normal probability paper for analysis of 
hydrological data. Slack et al (1975) demonstrated that, in the absence of information 
about the distribution of floods and economic losses associated with the design of flood 
reduction measures, the use of the Normal distribution is better than other distributions 
such as extreme value, Log-Normal or Weibull.  
 

 The Normal distribution has been selected in this study because it has certain useful 
mathematical properties. It is a two parameter distribution which is bell shaped, 
continuous and symmetrical about the mean; coefficient of skewness being zero. 
ANOVA and testing of hypothesis rely on assumptions of normality. It is well known 
that most hydrologic variables can’t be normally distributed because the range required 
for any random variable to be normally distributed is ( ),−∞ ∞ . However, if the mean of a 
random variable is about four times greater than its S.D, the probability of a normal 
random variable being negative is very small and can be neglected. 
 

 The LN(2) distribution is used by Hazen (1980), Chow (1954), Rao (2000), Cunnane 
(1989) and many other hydrologists. Chow [1954] had developed a graphical method  
to determine the frequency factor in LN(2) distribution. LN(2) is one of the most 
frequently used distribution and is recommended by WMO (1989) referred in Memon 
and Sheikh (2005a). We had also fitted it on the data of river Indus at Guddu (Memon 
and Shaikh, 2005a) and at Sukkur (Memon and Shaikh, 2005 b). Despite its wide spread 
use, there remains ambiguity concerning its relative merits. 
 

 There is lack of agreed upon criteria for comparing fitting techniques for small and 
moderate sample sizes. The same distribution may be parameterized in several ways, as 
the method which best estimates one set of parameters may not be the best for another. 
MLM is preferred in case of 25n ≥  (Rao 2000). Hence, an other objective is to compare 
the relative efficiency of three methods of estimation, namely MLM, MOM and PWM 
used for parameter and quantile estimation and to test the goodness of fit of the 
distributions using 2χ -test, S-K test and PPCC. A.D-test and W-test are used for testing 
the normality of the data.  
 

 The Barrage at Kotri completed in 1955 was designed to pass a maximum flood 
discharge of 8.75 lac cusecs. In 1956 it came under maximum pressure to pass the flood 
discharge of 9.81 lac cusecs which was 1.06 lac cusecs above the designed capacity. It is 
discussed in revised flood control plan for Government of Sindh (1978) that the 
unfortunate situation similar to 1956, can re-emerge in future. Due to the addition of 
rainfalls from Khirthar hills, a probable high flood discharge of nearly 14.0 lac cusecs can 
buffet Kotri Barrage. This therefore requires deep thinking and extensive scientific 
investigations.  
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 In this paper various Statistical methods have been employed on the data collected for 
Kotri Barrage.  
 

2. METHODOLOGY 
 
 

 The Probability distributions are fitted and the results are tested and compared step-
wise as follows:  

i) Parameters of each distribution (by three methods of estimation) along with 
quantile estimates and their S.E’s, for different return periods, are calculated.  

ii) Various goodness of fit tests, Cs, Ck, etc., are used.  
iii) Ratios, Differences and Confidence Intervals are also displayed by tables and 

graphs.  
  
Theoretical details are as under: 
 

 The Normal distribution is used in frequency analysis for fitting empirical 
distributions to hydrological data. Many authors has fitted Normal Distribution using 
MOM, MLM, PWM and Quantiles to the flood data but very few authors have used  
Log-Normal distribution to this data.  
 

 In this Paper 2-parameters Log-Normal is fitted to the data using MOM, MLM and 
PWM and compared its results with those of Normal distribution.  
  

3. RESULTS AND DISCUSSION 
 

 Basic Statistics is shown in Table –1. Fig.1 shows that high floods of 981, 791, 722, 
825, 799, 804, 764 (000 cusecs) have occurred in the years 1956, 1976, 1978, 1994, 
1995, 1995, 1958, respectively. Fig. 2 shows that super floods (higher than 7.0 Lac 
cusecs) have occurred 11 times and high floods (more than 6.0 Lac cusecs) have occurred 
17 times. sC  is 0.83 which indicates that the data is not Normal, but is positively skewed.  
 
Parameter and Quantile Estimations (Table-2 and 3) 
 

a) Normal Distribution 
MLM and MOM give same quantile estimates. Quantile estimates are smallest  
by PWM, however, differences between the estimates by PWM and MLM are very 
small. The differences varies from 0.3% to 0.8% (increasing with return periods).  
Fig. 3 shows that quantile estimates of Normal distribution by MOM do not give 
proper fit as it does not pass through the mean point ( 2.33, 451.95T X= = thousand 
cusecs) 

 

b) Log Normal Distribution 
In Log Normal distribution, quantile estimates are largest by PWM and smallest by 
MOM. The differences between them vary from 4% to 8%. Fig. 4. shows that the 
quantile estimates of Log-Normal distribution by MOM method give better fit. The 
straight line passes through its mean point ( 2.33, 451.95T X= =  thousand Cusecs) 
and within the confidence bands of 1X (95%) and 2X (95%). 
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c) Normal Versus Log-Normal  
Quantile estimates by LN(2), by the three methods, are larger than by Normal 
distribution (as for Guddu and Sukkur barrages). 

 
Table (4)A 

Percentage Increase in Quantile Estimates of LN(2) w.r.t. Normal  
Distribution (Kotri) 1901-1999, For Different Return Periods 

rT  
Method 

10 20 25 50 75 100 

MOM 1 5 7 9 13 15 

MLM 2 6 8 13 16 18 

PWM 3 13 15 20 24 25 
 
 The differences in quantile estimates increase for larger rT , being largest by PWM 
and smallest by MOM. 0.950 million cusecs flood is expected to pass through Kotri 
Barrage, during next 100 years, using Log-Normal distribution (MOM) which is 75 
thousand cusecs higher than its designed capacity.  
 
 Fig .5 shows that Log Normal distribution is better fit than Normal distribution using 
MOM Method.  
 
S.E’s: of Quantile Estimates  
 

Table (4)B 
Ratios of S.E’s of quantile estimates for Different Return Periods 

rT  
Ratio 

5 10 20 25 50 75 100 

SE(MOM)
Normal

SE(PWM)
 1.013 1.01 1.009 1.008 1.008 1.007 1.007 

SE(MLM)
Log-Normal

SE(MOM)
 0.963 1.47 1.57 1.59 1.67 1.71 1.73 

 
a) Normal Distribution: S.E’s of Quantile Estimates by PWM are smaller than those 

by MOM (by about 1%) i.e., PWM is more efficient than MOM. This result does 
not tally with the remarks given by [Rao 2000] because for this data α 2 for PWM 
is smaller than for MOM 

 
b) LN(2) Distribution: S. E’s of quantile estimates by MLM are 50% to 70% larger 

than by MOM; the differences increase with return periods, i.e. S.E.(MLM) / 
S.E.(MOM) ε (1.50, 1.73),  increasing with rT . Thus MOM is more efficient 
than MLM.  

 

c) Normal. Vs. LN(2): S.E (Normal) / S.E (Log-Normal) ε (1.35, 2.10) .  
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Tests of Goodness of Fit  
 

Table 5 
Tests of Goodness of Fit (Kotri) 1901-1999 

2χ –test S-K Test PPCC 

αααα =5% Normal L N (2) αααα =5% Normal LN(2) Normal LN(2) 

5.99 8.74 * 4.65 0.136 0.191 * 0.118 0.978 * 0.997 
 * indicates non acceptance of Normal distribution. 
 

 Table (5) indicates that Normal distribution is rejected on the basis of 2χ - test and  

S-K test at 5% level. LN(2) is accepted on the basis of 2χ - test and S-K test and PPCC  
 
Normality Tests   
 

Table 6 
Normality Tests (Kotri) 1901-1999. 

A.D.Test W-Test 
A-Sq P-Value R2 P-Value 

1.44* 0.001 0.949* 0.0100 
  * indicates rejection of null hypothesis. 
 
 On the basis of W-test it is concluded that the data for the Kotri barrage is not 
Normal. However it is Normal on the basis of A.D-test. Moreover, C.V is 0.36 which 
does not belongs to (0.25, 0.33). Hence, the hypothesis of non-normality is accepted. 
 
Cs, Ck and L-Moment Ratios  
 

Table 7 
Values of 3, ,s kC C t  and 4t  (Kotri) 1901-1999. 

 
 

Observed 
(using Data) 

Suggested 
for Normal 

Appx. Value obtained 
for Log-Normal 

3t  0.163 0.00* 0.163 

4t  0.149 0.123 0.143 

sC  0.830 0.00* 1.126* 

kC  3.537 3.00 4.347* 
Note: * indicates the rejection of the null hypothesis  

   (the difference being greater than 20%). 
 
 Above figures indicate that Normal distribution is rejected on the basis of 3t  and sC  
while LN(2) distribution is rejected by sC  and kC . 
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4. CONCLUSION 
 

 The data is positively skewed. PWM gives smallest quantile estimates and S.E’s for 
Normal distribution. MOM is more efficient than MLM for Log-Normal. Quantile 
estimates and their S.E’s are smaller for Normal than for Log-Normal. The differences 
between quantile estimates are up to 25%. Normal distribution is rejected by χ2- test,  
S-K test, W-test, Cs and t3 (not by Ck, t4 and A.D-test) while LN(2) distribution is rejected 
by Cs and Ck. 0.950 million cusecs flood is expected to pass at Kotri during next 100 
years based on LN(2) distribution using MOM. 
 

RECOMMENDATIONS 
 

 It is recommend to fit LN(2) distribution using MOM on the flood data of river Indus 
at Kotri barrage for further analysis. In 1956 a super flood of 13% higher than the 
designed capacity had actually passed through Kotri barrage. Gumbel distribution 
predicted flood is 11% higher and this study also shows that the predicted flood is 8% 
higher than the designed capacity of the barrage. Moreover the barrage has become 50 
years old. Therefore there is urgent need to take appropriate measures to save the 
structure from any damage by the occurrence of individual predicted flow higher than its 
designed capacity.  
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Table-1 

Basic Statistics (Kotri Barrage) 1901-1999 
N 
99 

Mean*  
451.95 

Median*  
420.0 

Mode*  
356.70 

Min*  
153.0 

Max*  
982.0 

Cs  
0.830 

Sk  
3.537 

S.D  
159.645 

Q.D  
99.50 

C.V  
0.36 

S.E  
16.21 

Q 1*  
327.0 

Q 3*  
535.50 

D1*  
286.0 

D 9*  
687.20 

t3  
0.163 

t4  
0.149 

    * indicates value in 000-cusecs  
 

Table-2 
Parameters of Normal and Log-Normal Distributions (Kotri Barrage) 

Distribution Parameter MOM MLM PWM 
 

Normal 
1α̂  451.949 451.949 451.949 

2α̂  159.538 159.538 157.039 
 

Log-Normal (2) 
 

ˆ
yµ  6.059 6.059 6.052 

ˆ
yσ  0.343 0.355 0.351 

 
Table-3 

Quantile Estimates and their S.E’s (in parantheses) by Normal and 
LN(2)Distributions (Kotri) 1901-1999 

Return  
Period  

T 

Exceedence  
Probability 

P 

Quantile Magnitude (000 cusecs) 
Normal Log-Normal (2) 

MOM MLM PWM MOM MLM PWM 

5 .20 586.265 
(18.660) 

586.265 
(18.660) 

584.161 
(18.42) 

571.220 
(24.715) 

572.995 
(23.792) 590.419 

10 .10 656.505 
(21.643) 

656.505 
(21.643) 

653.301 
(21.41) 

664.335 
(21.874) 

669.930 
(32.2640) 699.32 

20 .05 714.495 
(24.601) 

714.495 
(24.601) 

710.382 
(24.37) 

752.546 
(26.513) 

762.200 
(41.725) 802.17 

25 .04 731.384 
(25.524) 

731.384 
(25.524) 

727.007 
(25.29) 

780.374 
(28.105) 

791.391 
(44.947) 834.57 

50 .02 779.742 
(28.280) 

779.742 
(28.280) 

774.607 
(28.05) 

865.875 
(33.249) 

881.99 
(55.458) 933.95 

75 .013 805.686 
(29.817) 

805.686 
(29.817) 

800.145 
(29.58) 

915.544 
(36.364) 

933.673 
(61.948) 991.58 

100 .01 823.231 
(30.876) 

823.231 
(30.876) 

817.41 
(30.64) 

950.741 
(38.613) 

970.846 
(66.701) 1032.37 

Note: S.E’s for PWM are not calculated.  
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Fig. 1: HISTORIGRAM OF PEAK FLOODS (000 CUSECS) AT KOTRI 

BARRAGE (1901-1999) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: HISTOGRAM & FREQUENCY CURVE OF FLOOD PEAKKS AT 

BARRAGE (1901-99) 
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Fig. 3: Normal Probability Plot (by MOM) and Confidence Intervals of Predicted 

floods of Indus River at Kotri Barrage (1901-1999) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4: Plot of Log– Normal Distributions fitted by MOM and Confidence Intervals 

of Predicted Floods of Indus River at Kotri Barrage (1901-1999) 
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Fig. 5: Plot of Normal and Log-Normal Distributions fitted by MOM of Floods on 
annual peak floods of Indus River at Kotri Barrage (1901-1999) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


