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ABSTRACT 

 

 In this paper, we develop a machine repair model with reneging for (m, M) system 
wherein the system will fail when all spares are being used and there are less than m 

machines in the system. In case all repairmen are busy, the repair rates of failed machines 
are assumed to be faster than the situation when, at least one repairman is free. The 
transient analysis has been provided by solving a set of linear equations in terms of 
Laplace transform of the state probabilities. Expressions for the system reliability and the 
mean time-to-system failure (MTSF) are derived in terms of state probabilities. 
Numerical results are also carried out to examine the effect of various parameters on the 
system reliability and mean time-to-system failure. 
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1. INTRODUCTION 
 

 Most of the existing literature on machine repair problem is confined to stationary 
case. Finite source queueing model termed as ‘Machine Interference Model’ has powerful 
practical applications in the modelling of manufacturing, production process, computer 
and communication system etc. The provision of spare-part support may be helpful to 
increase the reliability and the availability of such systems. Due to complexity in the 
transient analysis, a few workers have made attempts to study the transient analysis of 
machine interference problem with spares. In this paper, we consider a machine repair 
system, called (m, M) system, with the provision of R repairmen and S hot standbys. This 
type of systems will be in failed-state if all the standbys are in use and there are less than 

m operating units in the system. The repair rate is considered to be state-dependent. The 
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repairmen switch to faster rate when all the repairmen are occupied. The failed machines 
may renege when all the repairmen are busy. In order to reduce the reneging pattern, the 
switch- over to faster service rate may be beneficial to improve the system reliability. 
 
 Reliability modelling of a system with redundant units in transient-state plays an 
immense role to predict the behaviour of such system. The transient solution of general 
Markovian model was obtained by Ledermann and Reuter (1954). Srinivasan and 
Subramanian (1980) and Birolini (1980) applied the well known technique of stochastic 
processes to redundant repairable systems. Karmeshu and Jaiswal (1981) explained state-
dependent system for M/M/1 queueing model via diffusion approximation technique. The 
method of stochastic schedulling on one or more machines was discussed by Frank 
(1995). Jain (1996) provided transient analysis for M/M/c machine repair problem with 
spares and additional server and obtained reliability and mean time-to-failure (MTTF). 
(m, M) machine repair problem by diffusion process approach was studied by Jain 
(1997). Jain (1998) extended the results for machine repair problem with spares and 
additional repairman. Ke and Wang (1999) developed a model of machine repair with 
balking, reneging and server breakdowns. A different model related with balking, 
reneging with spares was analysed by Shawkey (2000). Singh and Jain (2001) have 
analysed the machine repair problem with reneging, spares and two kinds of failures. 
 
 We consider the finite-state birth-death process and obtain the transient distribution of 
the number of failed units in the system. The machine failure time and the repair time are 
assumed to be exponentially distributed. By Cramer’s rule, we solve the governing 
equations after taking the Laplace transform. A numerical technique to obtain the 
transient-state probabilities is presented. In order to compute state probabilities, we need 
to obtain eigen values which may be easily obtained by using MATLAB Software. 
Expressions for reliability and mean time-to-system failure (MTSF) have been defined. 
 

2. MODEL DESCRIPTION 
 

 We consider the (m, M) machine repair problem with spares and reneging. For 
modeling purpose, the following assumptions are made. 
 

• Initially, the system has M units in operating state, S hot standby units and R 
repairmen. 

• The system will be in operating mode if, at least m units are functioning properly. 

• The failed units are sent for repairing on failure and the spare units are put into 
operation in place of failed units. The failed units are repaired by one of the R 
repairmen on the basis of FIFO service discipline. If all the repairmen are busy, 
the failed units queue up for the repair. 

• The inter-failure time and the repair time of units are exponentially distributed. 

• If all the units of standby group are being used and there are less than M units in 
operating state, the system is said to be short. If all the spares are being used and 
the failure of (M + S – m + 1)th operating unit occurs, the system fails. 
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3. NOTATIONS 
 

 The notations used in this model are as follows: 
 

( )′λ λ : Mean failure rate of operating units in normal (short) system ( )′λ < λ . 
α :  Mean failure rate of standby units. 

′µ : Mean repair rate when at least one repairman is idle. 

µ : Mean repair rate when all repairmen are busy ( )′µ > µ . 
ν : Reneging parameter 

*( )sφ : Laplace Transform of ( )tφ  
 

 The state-dependent mean failure rate ( )nλ  and the mean repair rate ( )nµ  are given 
by: 
 

  
( )

( )
; 0

;n

M S n n S

M S n S n N

 λ + − α ≤ ≤λ =  ′+ − λ < ≤
              (3.1) 

  ( )
; 1

;n

n n R

R n R R n N

′µ ≤ <µ =  µ + − ν ≤ ≤
              (3.2) 

 

where N M S m= + − . 
 

4. BALANCE EQUATIONS AND SOLUTION METHOD 
 

 We consider the birth-death Markov process with 1N +  states ( )0,1, 2,....., N . We 
assume that nλ  and nµ  are birth and death rates respectively, when it is in state n  and 

( )nP t  as the probability that there are n failed machines in the system at time t . The 
equations governing the system are as follows: 
 

  ( ) ( ) ( )0 0 0 1 1 ; 0d
P t P t P t n

dt
= −λ + µ =           (4.1) 

 

  ( ) ( ) ( ) ( ) ( )1 1 1 1 ; 1 1n n n n n n n n

d
P t P t P t P t n N

dt
− − + += − λ + µ + λ + µ ≤ ≤ −  (4.2) 

 

  ( ) ( ) ( )1 1 ;N N N N N

d
P t P t P t n N

dt
− −= −µ + λ =         (4.3) 

 

 Taking Laplace transform of the above equations, we have 
 

  ( ) ( ) ( )* *
0 0 1 1 0is P s P sλ + − µ = δ              (4.4) 

 

  ( ) ( ) ( ) ( )* * *
1 1 1 1n n n n n n n inP s s P s P s− − + +−λ + λ + µ + −µ = δ       (4.5) 

 

  ( ) ( ) ( )* *
1 1N N N N iNP s s P s− −−λ + µ + = δ            (4.6) 
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where 
 

  
1 ;
0 ;in

i n

i n

=
δ =  ≠

                      (4.7) 

 

 Using the matrix notation, we have 
 

  ( ) *
1( )N nA s P s I +=  

  ( ) ( ) ( ) ( ){ }* * * *
0 1, ,......,N nP s P s P s P s=  

and  ( )1 0,0,....,1nI + =  
 

where, 

  A(s) =

0 1

0 1 1 2

1 1

1

( )N N N

N N

s

s

s

s

− −

−

λ + −µ 
 −λ λ + µ + −µ 
 
 

λ + µ + −µ 
 −λ µ + 

O     (4.8) 

 
 

 We denote the determinant of above matrix ( )A s  by ( )NC s . 
 

 Let us denote ( )rU s  and ( )rL s  as the determinants of matrices formed at the top 

left corner of order r r×  and remaining bottom right corner of ( )A s  respectively. 
 

where, 
 

  

( )
( )

( )

( )

10

0 21 1

1 32 2

1 1

( )r

rr r

s

s

U s s

s− −

−µλ +

−λ −µλ +µ +
= −λ −µλ +µ +

−µλ +µ +
O

 

  

( )

( )
( )

1

1 1 2

1 1

1

( )

( )

rr r

r r r

r

NN N

N N

s

s

L s

s

s

+

+ + +

− −

−

−µλ +µ +

λ +µ + −µ

=
−µλ +µ +

−λ µ +

O  

 
 The initial condition is ( ) ( )0 0 1U s L s= = . 
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 Using Cramer’s rule in above matrix A(s) and with the help of Laplace Transform,  
we obtain 

 P
*

n(s) = 

-

1

-1
-

( ) ( )
;  0

( )

( ) ( )
;  1

( )

i
n N i

j
j n N

n
i N n

j
j i N

U s L s
n i

C s

U s L s
i n N

C s

= +

=

 
µ ≤ ≤ 

 

  λ + ≤ ≤ 
 

∏

∏

                      (4.9) 

 

 We note that, the right hand side of equation (4.9) is quotient of two polynomials 
where the degree of the numerator is less than the degree of the denominator. On 
substituting the values of λj’s and µj’s from equations (3.1) and (3.2), equation (4.9) 
provides  
 
Case I: R S≤  
 

(i) For 0 ≤ i ≤ R – 1 
 

  ( )

( ) ( )
( )

( ){ } ( ) ( )
( )

( ){ }( ) ( ) ( )
( )

*

1

1

! ;0
!

1 ;

1 ;

n N ii n

N

n
i N n

n
j i N

S
i N nn s

n s
j i N

U s L si
n i

n C s

U s L s
P s M S j i n S
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U s L s
M S j M S n N

C s

−−

−

= +

−−
−

= +


′µ ≤ ≤



= λ + − + α < ≤


 ′λ λ + − + α < ≤


∏

∏

  (4.10) 

 
(ii) For i = R  
 

  ( )

( ) ( )
( )

( ){ } ( ) ( )
( )

( ){ }( ) ( ) ( )
( )

1

*

1

1

! ;0
!

1 ;

1 ;
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n N R
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S
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M S j M S n N
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−− −

−

= +

−−
−

= +


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

= λ + − + α < ≤


 ′λ λ + − + α < ≤


∏

∏

  (4.11) 

 
(iii) For R < i ≤ N 
 

  ( )

( ){ } ( ) ( )
( )

( ) ( )

( ) ( ) ( )
( )

1

1

*

! ;0 1
!

;  

;

i
n N iR n

j R N
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N
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= +

−

−−
−


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
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
 ′λ < ≤

∏

    (4.12) 
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Case II: R > S 
 

(i) For 0 ≤ i ≤ R – 1 

  ( )

( ) ( )
( )

( ){ } ( ) ( )
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( ){ }( ) ( ) ( )
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1

! ;0
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1 ; 1

1 ;
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
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
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∏

  (4.13) 

 

(ii) For i = R 
 

  ( )

( ) ( )
( )

( ){ }( ) ( ) ( )
( )

1

*

1

! ; 0 1
!

1 ;

n N RR n

N
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S
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−

= +


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

∏
  (4.14) 

 

(iii) For R < i ≤ N 
 

  ( )

( ){ } ( ) ( )
( )

( ) ( )

( ) ( ) ( )
( )

1

1

*

! ;0 1
!

 ;

; 1

i
n N iR n

j R N

n i N i

i N nn i

n i
N

U s L sR
R j R n i

n C s

P s U s L s n i

U s L s
M i n N

C s

−− −

= +

−

−−
−


′µ µ µ + − ν ≤ ≤ −


= =

 ′λ + ≤ ≤

∏

  (4.15) 

where, 

  ( ) ( )
1

n
n i

n i
j i

M M S j
−

−
= +

′ ′λ = + − λ∏  

 

After applying some elementary row and column transformations on ( )NC s , we have 
 

  ( )

0 0 1

1 10 1 1 2

2 21 2 2 3

3 32 3

1 1 1

1

n

N N N N

NN N

s

s

s

G s s

s

s

− − −

−

λ + λ µ

λ +µ +λ µ λ µ

λ +µ +λ µ λ µ

= λ +µ +λ µ

λ +µ + λ µ

µ +λ µ

O

    (4.16) 
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 The zeros of determinant ( )nG s  are the negatives of eigen values of the matrix NE  
 

where, 

0 0 1

0 1 1 1 1 2

1 2 2 2 2 3

2 3 3 3

1 1 1

1

λ µ

λ µ λ µ

λ µ λ µ

λ µ
.

.

λ µ

λ µ

N

N N N N

N N N

E

− − −

−

 λ
 

λ + µ 
 

λ + µ 
 λ + µ =
 
 
 
 λ + µ 
 µ 

 (4.17) 

 

 We note that 0s =  is an eigen value of NE . However, since each off-diagonal 

element is non-zero, all eigen values are distinct. Thus, s is the only zero of ( )nG s . Also, 
since all minors of elements of NE  are positive, by the Sturn sequence property, all other 
eigen values are positive. (Wilkinson, 1965). Therefore, all eigen values of the positive 
semi-definite matrix EN are real, distinct and non-negative. Hence, ( )NC s  has exactly 

1N +  zeros which are distinct. Let the zeros of ( )NC s  be ka ; 0,1,...,k N=  with 

0 0a = . Equation (4.9) can be written as 
 

  ( ) ( )
( )

* ; 0,1,2,.....,n
n

N

G s
P s n N

C s
= = .             (4.18) 

 

 Equation (4.18) can be rewritten in partial fraction form as 
 

  ( ) ,*

0
; 0,1,......, .

N
n k

n
k k

P s n N
s a=

β
= =

−
∑             (4.19) 

where 

       
( )

( )
,

0

; 0,1,....., .n k
n k N

k j
j
j k

G a
k N

a a
=
≠

β = =
−∏

                              (4.20) 

 

,n kβ  is given by 

  
( )

( )
,

0

0

N n k j

n k N
j

k j
j
j k

a s

a a

−

=

=
≠

−
β =

−
∏

∏
. 

where js s′  are the roots of ( )nG s . 
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 The inverse Laplace transform of equation (4.19) gives the distribution of the state of 
the process as 
 

  ( ) ( )*
,0 ,

1
exp. ; 0,1,......,

N

n n n k k
k

P t a t n N
=

= β + β =∑ .         (4.21) 

 

 In the steady-state, 
 

  ( ) ( )
( )

,0

1

0n
n n Nt

j
j

G
Lim P t

a
−>∞

=

= β =
−∏

.              (4.22) 

 

 It is easy to verify that 
 

  1
,0 0,0

1
; 1 .

n
k

n
k k

n N−

=

λ
β = β ≤ ≤

µ
∏    

 

It is the well-known solution in the birth and death processes. 
 
 The system reliability is given by 
 

  
0

( ) ( )
N

j
j

R t p t
=

= ∑ .                                   (4.23) 

 

 The mean time to system failure is obtained as 
 

  
0

( )MTSF R u du
∞

= ∫ .                                  (4.24) 

 

 By using the method developed by Gregory and Young (1973), we can calculate the 
eigen values computationally. 

 
5. SPECIAL CASES 

 

i) When 0,ν = 0m =  the model reduces to machine repair model without reneging 
and results are same as obtained by Wang and Sivazlian (1992). 

 

ii) When 0,S = , 0,α = , 0,ν =  and 0m =  our model reduces to Classical machine 
interference model without spares and reneging, obtained by Gross and Harris 
(1985).  

 

iii) a) When ,m M=  system is equivalent to multi-component series system, i.e. 
system will work if all operating units are functioning. 

 

 b) When 1m = , system is equivalent to one-out-of-M system, i.e. system will 
work if at least one operating unit is functioning. This system is also known as 
parallel system. 
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6. NUMERICAL RESULTS 
 

 In this Section, numerical results for the reliability and the mean time-to-system 
failure are calculated using MATLAB software and are summarized in Tables 1-4. 
Graphical representation has been done in Figures 1-6.  
 
 In Table 1, we fix the parameters 4S = , 2m = , 0.4′λ = , 0.05α = , 5R = , 1′µ = , 

1.4µ =  & 0.05ν =  and exhibit the results of mean time-to-system failure (MTSF) by 

varying the failure rates ( )λ  of the operating units for different number of operating units 
(M). We notice that, as λ  increases, MTSF increases. For lower values of λ , as M 
increases, MTSF increases very slowly but, as λ  increases, MTSF increases sharply with 
M. By fixing the parameters 7M = , 2m = , 0.4′λ = , 0.05α = , 5R = , 1′µ = , 1.4µ =  
& .05ν = , we illustrate the numerical results for MTSF by varying λ  for different 
values of the number of spares (S) in Table 2. We notice that, as λ  increases, MTSF 
increases significantly. MTSF also increases with an increase in S for a particular value 
of λ . 
 Tables 3 and 4 show the results of MTSF for varying failure rates ( )α  of spares for 

different M and S, respectively and fixed parameters 7M = , 4S = , 2m = , 0.4′λ = , 
5R = , 0.2λ = , 0.5′µ = , 0.7µ =  & .05ν = . We see that, as α  increases, MTSF also 

increases. For a particular value of α  MTSF increases, remarkably as M and S both 
increase.  
 In Figure 1, we illustrate the effect of the number of spares (S) on the reliability by 
varying t. We notice from the graph that, as the number of spares (S) increases, reliability 
also increases but, it decreases with the increase in time (t). However, after some time, it 
becomes almost constant. Figure 2 displays the effect of the number of repairmen R on 
the reliability by varying t. We see that, for one repairman, reliability decreases 
drastically with time but, as the number of repairmen increases, for a particular time, 
reliability decreases slowly. The effect of failure rates ( )λ  of operating units on 
reliability by varying t is depicted in Figure 3. We notice that, as λ  increases, reliability 
decreases.  
 
 In Figure 4, we display the reliability by varying t for different values of failure rate 
( )α of the spares. We see that as α  increases, reliability decreases. Figure 5 

demonstrates reliability by varying reneging parameter ( )ν  and time t. We observe that, 

as the value of reneging parameter ( )ν  increases, reliability also increases. As the 
number of operating units (M) increases, the reliability decreases as shown in Figure 6.  
 

 Over all we conclude that 
 

• Reliability increases with S, R and ν . But as ,λ α  and M increase, reliability 
decreases. 

• MTSF increases with ,λ α , M, and S.  
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• As time increases, the reliability becomes constant.  
Initially, the reliability decreases sharply but, at growth of time the decrement is 
not much significant.  

• With the provision of more spares and repairmen, the reliability can be achieved 
to a desired level. 

 
7. DISCUSSION 

 

 We have developed a method for the transient analysis of (m, M) machine repair 
problem with spares and reneging. The probability, ( )nP t , can be determined by the 
concerned formula given in this paper. Numerical results may be obtained by using a 
suitable programme of this technique with the help of a high-speed computer. The present 
method gives a reasonably good approximation for the steady-state probabilities for 
smaller values of N. It is a numerically tractable method as shown by taking numerical 
illustrations and has the advantage of analytically obtaining the steady- state solution with 
ease. 
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Fig. 1: Reliability by varying S
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Fig. 2: Reliability by varying R
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Fig. 3: Reliability by varying λλλλ
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Fig. 4: Reliability by varying αααα
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Fig. 5: Reliability by varying νννν
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Fig. 6: Reliability by varying M
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Table 1: 
MTSF by varying failure rate 
( λ ) and operating units (M) 

 
Table 2: 

MTSF by varying failure rate 
( λ ) and spares (S) 

λ  M=6 M=8 M=10  λ  S=4 S=6 S=8 
0.0 0.7535 0.7535 0.7535  0.0 0.7535 0.7812 0.8102 
0.2 1.2068 1.4613 1.8428  0.2 1.3230 1.3606 1.4192 
0.4 2.0478 3.1176 5.0836  0.4 2.5078 2.6959 2.8690 
0.6 3.4727 6.3226 12.0618  0.6 4.6600 6.0496 7.2874 
0.8 5.6779 11.6763 24.3637  0.8 8.1317 14.0136 21.8432 
1.0 8.8598 19.7787 43.5755  1.0 13.2748 31.0451 65.9765 
1.2 13.2146 31.2300 71.2832  1.2 20.4415 64.0024 183.9580 
1.4 18.9387 46.6302 109.0730  1.4 29.9838 122.6813 464.3298 
1.6 26.2285 66.5794 158.5311  1.6 42.2538 220.3505 1067.7778 
1.8 35.2802 91.6776 221.2437  1.8 57.6035 374.2879 2264.9846 
2.0 46.2902 122.5250 298.7968  2.0 76.3851 606.3165 4486.0165 

   
Table 3 

MTSF by varying failure rate 
( α ) and operating units (M) 

 
Table 4 

MTSF by varying failure rate 
( α ) and spares (S) 

α  M=6 M=8 M=10  α  S=4 S=6 S=8 
0.0 16.80 92.97 581.25  0.0 37.55 27.96 19.46 
0.1 24.36 130.09 770.34  0.1 53.84 62.49 68.73 
0.2 33.90 175.37 993.50  0.2 74.07 125.50 210.86 
0.3 45.63 229.54 1253.29  0.3 98.63 231.28 560.31 
0.4 59.78 293.35 1552.28  0.4 127.92 398.10 1321.55 
0.5 76.57 367.52 1893.04  0.5 162.34 648.62 2832.42 
0.6 96.21 452.82 2278.12  0.6 202.28 1010.37 5619.29 
0.7 118.92 549.97 2710.10  0.7 248.13 1516.19 10465.34 
0.8 144.92 659.72 3191.54  0.8 300.29 2204.70 18493.19 
0.9 174.43 782.81 3725.00  0.9 359.16 3120.72 31263.39 
1.0 207.67 919.98 4313.04  1.0 425.14 4315.80 50890.03 

 


