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ABSTRACT 

 

 In Cheng and Amin (1983) and independently in Rannebay (1984), maximum spacing 

method (MSM), related to maximum likelihood method (MLM), was introduced. MSM 

and MLM can both be obtained as approximations of Kullback-Leibler (KL) information 

(or divergence). This paper gives the other derivation of MSM with respect to expectation 

of order statistics and discuss MSM in literature. However, performances of MLM and 

MSM are compared by using Monte Carlo method for 3-parameters Weibull distribution 

in different cases. 
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1. INTRODUCTION 
 

 Statistical estimation of unknown parameters from random sample is an important 

problem that can be solved by many methods, such as the moment method, the least 

square method, the maximum likelihood and by a lot of modifications of these methods 

(see Cohen (1964), Cohen, Whitten, Ding (1984) and Adatia Chan (1982). The most 

widespread method may be maximum likelihood. This method depends on probability 

density function (PDF) and works properly if each contribution to likelihood function is 

bounded from above. Though widely used the MLM is not “best” under all 

circumstances. For instance, the MLM may behave badly when model parameters 

increase in number as the number of observations increases, see e.g. Neyman and Scott 

(1948). MLM and MSM (Rannebay (1984)) can be derived from an approximation of the 

K-L information. MSM uses spacings which works via the cumulative distribution 

function (CDF). The asymptotic properties of estimators of MSM such as consistency 

and asymptotic normality are established (see Ghost, K and Jammalamadaka, 2001). 

Moreover, Cheng and Amin (1979, 1983) show that in such situations as three-

parameters Gamma, Lognormal, or Weibull distribution where the MLM breaks down 

due to unboundedness of the likelihood, the MSM produces consistent and asymptotically 

efficient estimators.  
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 As the MSM is closely related to the MLM, it is natural to compare these methods. 

For this reason, performances of MLM and MSM are compared by using Monte Carlo 

method for 3-parameters Weibull distribution in section 3.  
 

 K-L is a measure of directed divergence in information theory. There are a lot of 

applications in statistics, especially goodness-fit-test. Kapur and Kesevan (1992) can be 

given for excellent reference.  

 

 Let f  and g  be density function and K-L information of f  and g  is: 
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 Let p 1 2( , ,..., )np p p=  and q 1 2( , ,..., )nq q q=  be two probability distributions. Then, 

Kullback-Leibler information is: 
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where it is supposed that for 0,jq =  the corresponding ip  is also zero, defined that 

0ln 0 0
∆
= . It is also well known that ( ; )I g f >0, and the equality holds if and only if 

f g= , where f  and g can be discrete or continuous functions. 

 
1.1 Derivation OF MLM 
 

 Let 1 2, ,..., nx x x  be independently identically distributed (iid) random variable with 

true density function ( )g x  and ( , ),f x θ θ∈Θ , where kRΘ∈  be approximating model 

being compared to (measured against) f . K-L information of these functions is  
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 The most obvious estimate of ( ; )I g fθ  is  
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 Minimization of ( ; )I g fθ  with respect to θ  equals to minimization of  
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 Any value θ∈Θ  maximizing 
1

ln ( , )
n

i
j

f x
=

θ∑  over Θ  is called maximum likelihood 

estimator (MLE) 

 

1.2 Derivation OF MSM 
 

 Let ,fθ θ∈Θ  and g  be PDFs with same support and has the distributions functions 

( , )F x θ  and ( )G x , respectively. 
 

Let (0) (1) ( ) ( 1)... n nx x x x +−∞ = < < < < = ∞  be order statistics. According to the mean 

value theorem, following equalities can be written 
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where ( ) ( ) ( 1)' [ , ]j j jx x x −∈ . 
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where ( ) ( ) ( 1)'' [ , ]j j jx x x −∈ . 

 

 Substituting (1.3) and (1.4) into (1.2), it can be obtained estimate of K-L,  
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 Minimizing (1.5) is equals to maximizing to following equality with respect to θ . 
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 Any value θ∈Θ  maximizing ( )
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maximum spacing estimator (MSE) 

 

1.3 The Other Derivation OF MSM 
 

 In this section, we obtain the other derivation of MSM using the expectations of the 

order statistics of the observed data and K-L information of discrete random variables. 
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 Suppose that 1,..., nx x  is random sample of size n from a distribution G(.) and 

(0) (1) ( ) ( 1)... n nx x x x +−∞ = < < < < = ∞  denotes the order statistics of the observed 

sample. It is well known that  
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Let probabilities of ordered sample be ( ) ( 1)' ( ) ( ), 0,..., 1.j j jp G x G x j n−= − = +  

 

 Let ( , )F x θ  be distribution function and ( , )f x θ  be PDF with unknown parameter θ  

and probability of every subinterval ( ) ( 1)( , )j jx x −  be jp . It is seen Figure 1. 

 

 That is, 
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Figure 1: ( , )f x θ  versus data. 
 

 Since 0 1 1( ,. ,..., )nP p p p +=  and 0 1 1' ( ' ,. ' ,..., ' )nP p p p += are two discrete distribution 

function, K-L information for these distributions is given in the following from. 
 

  
1

1

'
( '; ) ' ln

n
j

j
j j

p
D P P p

p

+

=
= ∑ .                 (1.9) 

 

That is, 
 

  

1 1 1

1 1 1

'
( '; ) ' ln ' ln ' ' ln

n n nj

j j j j j
j j jj

p
D P P p p p p p

p

+ + +

= = =
= = −∑ ∑ ∑  



Yeliz Mert Kantar 233

       

( )

( 1)

1 1

1 1

1 1

( ) ( 1)
1 1

1 1 1
ln ln ( , )

1 1 1

1 1 1
ln ln(( , ) ( , )) ,

1 1 1

j

j

xn n

j j x

n n

j j
j j

f x dx
n n n

F F x
n n n

−

+ +

= =

+ +

−
= =

= − θ
+ + +

= − θ − θ
+ + +

∑ ∑ ∫

∑ ∑

 

or  

  
1 1

( ) ( 1)
1 1

1 1 1
( '; ) ln ln( ( , ) ( , ))

1 1 1

n n

j j
j j

D P P F x F x
n n n

+ +

−
= =

= − θ − θ
+ + +

∑ ∑ .         (1.10) 

 

 The first term of (1.10) does not depend on θ , so that we have to minimize the 

second part of (1.10). 

 

 Minimizing (1.10) is equal to maximizing to following equality with respect to θ . 
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MSE can be obtained by maximizing (1.11) with respect to θ , is equal to (1.6). 

 

 This approach can be considered the measurement of distance between the 

expectation of the order statistics and the functional form of candidate p.d.f. The same 

idea is valid for the least square method (LSM). While LSM uses the Euclidian measure, 

MSM uses K-L measure.  

 

2. A COMPARISON OF MLM AND MSM FOR THE 3-PARAMETERS 
WEIBULL DISTRIBUTION 

 

 In this section, we present results of some numerical experiment to compare the 

performance of MLM and MSM by using Monte Carlo method for 3-parameters Weibull 

distribution.  
 

 The 3-parameters Weibull distribution has the cumulative distribution function 

(CDF): 
 

  ( , , , ) 1 exp( [( ) / ] )F x x ρµ σ ρ = − − −µ σ  
 

and the PDF: 
 

  ( 1)( , , , ) ( ) exp( [( ) / ] )f x x xρ− ρ
ρ

ρ
µ σ ρ = −µ − −µ σ

σ
. 
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Figure 2: Weibull probability density function for various shape parameters 

( 0, 1µ = σ = ) 
 

 The range of x  is xµ < < ∞ ., µ  is location parameter, σ  is scale parameter, ρ  is 

shape parameter. These parameters , ,µ σ ρ  satisfy 0 ≤ µ < ∞ , 0 < σ < ∞ , 0 < ρ < ∞ , 

respectively. Figure 1 graph the PDF for different values of shape parameter. Estimating 

parameters in the 3-parameter Weibull can sometimes be troublesome. As commented by 

Cohen et al.(1984), the method of moments estimation does not make full use of the 

available sample information, and results in large variances in estimation. Although 

MLM may be optimal in many respects, it may fail to satisfy conditions of regularity and 

give inconsistent estimates. Sometimes, MLE may not even exist. Bowman and Shenton 

(2000) have recently shown that MLE only exist for the shape parameter in a certain 

range.  

 

 This distribution has numerous applications in various areas: such as life testing, life 

expectancy, survival analysis. Because of its useful application, its parameters need to be 

evaluated precisely, accurately and efficiently.  

 

2.1 Monte Carlo Simulation 
 

2.1.1 Estimation of µ  and σ  when ρ  is known 
 In first part of Monte Carlo experiment, we consider ρ =1, 1.5, 2, 3, µ =0; σ =1; 

size of sample n=10 for small sample, n=50 for large sample. We compute the 

relative estimates of ( , )µ σ  for given different shape parameters and average relative 

MSEs (mean square errors) over 10.000 replications. Although we report the results 

only for n=10, n=50; ρ =1, 1.5, 2, 3, the other results can be obtained from author for 

n=10, 20, 50; ρ =1, 1.5, 2, 2.5, 3, 4, 6. Since the functions were not differentiable, the 

minimizations in MSM were performed using the downhill simplex method in 
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multidimensions due to Nelder and Mead (1965) on Matlab programs. Performance 

will be compared with respect to their biases and MSEs for different sample sizes and 

for different shape parameter values. In here, ( ,MSE MSEµ σ
) )

) is maximum spacing 

estimate, ( ,MLE MLEµ σ
) )

) is maximum likelihood estimate. 

 

Table 1 
Bias and MSEs in parameters ( , )µ σ of 3-parameter Weibull distribution  

for different shape parameters 
   Bias  MSEs 

Sample size=10, ρ  =1   

MSM 0.0165, 0.1187 0.0853, 0.1724 

MLM _ _ 

Sample size=50, ρ  =1   

MSM 0.0263, 0.0150 0.0484, 0.0330 

MLM _ _ 

Sample size=10, ρ  =1.5   

MSM -0.0606, 0.1262 0.0366, 0.1074 

MLM 0.1342, -0.1335 0.0563, 0.0777 

Sample size=50, ρ  =1.5   

MSM -0,0249, 0.0468 0.0023 0.0145 

MLM 0.0466, -0.0416 0.0154, 0.0188 

Sample size=10, ρ =2   

MSM -0,1046, 0.1476 0.0514, 0.0953 

MLM 0.1038, -0,1034 0.0383, 0.0525 

Sample size=50, ρ =2   

MSM -0.0337, 0.0471 0.0051, 0.0116 

MLM 0.0270, -0.0251 0.0046, 0.0084 

Sample size=10, ρ =3   

MSM -0.1319, 0.1488 0.0718, 0.0888 

MLM 0.0882, -0.0929 0.0493, 0.0523 

Sample size=50, ρ =3   

MSM -0.0449, 0.0513 0.0098, 0.0114 

MLM 0.0199, -0.0205 0.0067, 0.0085 

 

 Results of Monte Carlo experiment are summarized in Table 1 for four cases. 

From Table1, for ρ =1.5, it can be said that MSM for µ  outperformed then MLM in 

terms of Bias and MSEs for all sample size and MSM for ,µ σ  also outperformed in 

terms of MSEs when n=50. If we are taking into account all table , It is seen that 

MLM is preferable to MLM ρ ≥ 2. Evaluations of MSM and MLM in terms of Bias 

are showed when ρ  rises in Figure 3. From Figure 3, while average relative biases of 

MSMµ
)

 rises, average relative biases of MLMµ
)

 reduces, as ρ  rises for n=50.  
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Figure 3: Average relative biases of MSMµ

)  and MLMµ
) , for n=50 
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Figure 4: Average relative biases of MSMσ

)  and MLMσ
)  for n=50 

 

 From Figure 4 average relative biases of MSMσ
)

 is less then average relative biases 

of MLMσ
)

 for n=50. Evaluations of MSM and MLM in terms of MSEs are showed as 

ρ  rises in Figure 5. From Figure 5 in terms of MSEs, MSM performed well than 

MLM when 2ρ <  and MLM performs quite well when 2ρ ≥  for µ . From Figure 6 

It is easily seen that MLM is preferable to MLM for estimation of σ  for n=50. 
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Figure 5: Average relative MSE of MSMµ

)  and MLMµ
)  for n=50 
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Figure 6: Average relative MSE of MSMσ

)  and MLMσ
)  for n=50 
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2.1.2 Estimation of µ , σ , ρ   
 In second part of Monte Carlo experiment, we consider ρ  =1, 1.5, 2, 3, µ =0; 

σ =1 for n=50. We compute the relative estimates of ( , , )µ σ ρ  and average relative 

MSEs over 10.000 replications. 

 

Table 2 
Bias and MSEs in parameters ( , , )µ σ ρ of 3-parameter Weibull distribution 
 Bias  MSEs MMSE 

 ρ  =1   

MSM 0.0001, 0.0787, -0.0058 0.0000, 0.1253, 0.0093 0.0449 

MLM - -  

 ρ  =1.5   

MSM 0.0025, 0.0090, -0.0312 0.0243, 0.0264, 0.0686 0.0398 

MLM 0.0689, -0.0813, -0.0706 0.0293, 0.0461, 0.0937 0.0564 

 ρ =2   

MSM -0.0163, 0.0404, 0.0217 0.1305, 0.0509, 0.2460 0.4274 

MLM 0.0483, -0.0568, -0.0528 0.0397, 0.0552, 0.4291 0.5240 

 ρ =3   

MSM -0.0960, 0.1115, 0.2661 0.1773, 0.1669, 1.9692 0.7711 

MLM -0.0073, 0.0020, 0.1238 0.1440, 0.1609, 2.4083 0.9044 

 
 Results of Monte Carlo experiment are summarized in Table 2 for the four cases. 

MLE for three-parameters Weibull distribution only exists if shape parameter >1. 

Note that this phenomenon is associated with the fact that the shape of the Weibull 

distribution changes from reverse J-shaped to the the usual bell-shape as ρ  increases 

from unity. MSM performed well in terms of MSEs, Bias for ρ =1, 2, when compared 

to MLM excluding MSEs in MSEµ . MLM performed well in terms of MSEs, Bias for 

ρ =3, when compared to MSM excluding MSEs in MLEρ . It is can be said that MSM 

is useful for ρ =1, 2, MLM is useful for ρ =3. Finally according to MMSE (mean 

mean squre errors of all estimator), MSM is recommented for all case.  
 
2.2 Performance Indices 
 

 The performance of these methods was evaluated using following indices. 
 

  Standard bias,     ( )BIAS E= θ − θ
)

 

  Standard error,    ( )SE S= θ
)

 

  Mean Square Errors   2[( ) ]MSEs E= θ− θ
)

. 

  Mean Mean Square Errors MMSE=Mean(MSEs) 

 

 These indices were used to measure the variability of parameter and comparison of 

estimates. 
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3. RESULTS AND DISCUSSION 

 

 Results of Monte Carlo experiment are summarized in Table 1 for the four cases. In 

this case ρ  is known. From Table1, for ρ =1.5, it is can said that MSM for µ  

outperformed the MLM in terms of Bias and MSEs for all sample size and MSM for ,µ σ  

also outperformed in terms of MSEs when n=50. Regarding of all Table 1 roughly, It is 

seen that MLM is preferable to MLM ρ ≥ 2 . When ρ  is not known, MSM for all 

parameters of Weibull performs quite well than MLM, especially for ρ =1, 1.5, 2. 

 

Table 3 
Comparison of MLM and MSM for Weibull 

 MLM   MSM 
- Depends on PDF 
 

- MLE can not be expressed as analytically 
 

- involve optimization , need to be 

calculated by some iterative processes 
 

- can obtained as approximation of K-L 
 

- MLE are not available for shape=1 
 

- MLM performs well when ρ  is known, 

2ρ >  
 

- Data may not to be ordered. 

 

- Depends on CDF 
 

- MSE can not be expressed as analytically 
 

- involve optimization , need to be 

calculated by some iterative processes 
 

- can obtained as approximation of K-L 
 

- MSM performs well when ρ  is known, 

2ρ <  
 

- Data are to be ordered. 
 

- can be recommended in the three 

unknown parameters case, especially 

ρ <3. 

 

 The other derivation of MSM with respect to distance of expectation of order 

statistics was given and MSM, MLM was discussed in literature. However, performances 

of MLM and MSM was compared by using Monte Carlo method for 3-parameters 

Weibull distribution in different cases. As a result, comparison of MLM and MSM for 3-

parameter Weibull was summarized in Table 3. 
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