
195 

Pak. J. Statist. 
2006 Vol. 22 (3) pp 195-207 

 
MULTISTAGE MEDIAN RANKED SET SAMPLES  

FOR ESTIMATING THE POPULATION MEAN 
 

Abdul Aziz Jemain1 and Amer Ibrahim Al-Omari2 

School of Mathematical Sciences 
Faculty of Science and Technology  

43600 UKM Bangi, Selangor, Malaysia  
Email: 1azizj@pkrisc.cc.ukm.my, 2alomari_amer@yahoo.com 

 
ABSTRACT 

 
 Multistage median ranked set samples method (MMRSS) is considered. The estimator 
of population mean using MMRSS method is compared with that using simple random 
sapling (SRS) and ranked set sampling (RSS) methods. It is noted that the estimator of 
population mean using MMRSS is unbiased and more efficient than its counter parts for 
almost all distribution considered if the underlying distribution is symmetric. For 
asymmetric distributions considered in this study, MMRSS estimator has a smaller bias, 
and it's preferable for even sample size. 
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1. INTRODUCTION 
 
 Ranked set sampling (RSS) method was first proposed by McIntyre (1952) for 
estimating the mean of pasture yields. McIntyre showed that the mean of m  units in the 
ranked set sampling was unbiased and had a smaller variance than the mean of the same 
number of observations selected by simple random sampling. Hence the ranked set 
sampling is more efficient than simple random sampling when estimating the population 
mean. Takahasi and Wakimoto (1968) provided the mathematical properties of RSS. Dell 
and Clutter (1972) showed that RSS estimator is an unbiased for the population mean 
regardless of error in ranking. Muttlak (1997) suggested using median ranked set 
sampling (MRSS) method, and showed that MRSS estimator is more efficient than the 
usual RSS estimator based on the same sample size. Al-Saleh and Al-Omari (2002) 
introduced multistage ranked set sampling, that increase the relative efficiency for 
estimating the population mean for fixed sample size. 
 
 In this paper we introduce a new modification of RSS, namely, multistage median 
ranked set sampling. The usual sample mean is suggested as an estimator of the 
population mean using the MMRSS procedure. 
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2. MULTISTAGE MEDIAN RANKED SET SAMPLING 
 
 Multistage median ranked set sampling procedure can be described as follows: 
 

Step 1: Randomly selected 1rm +  sample units from the target population, where r  is 
the number of stages. 

 

Step 2: Allocate the 1rm +  sample units as randomly as possible into rm sets each of 
size m .  

 

Step 3: For each rm sets in step 2, if the sample size m is odd, select for measurement 
from each rm  sets the (( 1) / 2)thm +  smallest rank, i.e. median of the sample. If 

the sample size m is even, select for measurement from the first each 2rm  sets 

the ( / 2)thm  smallest rank and from each other 2rm  sets the (( 2) / 2)thm +  

smallest rank. This step yield 1rm −  sets each of size m. 
 

Step 4: Without doing any actual quantification, repeat step 3 on the 1rm −  ranked  
set to obtain 2rm −  second stage ranked sets, each of size m . The process  
is continued using step 3 up to the thr  stage to get a sample of size m from 
MMRSS. 

 
 Finally, the m  units identified in step 4 are actually measured only for estimating the 
mean of the variable of interest. The whole process can be repeated k  times to obtain an 
MMRSS of size n km= . 
 
 To clarify this method, let ( )r j

iX  be the ith sample unit of the thj  set at stage r.  
 
Example 1: Consider the case of 3m =  and 2r = , so that we have 27 units. 
 

  
(0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0)

, , , , , , , , , , , , ,5 71 2 3 4 6 8 9 10 11 12 13 14
(0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0)

, , , , , , , , , , , , .15 16 17 18 19 20 21 22 23 24 25 26 27

X X X X X X X X X X X X X X

X X X X X X X X X X X X X

 

 
 Allocate them into 9 sets each of size 3 at zero stage (SRS), and then rank visually the 
units within each sample with respect to the variable of interest as following 
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Figure 1: Display of 27 units in 9 sets up to 2 stage using MMRSSO. 
 

Sets First stage Second stage 

{ }(0)1 (0)1 (0)1(0)1
(1) (2) (3), ,A X X X=  ( )(1)1 (0)1

( 1) / 2 medmY A+ =  

{ }(0)2 (0)2 (0)2(0)2
(1) (2) (3), ,A X X X=  ( )(1)2 (0)2

( 1) / 2 medmY A+ =  

{ }(0)3 (0)3 (0)3(0)3
(1) (2) (3), ,A X X X=  ( )(1)3 (0)3

( 1) / 2 medmY A+ =  

(1)1 (1)2
( 1) / 2 ( 1) / 2(2)1

( 1) / 2 (1)3
( 1) / 2

, ,
med

m m

m

m

Y Y
Y

Y

+ +
+

+

  
=  

  

 

{ }(0)4 (0)4 (0)4(0)4
(1) (2) (3), ,A X X X=  ( )(1)4 (0)4

( 1) / 2 medmY A+ =  

{ }(0)5 (0)5 (0)5(0)5
(1) (2) (3), ,A X X X=  ( )(1)5 (0)5

( 1) / 2 medmY A+ =  

{ }(0)6 (0)6 (0)6(0)6
(1) (2) (3), ,A X X X=  ( )(1)6 (0)6

( 1) / 2 medmY A+ =  

(1)4 (1)5
( 1) / 2 ( 1) / 2(2)2

( 1) / 2 (1)6
( 1) / 2

, ,
med

m m

m

m

Y Y
Y

Y

+ +
+

+

  
=  

  

 

{ }(0)7 (0)7 (0)7(0)7
(1) (2) (3), ,A X X X=  ( )(1)7 (0)7

( 1) / 2 medmY A+ =  

{ }(0)8 (0)8 (0)8(0)8
(1) (2) (3), ,A X X X=  ( )(1)8 (0)8

( 1) / 2 medmY A+ =  

{ }(0)9 (0)9 (0)9(0)9
(1) (2) (3), ,A X X X=  ( )(1)9 (0)9

( 1) / 2 medmY A+ =  

(1)7 (1)8
( 1) / 2 ( 1) / 2(2)3

( 1) / 2 (1)9
( 1) / 2

, ,
med

m m

m

m

Y Y
Y

Y

+ +
+

+

  
=  

  

 

 

 Thus, the set { }(2)1 (2)2 (2)3
( 1) / 2 ( 1) / 2 ( 1) / 2, ,m m mY Y Y+ + +  is a second stage median ranked set samples. 

The actual quantified for estimating the variable of interest will achieved using only these 
three units. Thus, the number of quantified units, which is 3, is a small portion of the 
number of sampled units, which is 27, but all sampled units add to the information 
content of the quantified units. Hence, we compare this sample with a sample of size 3, 
not 27, of SRS.  
 

3. GENERAL SETUP AND SOME BASIC RESULTS 
 
 Let 11,X 12 ,X ..., 1mX ; 21,X 22 ,X ..., 2mX ;…; 1,mX 2 ,mX ..., mmX ; be m  
independent random samples each of size ,m assume that each variable has the same 

distribution function ( )F x  with mean µ  and variance 2σ . Let (1) ,iX (2) ,iX ..., ( )i mX  

( 1,2,..., )i m=  be the ordered statistics of the thi  sample 1,iX 2 ,iX ..., imX  

( 1,2,..., )i m= . Let 1 2, ,..., mY Y Y  be RSS, then 
d

( )=i iY X . 

 
 At the thk  cycle ( 1, 2,..., )k n= , for odd sample size, let ( )

(( 1) / 2)
r

i m kY +  be the median of 

the thi  sample (i 1,2,..., )m=  at stage r. 
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Thus, the quantified sample ( )

11
2

r

m
k

Y
+ 

 
 

, ( )
12

2

r

m
k

Y
+ 

 
 

,…, ( )
1

2

r

m
m k

Y
+ 

 
 

will denote the MMRSSO.  

 
 For even sample size, let ( )

( / 2)
r

i m kY  be the ( / 2)thm  order statistic of the thi  sample 

( 1,2,..., ; / 2)i l l m= = , and let ( )
(( 2) / 2)
r

i m kY +  be the (( 2) / 2)thm +  order statistic of the thi  

sample ( 1, 2,..., )i l l m= + +  each at stage r. Thus, the quantified sample  
 

  ( )

1
2

r

m
k

Y
 
 
 

, ( )

2
2

r

m
k

Y
 
 
 

, …, ( )

2 2

r

m m
k

Y
 
 
 

, ( )

1 1
2 2

r

m m
k

Y
 + + 
 

,…, ( )

1
2

r

m
m k

Y
 + 
 

  

 

will denote the MMRSSE.  
 
 The estimator of the population mean µ  using multistage median ranked set samples 
can be defined as 
 

( ) ( )
(( 1) / 2)

1 1

( ) ( ) ( )
( / 2) (( 2) / 2)

1 1 1

1 , if  is odd
ˆ

1 , if  is even, /2.

n m
r r

MMRSSO i m k
k i

MMRSS n l m
r r r

MMRSSE i m k i m k
k i i l

Y Y m
mn

Y Y Y m l m
mn

+
= =

+
= = = +


=


µ = 

  = + =   

∑ ∑

∑ ∑ ∑
(3.1) 

 
 Assume that the cycle is repeated once; let us define the following notations: 
 

Let  ( )iE Xµ = , ( )2 Var iXσ = , ( 1,2,..., )i m= , ( )( ) ( )
( 1) / 2 ( 1) / 2
r r
m i mE Y+ +µ = , 

  2( )
( 1) / 2
r
m+σ =  ( )( )

( 1) / 2Var r
i mY + , ( )( ) ( )

( / 2) ( / 2)
r r
m i mE Yµ = , ( )2( ) ( )

( / 2) ( / 2)Varr r
m i mYσ = ,  

  ( )( ) ( )
( 2) / 2 ( 2) / 2
r r
m i mE Y+ +µ = , ( )2( ) ( )

( 2) / 2 ( 2) / 2Varr r
m i mY+ +σ = . 

 
 Based on these notations we have 
 

  ( ) ( )
( 1) / 2

1r r
MMRSSO mY Y

m
+= ,                   (3.2) 

  ( )( ) ( )
( 1) / 2

1r r
MMRSSO mE Y

m
+= µ                   (3.3) 

  ( )( ) 2( )
( 1) / 2

1Var r r
MMRSSO mY

m
+= σ .                 (3.4) 

  ( )( ) ( ) ( )
( / 2) ( 2) / 2

1
2

r r r
MMRSSE m mY Y Y += + ,                (3.5) 

  ( ) ( )( ) ( ) ( )
( / 2) ( 2) / 2

1
2

r r r
MMRSSE m mE Y += µ +µ ,               (3.6) 
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  ( ) ( )( ) 2( ) 2( )
( / 2) ( 2) / 2

1Var
2

r r r
MMRSSE m mY

m
+= σ + σ .             (3.7) 

 
 For a random sample from a continuous population whose pdf is symmetrical  
about x = µ , (H. A. David and H. N. Nagaraja (2003)), showed that ( ) ( )if xµ + =  

( 1) ( )m if x− + µ − . Assume that the distribution is symmetric about 0x = , then 
d

( ) ( 1)=i m iX X − +− . Hence, ( ) ( 1)i m i− +µ = −µ  and 2 2
( ) ( 1)i m i− +σ = σ . 

 
 This implies to, ( ) ( )

( / 2) ( 2) / 2
r r
m m+µ = −µ  and 2( ) 2( )

( / 2) ( 2) / 2
r r
m m+σ = σ , and if m  is  

odd, ( )
( 1) / 2 0r
m+µ = µ = . Therefore, ( )( ) 0r

MMRSSEE Y = , ( )( ) 0r
MMRSSOE Y = , and 

( )( ) 2( )
( / 2)

1r r
MMRSSE mVar Y

m
= σ . 

 
 The mean square error (MSE) of the estimator ( )r

MMRSSY  is given by 
 

  ( ) ( ) ( )( )2( ) ( ) ( )MSE Var Biasr r r
MMRSS MMRSS MMRSSY Y Y= +           (3.8) 

 

Note that, for symmetric distributions 
 

 ( )( )Bias 0r
MMRSSY = , and ( ) ( )( ) ( )MSE Varr r

MMRSS MMRSSY Y= . 
 
Lemma 1: 
 

1) If the distribution is symmetric about the population mean, then ( )r
MMRSSOY  and 

( )r
MMRSSEY  are unbiased estimators of a population mean, i.e. ( )( )r

MMRSSOE Y = µ  and 

( )( )r
MMRSSEE Y = µ . 

 

2) If the distribution is symmetric about the population mean, then the relative 
efficiency of ( )r

MMRSSOY  and ( )r
MMRSSEY  are increasing in r ( 1)r ≥ , except for the 

uniform distribution, the lemma is true if 2r ≥ . 
 
Proof: 
 

 To prove 1, assume m is odd, then we have 

   ( ) ( )
(( 1) / 2)

1

( ) 1 m
r

i m
i

r
MMRSSOE Y E Y

m
+

=

 
=  

 
∑ ( )( )

(( 1) / 2)
1

1 m
r

i m
i

E Y
m

+
=

= ∑  

      ( )
(( 1) / 2)

1

1 m
r
i m

im
+

=

 
= µ 

 
∑

1

1 m

im =

 
= µ = µ 

 
∑  
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 In the case of m  is even, we have 
 

   ( )( ) ( ) ( )
( / 2) (( 2) / 2)

1 1

1 l m
r r r

i m i m
i i l

MMRSSEE Y E Y Y
m

+
= = +

  
= +  

  
∑ ∑  

      
( ) ( )( ) ( )

( ( / 2)) (( 2) / 2)
1 1

( ) ( )
( / 2) (( 2) / 2)

1 1

1

1

l m
r r
i m i m

i i l

l m
r r
i m i m

i i l

E Y E Y
m

m

+
= = +

+
= = +

 
= + 

 

 
= µ + µ 

 

∑ ∑

∑ ∑

 

 

 Since the distribution is symmetric about the population mean, and ( )r
MMRSSOY , 

( )r
MMRSSEY  are unbiased estimators, then we have ( )

( / 2)
r
i mµ = µ − ε  and ( )

(( 2) / 2)
r
i m+µ = µ + ε , 

where ε  is real number. Therefore, ( )( )

1 1

1 ( ) ( )
l m

r

i i l
MMRSSEE Y

m = = +

 
= µ − ε + µ + ε 

 
∑ ∑ = µ . 

 
 To prove 2, when m  is odd, Let ( )

11
2

r

m
Y

+ 
 
 

, ( )
12

2

r

m
Y

+ 
 
 

,…, ( )
1 1

2 2

r

m m
Y

+ + 
 
 

,…, ( )
1

2

r

m
m

Y
+ 

 
 

 be an 

MMRSSO at stage r. Let ( ) ( )( ) ( )
( 1) / 22

1

1Var Var
m

r r
MMRSSO i m

i

Y Y
m

+
=

= ∑ . 

 
 Let ( 1)r

iZ
−  be the thi  median of the sample ( 1)

11
2

r

m
Y

−
+ 

 
 

, ( 1)
12

2

r

m
Y

−
+ 

 
 

,…, ( 1)
1 1

2 2

r

m m
Y

−
+ + 
 
 

,…, 

( 1)
1

2

r

m
m

Y
−
+ 

 
 

, and let ( 1) ( 1)

1

1 m
r r

i
i

Z Z
m

− −

=
= ∑ . Then, ( 1) ( 1)r rZ Y− −= , 

( ) ( )( 1) ( 1)Var Varr r
MMRSSOY Z

− −=  and ( )r
iY  has the same distribution as ( 1)r

iZ
− . 

 
Hence, 
 

 ( ) ( ) ( )( 1) ( 1) ( 1) ( 1)
2 2

1

1 1Var Var Cov ,
m m

r r r r
i i jMMRSSO

i i j

Y Z Z Z
m m

− − − −

= ≠
= +∑ ∑  

  ( )( ) ( 1) ( 1)
2 2

1

1 1Var( ) Cov ,
m m

r r r
i i j

i i j

Y Z Z
m m

− −

= ≠
= +∑ ∑  

imtiaz 
 Since, ( )( 1) ( 1)Cov , 0r r

i jZ Z− − ≥  (Lehman (1966), Essary et al. (1997)), and Yang 

(1982) showed that for the median of iid sample, ( ) 2
1

2
Var mX + ≤ σ . Therefore, 
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( ) ( )( ) ( 1)Var Varr r
MMRSSO MMRSSOY Y

−≤  and hence the relative efficiency of ( )r
MMRSSOY  is 

increasing in r . 
 
 In the case of even sample size, let 
 

  

( 1)

2( 1)

( 1)
2

2

th of , 1
2 2

2 2th of , .
2 2

r

m
i

r
i

r

m
i

m m
Y i

Z

m m
Y i m

−
 
 
 −

−
+ 

 
 

  
    ≤ ≤      
  

= 
  + +    ≤ ≤      
 

 

 
 Then the proof is directly as in the case of odd sample size. 
 
Corollary: 
 

1) If the distribution is symmetric about the population mean, then 

  ( )( )Var r
MMRSSOY  and ( )( )Var r

MMRSSEY  are less than Var( )SRSX at any stage r. 
 

2) For asymmetric distribution about a population mean, we have 

  ( ) ( )( )MSE Varr
SRSMMRSSOY X<  and ( ) ( )( )MSE Varr

SRSMMRSSEY X< . 

 
4. EFFICIENCY OF MMRSS METHOD 

 
 Let 1 2, ,...,i i imX X X  be independent random sample with cdf F(x) and pdf f(x), with 

mean µ  and variance 2σ .  
 
 The SRS estimator of the population mean µ  is given by 

  
1

1 m

SRS i
i

X X
m =

= ∑ ,                    (4.1) 

 

with mean ( )SRSE X = µ  and variance  

  ( )
2

Var SRSX
m

σ
= .                   (4.2) 

 

 The estimator of the population mean µ  using RSS is defined as 

  ( )
1

1 m

RSS i i
i

X X
m =

= ∑ ,                   (4.3) 

 

with mean ( )RSSE X = µ  and variance  
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  ( ) ( )
2

2
2

1

1Var
m

RSS i
i

X
m m =

σ
= − µ −µ∑ .              (4.4) 

 
 From (3.7) and (4.2), if the parent distribution is symmetric about its mean, the 
relative efficiency of ( )r

MMRSSY  with respect to SRSX  is given by 
 

  ( ) ( )
( )

Var
,

Var

SRS

SRS RSS

RSS

X
eff X Y

Y
=  and ( ) ( )

( )
( )

( )

Var
,

Var

SRSr
SRS MMRSS r

MMRSS

X
eff X Y

Y
=      (4.5) 

 

and if the distribution is non symmetric, using (3.8) and (4.2) the relative efficiency is 
given by  

  
( )
( )

( )
( )

MSE
( , )

MSE

SRSr
SRS MMRSS r

MMRSS

X
eff X Y

Y
= .              (4.6) 

 

4.1. Results for Uniform Distribution 
 

 Assume that the variable of interest X has a uniform (0, )θ , namely,  
 

  
1/ 0 ; 0,

( ; )
0 elsewhere.

x
f x

θ ≤ ≤ θ θ >
θ = 


 

 

 So that 
2
θ

µ = and 
2

2

12
θ

σ = , and :i mX  has a beta( , 1)i m i− +  with pdf  
 

  
1

:
! 1( ) 1

( 1)!( )!

i m i

i m

m x x
f x

i m i

− −
   

= −   − − θ θ θ   
, 0 x< < θ . 

 

with meant ( ): 1i m

i
E X

m

θ
=

+
 and variance 

 

  ( )
2

: 2
( 1)Var

( 1) ( 2)i m

i m i
X

m m

− + θ
=

+ +
.             (4.1.1) 

 

 From (4.1) and (4.2), the SRS estimator of the population mean 
2
θ

µ =  from a 

sample of size m , has mean / 2θ , and the variance is given by 
 

  ( )
2 2

:2 2
1

1 1Var Var( )
12 12

m

SRS i m
i

m
X X

mm m=

 θ θ
= = =  

 
∑ .       (4.1.2) 

 

 From (4.4), the RSS estimator of the population mean 
2
θ

µ =  has mean  
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  ( )
1

1 ( )
2

m

RSS i
i

E Y E Y
m =

θ
= =∑  

 

and variance given by  
 

  ( ) ( )
2

( : )2
1

1Var
6 ( 1)

m

RSS i m
i

Y Var X
m mm =

θ
= =

+
∑           (4.1.3) 

 
 In the case of even sample size, let 4m ≥  and 1r = , from (3.3) and (4.1.1) the 

estimator of the population mean 
2
θ

µ =  using MMRSSE is 
 

  ( ) ( ) ( )
( / 2) (( 2) / 2)

1 1

1 l m
r r r

MMRSSE i m i m
i i l

Y Y Y
m

+
= = +

 
= + 

 
∑ ∑  

 

with variance given by ( )
2

( )
2Var

4( 1)
r

MMRSSEY
m

θ
=

+
.         (4.1.4) 

 
 Using equations (4.1.2) and (4.1.4), the relative efficiency of ( )r

MMRSSEY  with respect  
to SRSX  for estimating the population mean is defined as 
 

  ( ) ( )
( )

2
( )

( )

Var ( 1)
, 1

3Var

SRSr
SRS MMRSSE r

MMRSSE

X m
eff X Y

mY

+
= = > . 

 

 This implies that the variance of the sample mean using MMRSSE for estimating the 
population mean is less than the variance of the sample mean using SRS. Assume that the 

parent distribution is U(0,1), let 4m =  and 1r = , from (4.1.1) we have, 2(1)
2:4

1
25

σ =  and 

2(1)
3:4

1
25

σ = , and 
 

  ( ) ( )
2 4(1) (1) (1)

2 3
1 3

1
4MMRSSE i i

i i

Y Y Y
= =

 
= + 

 
∑ ∑  
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And the variance of a SRS of size 4m =  from U(0,1) is ( )Var 0.0208SRSX = . Thus, the 

relative efficiency of (1)
MMRSSEY with respect to SRSX is ( )(1), 2.083SRS MMRSSEeff X Y =  which 

agrees with simulation results. 
 
 For odd sample size, if 3m ≥  and 1r = , from (3.2), the estimator of the population 

mean 
2
θ

µ =  using MMRSSO is (1) (1)
(( 1) / 2)

1

1 m

MMRSSO i m
i

Y Y
m

+
=

= ∑  with variance 
 

  ( )
2

( )Var
4 ( 2)

r
MMRSSOY

m m

θ
=

+
.             (4.1.5) 

 

 From (4.1.2) and (4.1.5), the relative efficiency of ( )r
MMRSSOY  with respect to SRSX  for 

estimating the population mean is given by 
 

  ( ) ( )
( )

( )
( )

Var ( 2)
, 1

3Var

SRSr
SRS MMRSSO r

MMRSSO

X m
eff X Y

Y

+
= = > . 

 

 Clearly, that the variance of the sample means using MMRSSO method for estimating 
the population mean is less than the variance of the sample mean using SRS method. 
 
 For m=3 and 1r = , assume the parent distribution is U(0,1), from (4.1.1) we have  
 

  2(1)
(2)

1
20

σ = ,  
 

and  (1) (1)
(2)

1

1
3

m

MMRSSO i k
i

Y Y
=

= ∑ (1) (1) (1)
1(2) 2(2) 3(2)Y Y Y= + + , 

 

  ( )(1) 2(1)
1

2

1 1 1Var 3
9 20 60MMRSSO m

Y
+ 

 
 

= σ = ⋅ ⋅ = . 

 

 The variance of a SRS of size, 3m = , is 0.028. Hence, the relative efficiency of 
(1)
MMRSSOY  with respect to SRSX  is given by ( )(1), 1.666SRS MMRSSOeff X Y = . This agrees with 

simulation result. If m=5, we have ( )(1), 2.333SRS MMRSSOeff X Y = , which indicate that the 

efficiency of ( )r
MMRSSOY  is increasing in the sample size. 

 
5. SIMULATION STUDY 

 
 To compare the relative efficiency of the proposed estimators for the population mean 
using MMRSS against usual estimators using RSS and SRS, we compared the average of 
70.000 sample estimates with sample sizes 3, 4m =  and 5 for 1,2,3r =  and 4. Eight 
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distributions, namely, uniform, normal, logistic, exponential, lognormal, weibull, beta 
and gamma are considered. The relative efficiency of the sampling methods considered in 
this study can be computed using (4.5) and (4.6). 
 

Table 1. 
The relative efficiency of RSS and MMRSS estimators for estimating  

the population mean of symmetric distributions 
 

 RSS  MMRSS 
Distribution 

m    1r =  2r =  3r =  4r =  
        

3 2.000  1.672 3.152 6.366 13.626 

4 2.500  2.085 5.530 20.973 45.022 

Uniform (0,1) 

5 3.000  2.367 6.876 21.351 79.421 

        
3 1.917  2.235 4.969 11.219 25.030 

4 2.367  2.780 7.674 20.973 56.599 

Normal (0,1) 

5 2.734  3.441 11.906 39.515 147.782 

        
3 1.916  2.196 4.982 11.202 24.813 

4 2.346  2.768 7.697 20.669 56.745 

Normal (1,2) 

5 2.797  3.512 12.294 40.819 151.347 

        
3 1.843  2.544 6.168 14.059 31.518 

4 2.239  3.152 8.904 24.297 65.155 

Logistic (-1,1) 

5 2.550  4.131 15.397 50.784 189.983 
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Table 2 
The relative efficiency of RSS and MMRSS estimators for estimating  

the population mean of non symmetric distributions 
Distribution  RSS MMRSS 
 m    1r =  2r =  3r =  4r =  

RP 1.606 2.218 3.074 3.372 3.444 3 
Bias 0.000 0.166 0.244 0.279 0.295 
RP 1.948 2.473 3.890 5.589 7.482 4 
Bias 0.000 0.168 0.196 0.187 0.173 
RP 2.159 2.188 2.201 2.125 2.105 

Exponential (1) 

5 

Bias 0.000 0.218 0.281 0.300 0.305 
RP 1.292 3.485 4.100 3.955 3.863 3 
Bias 0.000 0.397 0.545 0.607 0.631 
RP 1.447 3.318 4.274 5.158 6.009 4 
Bias 0.000 0.398 0.460 0.450 0.430 
RP 1.533 2.703 2.322 2.190 2.145 

LogNormal (0,1) 

5 

Bias 0.000 0.496 0.609 0.638 0.648 
RP 1.629 2.257 3.131 3.418 3.519 3 
Bias 0.000 0.500 0.731 0.835 0.881 
RP 1.943 2.447 3.863 5.584 7.433 4 
Bias 0.000 0.498 0.586 0.561 0.520 
RP 2.191 2.239 2.240 2.174 2.147 

Weibull (1,3) 

5 

Bias 0.000 0.652 0.843 0.897 0.914 
RP 2.000 2.157 4.564 9.406 18.695 3 
Bias 0.000 0.005 0.007 0.008 0.008 
RP 2.394 2.605 6.766 17.765 43.601 4 
Bias 0.000 0.004 0.005 0.005 0.005 
RP 2.765 3.034 9.130 22.232 37.638 

Beta (7,4) 

5 

Bias 0.000 0.006 0.008 0.008 0.009 
RP 1.827 2.268 4.020 6.036 7.583 3 
Bias 0.000 0.180 0.260 0.296 0.312 
RP 2.202 2.649 5.541 10.043 10.138 4 
Bias 0.000 0.178 0.208 0.202 0.203 
RP 2.519 2.859 4.547 5.280 5.548 

Gamma (3,1) 

5 

Bias 0.000 0.233 0.298 0.318 0.324 
 
 From Tables 3.1 and 3.2 we can conclude the following: 
 
1. It can be observed that the estimator of the population mean obtained from MMRSS 

is more efficient than the usual SRS and RSS estimators of population mean. i.e., 

  ( )( )Var Var( )r
SRSMMRSSOY X<  and ( )( )Var Var( )r

SRSMMRSSEY X< . 
 

2. For uniform (0,1) distribution, only at the first stage, the relative efficiency of 
MMRSS estimator is less than the relative efficiency of the usual RSS estimator of 
population mean. 
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3. The relative efficiency of the MMRSS estimators is increasing in r for fixed sample 
size. As an example if the underlying distribution is normal (1,2), the values of the 
relative efficiency using 1,2,3r =  and 4 with 3m =  are 2.196, 4.982, 11.202 and 
24.813 respectively. This emphasized that  

  ( ) ( ) ( ) ( )( ) ( 1) (1) (0)Var Var Var Varr r
MMRSS MMRSS MMRSS MMRSSY Y Y Y

−≤ ≤ ≤ ≤L . 
 

4. For non symmetric distributions the MMRSS estimator for estimating the population 
mean has a smaller bias, as an example for beta distribution with parameters 7 and 4, 
the relative efficiency using MMRSS method with 3m =  at the first stage is 2.157 
with bias 0.005 while at the 4th  stage with the same sample size, the relative 
efficiency is 18.695 with bias 0.008. i.e. that,  

  ( ) ( ) ( ) ( )(4) (3) (0)MSE MSE MSE MSE SRSMMRSS MMRSS MMRSSY Y Y X≤ ≤ ≤ =L . 

 
6. CONCLUDING REMARKS 

 

 Gain in efficiency is attained for estimating the population mean using median 
multistage ranked set samples, specially if the underlying distribution is symmetric about 
its mean. For asymmetric (skewed) distributions, the gain in efficiency is substantial with 
even sample size. The use of multistage median ranked set samples method is feasible for 
estimating the population mean if odd sample size is considered, because we only 
identify the median of the sample. 
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