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ABSTRACT

In this paper the distribution and moments of the ratio of independent generalized
uniform variates are considered. An application of the distribution is also given.
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1. INTRODUCTION

A generalized uniform distribution is given by

f(x;a,e):ga—tllx“, 0<x<6, (1.1)

where o>-1 is the shape parameter and 6>0 is the threshold parameter. The generalized
uniform distribution is a uniform distribution if a=0 and is a standard power function
distribution if 6=1. The density function (1.1) is decreasing if -1<a<0, constant if a=0,
and decreasing if o>0.
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Proctor (1987) introduced the four parameter generalized uniform distribution, which
is a counterpart to Burr type XII distribution. Tiwari et al. (1996) studied Bayes
estimation of parameters of a Pareto distribution using the generalized uniform
distribution. Lee (2000) studied the MLE and the UMVUE of parameters of the
generalized uniform distribution. Dixit, Ali, and Woo (2002) studied estimation of
parameters of the generalized uniform distribution in the presence of outliers.

The distribution of the ratio of independent gamma variates with shape parameters
equal to 1 was studied by Bowman and Shenton (1998). Ali and Woo (2002) have studied
the distribution of the ratio of standard power variates. The problem arises in from a
model of ionic current fluctuations in biological membranes.

Here the distribution of ratio V=X/(X+Y) of two independent generalized uniform
random variables X and Y each with two parameters are considered. Moments of this
distribution are also obtained.

2. DISTRIBUTION OF THE RATIO

Let the independent random variables X and Y have generalized uniform distributions
with parameters (o..,0x) and (o,0y), respectively. Let

V= X
X+Y
U = X+Y.

Then the joint pdf of U and V is
fuv(u,v) = fx(uv)fy(u(l-v)u

where 0<uv<8y, 0<u(1-v)<6,, 0<v<1, and fx and fy are the pdf's of X and Y, respectively.

Fact 1: The pdf of V can be obtained as follows:

o +1)(ary +1) (0, )
ot Doy DO 1 o gyt o<y <
oy toy, +2 | 6y 1+~
0, "
f V;(X,X,(X,y,— = (21)
Oy (o +D(ay +1) [ 6 e —a,-2 oy, i1
N TRy T Oy v T A-v)Mif <v<l
oy +oy +2 | 6, 1y
Oy

The cdf of V is given by
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(xx+l x+l
Oty—-i-l e_y L ’ ifO<v<
o +ay +2( 0, 1-v ’
0 0
F[v;ax,ay,e_y]: ) X (2.2)

+1 1
Vel (6] (—1_Vjay+ i
a,+o, +2(6 Vv

Here if 6,=6,=1, then the generalized uniform random variable becomes standard
power random variable. Ali and Woo (2002) have studied the distribution and the
moments of the ratio V in this situation. When ay=a,=0, the generalized uniform
becomes a uniform distribution. In this paper we also consider the ratio V in this special
situation.

1+—
0

Using formula 3.194(1) in Gradshteyn and Ryzhik (1965) and the density (2.1), we
obtain the moments of the ratio V = X/(X+Y) as follows.

Fact 2: For a positive integer k,

k
o, +D(a, +1
EVK)= (0 + (0 +1) [O—X] H[k,k+ax+1;k+ax+2;—g—x]

oy to, +2(k+a, +1){ 6, y
0
Ot H|k o, +Lo, +2;——L (2.3)
oy +ay +2 0,
where H(a,b; c; z) is the hypergeometric function in Gradshteyn and Ryzhik (1965).

Let m=E(V¥). Then from formula 3.194(1) in Gradshteyn and Ryzhik (1965) and the
density in (2.1), we can obtain the following recursion formula.

Fact 3:
k
o, +D(a, +1
M, —Mm = (o + (e +1) % w k,k+0cx+l;k+0cx+2;—e—x
(g +oy +2)(k+ay, +1)| 0, 0,
o, +(a, +1 0 0
(e, DBy koo, +La, +3-—L | k=1,23,..
(ay+oy, +2)(ay +2) 0, 0,

Since the right hand side of Fact 3 is positive, we have the inequality

O0<m<my<1, vk=1,2,3...

From Fact 2, especially if X and Y are two independent uniform random variables
over (0,0,) and (0,6y), respectively, then from (2.3)
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k

0

EVK) = 1[5 H k,k+1;k+2;—e—X iy k,1;2;,—— (2.4)
2(k+1){ 0, 0, ) 2 Oy

If X and Y are two independent identical uniform random variables over (0,0), then
(2.3) becomes

1
2(k +1)

E(V¥) = H (K k41K +2-1) +%H(k,1;2;—1) (25)

To evaluate the numerical values of the moments using the formulas 15.1.3, 15.1.8,
and 15.2.14 in Abramowitz and Stegun (1970) and formulas 9.137(11) and 9.137(12) in
Gradshteyn and Ryzhik (1965), we obtain the following recursive formulas.

Fact 4:
1) H1,1;2;-2) = EIn(1+ 2).
z

2) H(k+l, 1;2;7) = %[(1—2)“‘ +(k—l)H(k,1;2;z)J, fork=123,...

3) H(1,0+1, a+2;2) = 0L—Jrl(H(l,oc;ourl;z)—l), for a>0. (Recursion formula)
oz

a+l
kz
for k=1,2,3,...(recursion formula).

4) H(k+1,0+1, a+2;7) = [(1—2)‘k -H(k,a;a+1;z)]

Proof: The formulas (1) and (2) come from the formulas 15.1.3, 15.1.8 and 15.2.14 in
Abramowitz and Steguan (1970) and the formulas (3) and (4) come from 9.137(11) and
9.137(12) in Gradshteyn and Ryzhik (1965) and the formulas 15.1.8 in Abramowitz and
Stegaun (1970).

Let X and Y be two independent uniform random variables over (0,6,) and (0,6,),
respectively. Then from the moment (2.4) and Fact 2, we can obtain the following first
and second moments of the ratio V=X/(X+Y).

Fact 5:

0
Ev) = 1-Oun 1490 |1 1420 ] ang
2| 8, o, 0, 0,

-1 ]
0 0

Ev2)m1—Linf 1+ 20 |21 Oty O L1 Oy ) (2.6)
0 o,) 20,1 0o, 2 o

X X
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Especially, if X and Y are two independent identical uniform random variables over
(0,0), then the first and second moments of V=X/(X+Y) becomes E(V)=0.5, and
Var(V)=0.75-In 2.

When o and o, are not integers, from Fact 2, Fact 3, and formulas (3) and (4) in Fact
4 and formula 15.3.1 in Abramowitz and Stegun (1970), we can obtain the following
numerical expectations and variances of ratio V as in Table 1.

Table 1:
Numerical means and variances (in parentheses) of the ratio V=X/(X+Y)
when X~Uniform (ow,0,) and Y~Uniform (o,0y).

(00 0,=6,=1 0,=0.5, 6,=0.25
(-0.25,-0.5) | 0.57876 (0.02403) | 0.68222 (0.01993)
11 0.50003 (0.05172) | 0.65283 (0.04283)

(0.25,0.5) | 0.47532 (0.04437) | 0.61891 (0.03931)
(2.5,3.25) | 0.48818 (0.05870) | 0.65134 (0.04860)

3. APPLICATION

In reliability studies, the problem of testing stress-strength reliability, viz. P(X<Y),
where X and Y denote respectively the stress and strength, is of great importance. If X
and Y be independent random variables with X~Uniform (a,04) and Y~Uniform (a.,,6,),
where oy and o, denote the shape parameters and 64 and 6, the threshold parameters, then

R = P(X<Y) = P(V < 0.5),

where V = XX v having the distribution given by (2.1).
+

Hence, from (2.3), we have

a, +1
S if0<p<1l
oy oy, +2
R= 0
1_ax—+:|' et p=—2
oy oy +2 M

Let o, and oy, be known.

Suppose we want to test Hy : R=R,. Since R is a monotone increasing function of
p,H,is equivalentto Hy :p = p, , where
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1

oy +oy +2 o+l . ay, +1

———R, , if0<Ry <————
a, +1 oy +ay+2

Po = 1

a, +o, +2 oyl a, +1

BIBTEG R T iRy
o, +1 oy oy +2

Let X1, X5,...,.Xm and Y1,Y,,...,. X, denote respectively random samples of sizes m
and n drawn from the distributions of X and Y. Let X(3),X(),...,.Xm and Y, Y @,...,Y ()
denote the corresponding order statistics. Then, X and Y, are respectively
complete sufficient statistics for 6, and 6,, and, from Ali et al. (2005), these

are independently distributed with X,y ~Uniform(oc;,0,) and Y, ~Uniform(a,0,),
where o, =m(a, +1) -1, oy =m(o, +1)=1. So, from (2.1), Vins=Xm/(Xmy* Ym) is
distributed with pdf f (v;a, ), p).

A test for Hy based on Vi, can be constructed. We shall try to find the UMP test for
one-sided alternatives among the class of tests based on Vi, p.

Case (i): Alternative hypothesis is H; : R>Rg, which is equivalent to Hf P> P

We first find the most powerful test (MPT) against Hf 'p=p;(>pg)- The critical
region of the MPT is given by

Wl = {Vm,n | }\'(Vm,n) > k};

where k is determined from the size condition and

ay+l 1
[p—lj ifO<vy,,<——
Po Lp
Flv. 1—v u;+a;+2
X(Vm,n): ( m,n,pl) = *1 m if0<an <
f(Vm,n;pO) Py +1L Vmn +p
cxy+l 1
[39] if <V <1,
P1 1+pg

which is clearly a non-increasing function of vy, .. Hence,

MVmn)>K < Ving < Vo,
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where Vg is such that the size condition is satisfied, i.e.,

P(Vinn) < Vo | Ho) = a (specified).

1 . a;+1
If F 0,0y, Py | = >0,
1+pg oy t+oy +2

1

1ov. 1 [} +al+2 e
then vy 5 —2% ="~ =7 :
Vo Po o, +1
1 % o) +1
If F —— 0,0y, Py =— 3 = <q,
1+py oy t+oy +2
) 1
vV o 0L +2 ay+l
then vy 3 —2—=p, Y (1-a) T
1_V0 Oy +

As v, is independent of p;, W; is the critical region of the UMP test for testing
Ho: R =Rpagainst H; : R > R,,.

The power function of the test is given by

ay+l
a[iJ , if0<vy < 1
Po +p
R(p) = .
ocy+l

-@-o) 2|, i <v, <1.

0
P 1+p

Case (ii): Alternative hypothesis is H, : R<Rg, which is equivalent to H; 1p<pPp-

We first find the most powerful test (MPT) for H; :p=p, against H, :p;(< po).
The critical region of the MPT is given by

W2 = {Vmn | 2(Vmp) > K,

where k is determined from the size condition and
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(X,;+l 1
B if0<v,,<—
Po " Ll+pg
ooy +2
K(V )= f(Vm,n;pl) _ ptx*y+lpa:+1 Vm,n ! if 1 <V < 1
mh f (Viyn:Po) o M 1-Vpn 1+pg ™ 14p,
ay+l 1
Po if <Vp, <L
P1 1+po '

Clearly A(vmy) is such that size condition is satisfied, i.e.,

P(Vmn> Vo ‘ Ho) = a (specified).

1 oy +1
If F ——0,, 0y, Py =—"——>1-0q,
+Po oy oy, +2

v o + 0, +2 o, +1
then v; > I 0 :i[ x (l—oc)] .
- 1

* *

If F L;ocX,OLy,po =2 <l-aq,
1+pg Oy + 0Ly +2

1-v oo, +2 ey
then v, > 0 —p Al A
0 0
Vo

*
a, +1

As vy is independent of p;, W, is the critical region of the UMP test for testing
Ho : R=R, against H; : R<R,.

The power function of the test is given by

(xx+1
1—(1-a)(£j . if0<yy <
Po 1+p

(x;Jrl 1
a[p—oj , if —— <v, <1.
p 1+p

Py (p) =
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