Pak. J. Statist.
2005 Vol. 21(2) pp 159-165

WEIGHTED SCORE TEST FOR COMPARING THE SURVIVAL
DISTRIBUTION IN CASE OF HEAVY CENSORING

Bahrawar Jan, S. Waqar Ali Shah, Mohammad Igbal
Department of Statistics, University of Peshawar
Peshawar, Pakistan
and
Iftikhar-ud-Din
Govt. Post Graduate College Mansehra
Mansehra, Pakistan

ABSTRACT

To compare the survival distribution, the class of weighted mental Haenszal test is
used in the data having censored observations. In this article a test statistic is proposed to
compare the survival distributions of two groups in case of censoring times. The test is
based on weights introduced for the censoring times. A real data set is used to compare
the proposed test statistics with the existing log-rank family tests. The proposed test
performs better to detect the difference in the groups survival distribution as compared to
Breslow, Torane-Ware and the Peto’s and Printice tests.

1. INTRODUCTION

In medical research, there is often a need to compare survival distributions. For
instance researchers may wish to compare the survival times of patients in one age group
to those in another, or to compare two groups exposed to different risk factors.

We are then interested in testing;

Ho:S]_(t)=52(t) against H]_:S]_(t)>52(t)
or H1:S;(t)#S,(t)
The non-parametric tests in the class of Weighted Mental Haenszal can be used to
compare survival distribution for censored data.

Suppose there are two groups with m; and m, observations respectively. Let
Xy eenen , X; failure observations and xj++1, ........ , x;l be the m; _j, censored observations in
group 1 and letyy, ......... , Yj2 be the j, failure observations and y}’m, .......... ,Ymp be the
m, _j, censored observations in group 2.

In Gehan’s generalized Wilcoxon (Gehan 1965) or Breslow test, every observation

(failed or censored) of one group is compared with every observation of the other group
and a score w;; is computed for the result of every comparison, where
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+1 X; >y orx{ 2y;
W; =10 if  x;=yjorx] <yjoryj <x;orx; <yj] (1.2)
-1 X; <yjorx; <yj

The test statistic to be used is:

w=3 zw 1.2)

i=1j=2

Where the sum is over all m;m, comparisons. Hence there is a contribution to the test
statistic W for every comparison, where both observations are failures (except for ties)
and for every comparison where a censored observation is equal to or larger than a
failure. When m; and m;, are large, an alternative method based on the pooled sample is
adopted for calculating W (Mantel, 1967). In the two samples are combined into a single
pooled sample of m;+m, observations, it is the same as comparing each observation with

m
the remaining my+m, — 1. Then W = lei .
i=

The variance has been shown by Mantel (1967) to be:
my+m, 2
mm, > wj

- i=1
V) = oy mg)(my +my 1) =)

For the Cox-Mantel test (Cox 1959, 1972, Mantel 1966), let t; <t, <............ <t, be

the distinct failure times in the two groups together and n;; be the number of failure times
equal to t;, and a;; the number of deaths (failures) in group 1. Let m;; and mj, be the
number of patients at the ith failure time that belong to group 1 and group 2 respectively.
For each of the distinct failure times, the data can be represented by a 2x2 contingency
table:

Groups | No. of Deaths | No. of Survivals | Total

Group 1 ai1 Miz - aix My

Group 2 aip Mz - dip Mmi,
Total Niy n; - Nj n;

The Cox-Mantel test statistic, also referred to as logrank test (Mahesh K.B. and David
M. 1995), is given by:

a2 E(Ay)
|:: i=l , 1.4

ar(AIl):|

||[\/]x
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where,

E(An)= % (1.5)
1
and

var(A;) = milm&é?:.(riil)_ M) (1.6)

It is worth noting that that C? corresponds to the Mantel-Haenszel test statistics
(Mantel and Haenszel, 1959), however, the later requires independence between the
individual contingency tables. The Cox-Mental Test does not require such independency.

The Tarone-Ware (1977) class of statistics has the following form:

K
Zwi[ail _EO(Ail))]
Tw=1=

|:2Wi varg (Ail)}
=

: 1.7)

where w; are constants used to weight the respective tables. Note that TW statistic
includes the Cox-Mantel Statistic as a special case for w;=1.

A further set of weights has been suggested by both Peto and Prentice. Their test is;

K
Wp [ail - EO(Ail))]

PP = i=1 }/ , (18)
K 2
Lglwgp var, (Ail)}
where W,, = S _dj !
pp = j|:|1 ] .

The weighting for this test is similar to the corresponding estimate of Kaplan Meier
survival function at each point.

Mantel (1966) generalized the logrank test (Savage, 1956). This generalization is
based on a set of scores, w;, assigned to the observations. The scores are functions of the
logarithm of the survival function. To estimates the log survival function at t;, using

Np

e(t)= ¥ . (L9)

ti<t; Nj
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The scores suggested by Peto and Peto are w;=1 — e(t;) for an uncensored observation
tiand — e(T) for an observation censored at T. In practice, for a censored observation t;,

wi= — e(t), where t; is the largest uncensored observation such that t; <t;. Thus the

largest the uncensored observation, the smaller its score. Censored observations receive
negative scores. The w scores sum identically to zero for the two groups together. The
logrank test is based on the sum S of the w scores in one of two groups i-e

K K m.n.
§= Yay -y
i=1 i=1 N
The Cox-Mantel test statistic can be written as:

c-__ S (1.10)

K %
{Zvaf(Au)}

i=1

A generalization of the Wilcoxon two-sample rank test is described by Peto and Peto
(1972). Similar to the logrank test, this test assigns a score to every observation. For an

] O
uncensored observation t;, the score isu; = S(t+) +S(t—)—1,, and for an observation

0 0
censored at T, the score isu; =S(T) -1, where S is the Kaplan-Meier estimate of the
survival function. Using the same notation as used for Cox-Mantel test, the score for an

O O m]
uncensored observation t; is u; =S(t;) +S(t;-;) -1 and S(0) = 1 and that for a censored

0
observation tj+ is u; =S(t;) -1, where t; <t}’. These generalized Wilcoxon scores sum
to zero. The test procedure after the scores are assigned is the same as for log-rank test.

2. PROPOSED TEST STATISTIC
The tests outlined in the introduction are developed only for the failure time

comparison. We propose a new weighted score test to compare the survival times at both
censored or failure times. Suppose there are two groups with having m; and m,

observations. Let xg, ........ , X failure observations and X[j,........ ,xr;l be the m; _ j;
censored observations in group 1 and let yy, ...... » Yjo be the j, failure observations and
12 T - ,Ym> be the m,_j, censored observations in group 2.

Letlet t; <t, <.......... <t, be the distinct survival times (failure or censored times)

in the two groups together and D; be the number of failure as a whole at time t;, and d;;
the number of deaths (failures) in group 1. Let c;; be the number censored at time t; in
group 1 and C; be the number censored as a whole. Let n;; and n;; be the number of
patients at the ith survival time that belong to group 1 and group 2 respectively.
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For each of the distinct failure times, the data can be represented by a 2x3
contingency table:

Groups No. of No. of No._ of Total
Deaths censored Survivals
Group 1 dix Ciy lia Niy
Group 2 diz Ci2 li2 Ni2
Total di Ci Ii N;

The new test statistics is based on the weights developed as a function of the number
Nig =Ci
Nip
and W;<1 in case of censored observation at time f;

censored as W, = { } known as non-censored rate. Where W; =1 for no censoring

Then proposed weighted scores test is then based on the score given as;
k k n.
Sw = 2XWidi -2 W, Gy, (2.1)
i=1 i=1 n;
The score value will be negative if there are no deaths at time t;, that is
k n.
S, =-3W, dinyy (2.2)

The test statistic can be written as;

Cw = k Sw 7 (2.3)
{zl W var(d u)}
where
var(dy) = M2 RS ””rj_ic(’;f_”_‘l_)d‘) - (24)

This test statistic also comes in the family of Tarone-Ware class of statistics. i.e.

k
) Wi[dil_EO(dil))]
Sw =12

|:2Wi vary (dil):|

i=1

(2.5)
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where W; are constants used as weight for censored time at t;. Note that if the weights are
fixed to 1 then all test statistics are similar to Cox-Mantel Statistic. It happens only when
there is no censoring.

It is assumed that this test statistics has a chi square distribution with 1 d.f.
3. COMPARISON OF THE TESTS BY APPLICATION TO REAL DATA

The Stanford Heart Transplant data are a classic survival data set with time dependent
covariates. The well known data set has been considered and analyzed several times. The
data set contain 103 patients 69 of them received transplants. The censoring rate is 27%.
The response variable is Survival time. The observed survival time is indicated to be
censored or uncensored by the survival status.

We make use of the proposed weighted score test on this data and compare it with the
traditional tests in the class of weighted Mantel-Haenzsal test. Mostly the researchers
considered age 40 years as the cutting point for the survival time of the patients. We
considered the patients of age below 40 as group-I and above as group-I1 for the patients
under investigation. Table-1 contain the comparison of these two groups, with the help of
various tests i.e. Breslow, Torane-Ware, Peto’s and Printice (Mahesh and David, 1995)
and in comparison with the proposed one.

Table-1:
Comparison of Test Statistics
Test-Statistics D.f | Chi-sq p-values | Cum. Prob.
Breslow 1 0.06840 | 0.793681 0.206319
Torane-Ware 1 0.00126 | 0.971684 0.028316
Peto & Printice 1 1.95700 | 0.161835 0.838165
Proposed Weighted Scores-Test 1 2.13000 | 0.144441 0.855559

The Breslow uses the number at risk as weights for the difference of observed and
estimated deaths, gives the chi square value as 0.0684 with p-value 0.794 fails to detect
the difference. The Torane-Ware test uses the square root of the number at risk as weights
for the difference of observed and estimated deaths, gives the chi square value as
0.001264 with p-value 0.972 also fails to detect the difference. The Peto’s and Printice
uses the Kaplan-Meier survival function as weights for the difference of observed and
estimated deaths, gives the chi square value as 1.957 with p-value 0.162 has an improved
value than the other two test to detect the difference. The proposed weighted score test
uses the proposed Weighted Kaplan-Meier survival function as weights for the difference
of observed and estimated deaths, gives the chi square value as 2.13 with p-value 0.144 is
the most sensitive in comparison to the others to detect the difference between the two
groups.

In contrast, both the Peto’s and Printice and the proposed methods are more accurate
than others in case of heavy censoring. Of these two, the proposed method is still
performing slightly better, although the difference is perhaps less.
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4. CONCLUSIONS

The proposed test may be considered in the class of weighted Mental Haenzsal tests.
This test uses weights introduced for the weighted Kaplan Meier survival curves (Jan, B.
2004) as the weights for the difference of observed and estimated events occurrence.

The Stanford Heart Transplant data is used to compare the proposed test statistics
with the class of weighted Mental Haenzsal score tests. The data is divided in to two
groups by the cutting age point of 40 years of age recommended by many authors. The
Breslow, Torane-Ware and the Peto’s and Printice tests were failed to detect the
difference in the survival distributions of the two groups. The proposed weighted score
test is more closer to detect the difference having a p-value smaller than all others.
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