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ABSTRACT

The problem of testing a point null hypothesis in Poisson distribution is considered.
The Bayesian measure of evidence against the null hypothesis is compared with P-value
(or observed significance level). Lindley and Jeffreys approach is followed for Poisson
distribution.

Bayesian measure of evidence against the null hypothesis expressed in terms of the
infimum of the posterior probability of the null hypothesis when the infimum is taken
over the class of the some reasonable priors. The result shows that the P-value is much
lower than the lowest probability obtained even if all priors are considered. This
irreconcilability between P-value and any Bayesian analysis of null hypothesis is no
longer valid for one sided null hypothesis
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1. INTRODUCTION

The irreconcilability of Bayesian evidence and frequentist evidence has been
extensively studied by many authors. When the null hypothesis consists of a single point,
it has been known that these two measures evidence are different. Lindley in his famous
paper, “A Statistical Paradox” considered a Normal distribution with unknown mean,

N(8,0°) and showed that for testing H, :0 =8, versus H, :0#6, with a fixed

significance level, the posterior probability of null hypothesis would be increased closely
to one as the sample size increased. He used a improper Uniform fixed prior for the
parameter mean. Such a result can be obtained by Jeffreys' approach. Jeffreys (1961)

suggested reporting the posterior probability of and H, and H, based on assigning

equal prior probability to the two hypotheses and using a conjugate prior. Although he
did not refer to it as paradox and did not compare significance level with the posterior
probability of null hypothesis again his approach leads to confirming Lindley's result. In
an interesting paper by Edwards et al. (1963) it was shown that this discrepancy between
two evidences is not dependent on precise fixed prior and its occurrence even as a class
of priors is considered. A similar method was used by Dickey (1977) examine the
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302 The Discrepancy of p-values

infimum of the Bayes factor of H, under classes of priors. The problem has been

discussed and commented by some other workers including Bartlett (1957), Pratt (1965),
Shafer (1982) Berger (1985), Good (1987), Bas and Sanches (1989) and Lee (1996).

Expanding on these earlier works, Berger and Sellke (1987) considered the Normal
distribution with some various class of the priors, including the class of all distributions.

The result was even taking all priors the infimum of the posterior probability of Hto be

true is much larger than the significance level. The similar result was shown by Berger
and Delampady (1987) for Binomial distribution (see also, Berger and Mareta, 1994).
The distinction has been also studied independently of the sample size. In fact the
distinction between the two approaches also exist even without increasing the sample
size. An extensive list of references in this area are included in Shafer (1982) and Berger
and Mereta (1994). In this paper some attempts have been made to expand this problem
to the Poisson distribution. The motivation is that the Poisson distribution has an infinite
discrete random variable.

The paper is organized as follows: In section 2 some notations and necessary
preliminary results are presented. The main results will be given in the two next sections.
Section 3 is devoted to comparison between the posterior probability and the significance
level when a fixed prior has been used to obtaining the posterior distribution and the
sample size increase. In section 4 some lower

bounds on the posterior probability when the prior distribution of H, is allowed to vary

within some reasonable class of distributions is examined. The comparison is also
considered independently of the sample size. Finally, some comments and conclusions
are given in section 5.

2. NOTATION AND PRELIMINARY RESULTS

Consider simple situation of observing a random variable X having density f (X |8)
where 6 is an unknown parameter assuming values in parameter space @1 R. It is

desired to test the null hypothesis H, : 6 =0, versus the alternative H,: 8 # 8, where

90 is a specified value of parameter

corresponding to null hypothesis. In classical approach the significance level or P-value
is based on the probability of exceeding some test statistic, T (X), from its observed
value, i.e.

P —value =P, (|T(X)|>t(X)) 1)
As an example to test H, : 8 =6, versus H, : 8 # 8, for Normal distribution

T(X)=+n|X-6,|/0
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where X is the sample mean and then
P-value=2@1-®(t))

where @ is the standard normal cumulative distribution function and
t=vn|X-6,|/0.

In the case of Poisson parameter there is no symmetry of the definition of P-value.
Therefore, the P-value is difficult to obtain. Instead of this definition, the intrinsic

significance level” is suggested. Choosing T (X) =1/f (X|6,) in (1) leads to
defining the P-value as

P-value=P,, ({y:f(y8,)l<f (x6,} ) @)

Such a definition has been used by Berger and Delampady, 1987 for the non-
symmetric Binomial distribution (see Kemptorne, 1976 for more detail).

In Bayesian approach the probability of H, 0= 90 is denoted by 77, and
11, =1— 711, as the probability of H, :0# 6, and it is supposed the mass on H, is
spread out according to the density ¢ (8) . The marginal density of X is

m(x) = 11, f (|6, ) + (@1 -11) M (X)
where

m, (x) :Iweo f(x|6)g(B)de.

The posterior probability of H, is given by

-1

1-1,  m,(x) 1-T 1 O
P(H,[X) =@+ 0 x_3 + X ®)
(Holx) % - f(x|90)% B0

where B(x,g) =f (x| 6,)/m, (X) is the Bayes factor for H, versus H, .

In Bayesian approach the posterior probabilities of hypotheses are primary Bayesian
measures in testing problems. One may calculate the posterior probabilities P (H0 | X)
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and P(H, | X) and decides between H, and H, accordingly. Many people are more

comfortable with the Bayes factor. In this article we focusson P (H,| X) .
3. JEFFREYS-LINDLEY PARADOX IN POISSON DISTRIBUTION

Consider testing H,:0=0, versus H,;:8#06,. In classical approach and using

approximation, the
Normal distribution to Poisson distribution P-value is given

_ _ (x) =6,
P —value =P, (|T(X)|>t(X)) —1—2¢H[— 4)
H Vne, f

where t(X)is zin:lxi . Now consider a Bayesian who gives the probability TT, to
H, and preads the mass out on Hjaccording to the vague prior density

g(6) =1;60R * . It can be used to obtain the posterior distribution as

e~ gL00)
0 n
(X.)
P(80|X) = ™00 gL (%) I_l —n® L0
T, +(1-1,) J’ g de
|-|| 1( i! I_l i'
-1
0 1-
= A+~ ¢ (x)1e™ (n@, )"
o T4
=1
~ Sf+l_n° 2n (ne"—t(x))(Lex))t(x)ﬂg
| TG, '[(X) o 0

Following Jeffreys, gamma distribution is used as the conjugate prior,
g(®) =Re™0°" / I'(a),B,a>0withE,(8) =a/B =6, toobtain the
posterior probability of 90 given X
.r[oe—ne0 et(x)
6, Ot(x) —(B+n) t(x)+a-1
e ™0™ +(1- ) B de
I r( )

P(8,]x) =
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— a6, 7t
=5+1—ﬂo (x)+a-10 o t(x)g -
g T t(x) ne+a)™ g

It depends on a. For special case a = 1 and some easy calculation

-1
|:| 1_ 2T[ no, —t(x X X))+, |:|

P(B,[x) =+ T 2T (no-t( ))(nte(ozl)t( g ©)
O T Vi) i

Table 1 shows the posterior distribution of H,:8=1 versus H,:0%1 using

1, =1/2 with g(B) =1 prior, P, (H,X) given in (5), and with g (6) = e_% /6,
prior, P, (H0| X) =1 given in (6), and increasing of N =nNB,. They are compared
with P-value equal to 0.10, 0.05 and 0.01. As can be seen from the Table with a fixed P-
value the posterior probability of H be true is increasing

to one as n increases no matter how small the P-value. Some other value of a was
examined and similar results were obtained. For a statistician with Bayesian approach

with n =20, H is supported with t(x) = 29, while it is rejected with P-value of 0.05 for
a classic statistician.

Table 1: Increasing of P (H,| X) with sample size, T, =1/2
and P-value=0.10, 0.05 and 0.01

P-value = 0.10 P-value = 0.05 P-value = 0.01

N=n6, P.(Ho[X)| Py (Ho[X)| PL(HoIX) | Py (HolX) | PL(Hy|X) | Py (Hy[X)
5 0.183 0.567 0.083 0.402 0.048 0.302
10 0.241 0.599 0.128 0.415 0.061 0.286
20 0.312 0.644 0.200 0.520 0.780 0.293
40 0.392 0.659 0.244 0.550 0.101 0.316
50 0.419 0.714 0.292 0.599 0.110 0.327
100 0.506 0.767 0.358 0.650 0.142 0.370
200 0.592 0.816 0.480 0.718 0.185 0.423
400 0.673 0.859 0.547 0.767 0.237 0.491
1000 0.765 0.903 0.651 0.843 0.324 0.586
5000 0.879 0.953 0.804 0.919 0.511 0.746
10000 0.912 0.966 0.854 0.979 0.681 0.804

The result is simply that small P-value gives a misleading impression as to the validity of
H, . That is because in the case very large sample even minor departure from H, leads
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to rejecting H,. As Kass and Raftery (1995) also pointed out, frequentist tests tend to

reject null hypotheses systematically in very large samples. This is a real problem in
sociology where data sets are frequently have thousands of such samples. It should be
awarded especially for non-statisticians who dealt with such cases and used common P-
values.

4, LOWER BOUNDS ON POSTERIOR PROBABILITIES

In this section it is attempted to dismiss the conflict between P-value and the posterior
probability. One might argue that the difference between P (H | X) and P-value given

in Table 1 is due to choosing g (6) to be specified. This leads to looking at lower

bounds on P (H, | x) when the distribution of & given that H, is true, g (6)is allowed
to vary within some classes of distributions G where G is a reasonable class of
distributions. Therefore, ig(f3 P(H, |x,G) iscompared with P-value. Letting

d

P(H,[x,G)=inf P(H, |x,G)

o ., _ supm,(x)0"
E(H0|x,G):%+1 Ty 9%
5 L

-1
:%+1_T[°X 1 E .
f(x18,) O T BXIG)O

1|

where B(x|G) is the irD1(1: B, (X) =f(x|8,) / supm, (x)is the Bayes factor for
g gdG

H, versus H, . This approach can highlight discrepancy between posterior probabilities

and classical P-values. It is extended by Berger and Sellke (1987) and followed by Berger
and Delampady (1987) in normal distribution. Berger and Delampady (1987) then looked
at Binomial distribution that is no longer a natural definition of symmetry as normal
distribution. They developed a variety of different classes of G and showed the similar
results as in normal distribution. i.e. for all considered classes the lower bounds were
markedly larger than the P-values. The classes are:

Ga ={all possible distributions}
Gus ={all uni-model distributions symmetric 6, }
Gy = {all distributions with median 8, } @)

Gumeo = {all distributions with median and model 90 }

These classes are surveyed in this paper.
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4.1 Lower Bounds for G , = {All Distributions}
The simplest results with elementary proof are for G,

Theorem 1: Totest H,:0=08,versus H,:0 Z6,when gG,
-1

Ho1- 0
P(H,|x,G,)= m+1—mxe(eo_X)%éD ®
i NiE

Proof: omitted.

The corresponding P-values and the values of P (H,|x,G,) with 77, =1/2 are given
in third and fourth columns of Table 2, respectively. The various values of 90 and x have

been examined. As can be seen lower bounds of posterior probabilities for G, are much
larger than P-values.

The class of G, is such a large class and includes large unreasonable priors. This leads

to suspicion that using G, biases the conclusion against H, and looks at using more
reasonable classes of priors.

4.2 Lower Bounds for G = {All Uni-modal Distributions Symmetric about 6, }

A reason required for priors is to be uni-modal symmetry assumption. The class of such
priors on 8 ¢90 has been denoted by G 5. The following theorem shows minimizing

P(H,|x,G) over g OG .
THEOREM 2: To test H,:0 =8, versus H,:8#8, when g G,
O K -0 gy gy

1-m Sup[ e B(u) duD
e 0

]
u®+20,+u,/u® +26,

2

-6, X
e 0,

where B(u) =
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Proof: The proof has been given in Berger and Delampady (1987) for Binomial
distribution. The similar proof can be used with transforming

-6,
N

and inverse function

6(u) = u® +20, +u,/u’ +26,
= . _

Comparison between P-value and P (H,|X,G ) is shown in the third and the

u(@) =

fifth columns of Table 2. As was expected, because of G, [ G then

P(H,|X,G,)<P(H,|X,G ) ie. the greater the difference between P-value, the
lower bound on posterior probability.

The reasonable classes of densities priors may also be obtained by specifying their
mode and their median. The class of G,,, defined in (7) includes all densities priors with
median B, . This is an honest decision to devote half of the weight to less than 8, and
the another half to greater than 8. The class of G,,,, is more restricted than G,
wherein g is also non-decreasing on [0,90] and non-increasing on [90,00] . Because
Gye UGy then P(H, X, G\ )SP(H,|X, G,y ) - The next two subsections are

devoted to comparison between P-value and P(H | X, G) in these two classes.
4.3 Lower Bounds for G, = { All Distributions with Median 6,}

Theorem3: H,:0=0, versus H,:0 Z8,when gLIG,,,

-1

_ O
P(H, %G, )= 01T +17Th xewo-“%am (10)
g2m, 2 0

ﬂo =

Proof: For X 26, we have

_ S%e %0 Yk
my () =] o 91(9)0|9+_[eo "

g,(8)de.

g, and g, are both nonnegative and e 8" has its maximum at @ =X.. Also
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[} 9,(@)d0= [} g,(8)d0=-

-8nx -6y 0
supjoe 0 (e)ole_1 ¢ ? 11)
and
€78 o (@)do=ix® X
s;pjeo 9,(8) ——>< o (12)

Combining (11) and (12) with easy calculation complete the proof. For X < Gothe

similar approach can be applied. The results are shown in the sixth column of Table 2. As
can be seen from the Table, the discrepancy between P-values and the posterior
probabilities becomes more than

P(H, [x,G,) and P(H, [X,Gs).
4.4 Lower Bounds for G,,,, = {All Distributions with Median and Mode 8, }

Theorem4: H,:0=6,versus H,:0 Z6,when gG,,,

supE g0 g e

5 k>0 k J8

0
O
e %0’ 0
E

+

e
+

e

X 26,

N
e

)
e

E(HolxiGMeo)z (13)

sup e 0*dep
o

k>0

+
e
+

X<8,

mOonso MORDO
N
o
N
o=|

0 D
= D
O X
0 e "6; 0
= H

e

Proof: Suppose X<0,

—9 X -0
0 gl(e)d9+supI 9

sup m, (x)= supJ’ g,(0)d6.

QDG Meo
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g, and g, are both nonnegative, g, is distributed non-decreasingly on [0,90] and

g, is distributed non-increasingly on [90, 00] . Also

[ 9.(@)do=[ g,(6)do="

Because e_eex/x! is decreasing on [X,OO] and 6,0 [X,OO] then

Sex 1eeoex
g, O)de=>"—
Xt

(14)

spI

—eex

For supI g,(0)do take

EB 6<6,
1O =0 _g 050,

we have

8 e7°0*

supJ’

_ 1 e
gl(e)de—s;pgjo h(x,0)g,(6)dé
where

Oe 0" <6,

h(x,0,) =
0:9)=0co-0 0. _ gy p<p,

and g, (8) is nonnegative, uni-modal and symmetric about 8, with

20,
[["9.0) o=

Now because g5 (6) is uni-modal and symmetric about 8, then it is the mixture of the

Uniform distributions U (8, — K, 9 + k) k>0 and

1 & 1
il - = - - 15
supI h(x 0)g,(0)d6= sup 4k h(x 0)de= skli[g ZKLo_k X!h(x,e)de (15)

Combine (14) and (15) to obtaln
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1 De X 1 e0 3] X |:|
sup m. (X)=—r&™0; + sup — e*0,d0o
gp g() 2X'§ 0 k>E)) 8ok 0 E

For X >90 the similar way can be followed to obtain (13).

Results of comparison between P-values and lower bounds of posterior probability when
g belongs to the class of G,,,, priors are shown in the last column of Table 2. Because
this class is the smallest class between the previous classes distinction between classical
measure and Bayesian measure against H, hypothesis is much more than before.

Table 2: Lower bounds of P(H,|X,G) with the various types of prior densities class

T, =1/2
6, | X | Pvalue [P(H,|x,G,)|P(Ho|% Gus)[P(HolX,Gye) [P(HolX,Geo)
1 3 0.080 0.215 0.274 0.301 0.339
1 4 0.019 0.073 0.116 0.127 0.167
2 4 0.004 0.017 0.033 0.033 0.049
2 5 0.143 0.316 0.362 0.387 0.414
2 7 0.053 0.171 0.221 0.254 0.300
2 9 0.005 0.023 0.043 0.043 0.068
5 9 0.102 0.216 0.274 0.306 0.347
5 10 0.004 0.172 0.183 0.202 0.257
5 12 0.005 0.029 0.054 0.055 0.089
5 14 0.001 0.004 0.006 0.009 0.016

As can be seen from Table 2 the lower bound for G,,,, class is largest. It followed by
G, and G bounds, respectively. This three classes that attempt to spread mass on

both sided about 90, have moderately similar lower bounds and much larger than P-

values, about four times or even more than P-values. This is expected and supports the
notion of discrepancy between significance testing and posterior probabilities in testing

precise hypotheses. It should be mentioned that the lower bound for G, is different than

other lower bounds, nearly two or three times as much as P-values. It is because that G ,
class is too large and includes many unreasonable priors.

5. COMMENTS AND CONCLUSIONS

The results given in section 4 confirm those given by Berger and Sellke (1987) in normal
distributions and those given by Berger and Delampady (1987) in Binomial distributions.
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It should be noted that these results will fail to one sided H,:0<6,(60=6,) versus
H,:0 >6,(0<8,) . Because,

o e_eoej
P—value:P(sz):Z - 2
jl

17X

Now using vague distribution g (6) =1 on entire R™ as prior

N N P - -
P(eseo)—’[0 ” dG-;J’Oe 0 de—JZX ; =P —value

Also using I (a, B)with a >1 as prior distribution it leads to the result that the P-

value is even greater than the posterior probability of P(6< 6, |X) . (see Casella and

Berger, 1987 for similar results in location family distributions). This is recommended
using a different strategy between one sided testing and sharp null hypothesis testing.
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