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ABSTRACT

In this note we consider simultaneous estimation of small area totals of a finite
population assuming multiple regression equation of the study variable on a set of p
auxiliary variables for each small area, when the regression coefficients are indepen-
dent samples from a p-variate distribution and when the true value of the variables
cannot be measured but only values mixed with measurement errors.
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1. INTRODUCTION

Let P be a finite population consisting of A mutually exclusive and exhaustive small
areas or domains Pa of size Na,P = ∪aPa, N =

∑
aNa(a = 1, . . . , A). A sample s

of size n is drawn from P using any sampling design, sa of size na being the part of s
which falls in Pa, s = ∪asa, n =

∑
a na. Assume that na > 0 ∀a. Let ‘y′ be a study

variable taking value yai on unit i belonging to area a(i = 1, . . . , Na; a = 1, . . . , A).
We assume that the true value yai cannot be observed but a different value Yai mixed
with measurement errors. Also, assume that associated with (ai) there are fixed
(non-stochastic) true values xaij of p auxiliary variables xj(j = 1, . . . , p) each of
which is closely related to the main variable y of interest. However, like y, xaij ’s also
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cannot be measured correctly, but some other values Xaij mixed with measurement

errors. Our aim is to estimate simultaneously the area totals Ta =
Na∑
i=1

yai on the

basis of the data (Yai,Xaij , a = 1, . . . , A, i ∈ sa, j = 1, . . . , p) and an assumed
relationship between y and xj ’s.

2. THE MODEL

We assume that the true value yai ia actually a realization of a random vari-
able Yai, the vector Y = (Y11, . . . ,Y1N1 , . . . ,YA1, . . . ,Y1NA

)′ having a joint dis-
tribution ξN . However, since both yai and Yai are unknown, we make no nota-
tional distinction between them. We also assume that the sampling design is such
that no selection bias is present i.e. the vector ys = (y′1s, y

′
2s, . . . , y

′
As)

′ where
yas = (ya1, ya2, . . . , yana

)′(a = 1, . . . , A) obeys ξn. Let

Yas = yas + uas

with
E(uas) = 0, E(uasu

′
as) = σuuIna

(2.1)

E(uasu
′
bs) = 0 (a �= b = 1, . . . , A)

Here uai is a measurement error corresponding to observation Yai. Further, assume
that

yas = Xasβa + αa1na
+ eas

with
E(eas) = 0, E(ease

′
as) = σeeaIna

(2.2)

E(ease
′
bs) = 0, (a �= b = 1, . . . , A)

eas being distributed independently of uas. Here, 1q = (1, . . . , 1)q×1,Xas = ((Xaij , i ∈
sa, j = 1, . . . , p))na×p, eas = (eai, i ∈ sa)na×1, eai being an error in equation cor-
responding to true value yai, βa = (βa1, . . . , βap)′, a vector of regression coeffi-
cients, and αa is a general effect due to area a. Assume rank(Xas) = p ∀a and
min ana > p+ 1.

Also assume that
Xas = xas + vas (2.3)

where vas = ((vaij , i ∈ sa; j = 1, . . . , p))na×p, vaij being the error of measurement
corresponding to the true value xaij . Assume that the errors vai = (vai1, . . . , vaip)′

are distributed independently of vbk[(ai) �= (bk)], each having mean 0 and disper-
sion matrix D(vai) = Diag (σv11, . . . , σvpp). Also, assume that vai is distributed
independently of uai and eai.
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Again, assume that the regression coefficient βa are independent samples from a
distribution with mean β̄ and dispersion matrix D, i.e.

βa = β̄ + ηa (2.4)

with
E(ηa) = 0, D(ηa) = D

E(ηaη
′
b) = 0 (a �= b = 1, . . . , A)

We assume that ηa is distributed independently of uai, eai and vai.We shall assume
that σuu, σvjj(j = 1, . . . , p) are known and β̄, αa, σeea(a = 1, . . . , A) and D are
unknown and require to be estimated. The general theory of random coefficient
regression models have been considered by Swamy (1970), Dempster, Rubin and
Tsutakawa (1981) and its applications in small area estimation by Prasad and Rao
(1990), Lahiri and Rao (1995), among others.

3. BEST LINEAR UNBIASED ESTIMATION

We have
Yas = yas + uas

= Xasβa + αa1 + eas + uas

= Xasβ̄ +Xasηa + αa1 + φas

(3.1)

i.e.
Ys = X̃sγ + Zsη + φs (3.2)

where
Ys = (Y ′

1s, . . . , Y
′
As)

′
n×1

γ = (β̄′, α′)′(p+A)×1, α = (α1, . . . , αA)′

η = (η′1, . . . , η
′
A)

′
(Ap×1), φs = (φ′1s, . . . φ

′
As)

′
n×1

φas = (φa1, . . . , φana
)′, φai = eai + uai

(3.3)

X̃s =



X1s 1n1 0 · · · 0
X2s 0 1n2 · · · 0
. . . . . . .

XAs 0 0 · · · 1nA




n×(p+A)

, Zs =
A⊗

a=1
Xas

where
m⊗

t=1
(At) denotes the block diagonal matrix Diag (A1, . . . , Am). Hence

D(φ) = σuuIn +
A⊗

a=1
(Ina

σeea)

= R (say)
(3.4)

We are required to predict the domain total Ta =
Na∑
i=1

yai, given the data {Yas,Xas, a =

1, . . . , A}. Using Royall’s (1970) approach, a predictor of Ta is, therefore,

T̂a =
∑
i∈sa

Yai + µ̂a (3.5)
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where µ̂a is a model-unbiased estimator of

µa =
∑

i∈(Pa−sa)

E(yai)

= l′aγ +m
′
aη

(3.6)

where

l′a = 1′Na−na
[Xas̄ 0 0 . . . 0 1 0 . . . 0](Na−na)×(p+A)

m′
a = 1′Na−na

[0 . . . 0 Xas̄ 0 . . . 0](Na−na)×pA
(3.7)

Xas̄ = ((xaij , i ∈ Pa − sa, j = 1, . . . , p))(Na−na)×p

Here T̂a is a predictor of a realized value of Ta.

Let θ be the ν × 1 vector containing the distinct elements of D and σee1, . . . , σeeA,

where ν = [p(p+1)
2 + A]. Assume that θ is unknown. It is then known due to

Henderson (1975) that the best linear unbiased predictor ( BLUP ) of µa is

µ̂a(θ) = l′aγ̂s +m′
aGZ

′
sV

−1
s (Ys − X̃sγ̂s) (3.8a)

where
G = Diag (D)Ap×Ap (3.8b)

Vs = R+ ZsGZ
′
s (3.8c)

is the variance-covariance matrix of Ys and

γ̂s = (X̃ ′
sV

−1
s X̃s)−1X̃ ′

sV
−1
s Ys (3.8d)

is the generalized least squares estimator of γ. It is assumed that Vs(θ) is non-
singular for all θ ∈ I, which is an interval in ν−dim. space containing the true
value of θ as an interior point. Now

Vs =
A⊗

a=1
Φas (3.9)

where
Φas = σuuIna

+ σeeaIna
+XasDX

′
as

Therefore,

γ̂s =




A∑
a=1

X ′
asΦ

−1
as Xas X ′

1sΦ
−1
1s 1n1 X ′

2sΦ
−1
2s 1n2 . . . XAsΦ−1

As1nA

1′n1
Φ−1

1s X1s 1′n1
Φ−1

1s 1n1 0 . . . 0
1′n2

Φ−1
2s X2s 0 1′n2

Φ−1
2s 1n2 . . . 0

. . . . . . .
1′nA

Φ−1
AsXAs 0 0 . . . 1′nA

Φ−1
As1nA




−1

(p+A)×(p+A)
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


A∑
a=1

X ′
asΦ

−1
as Yas

1n1Φ
−1
1s Y1s

...
1′nA

Φ−1
AsYAs




(p+A)×1

(3.10)

Here
GZ ′

s = ⊗(DXas) (3.11)

Using (3.5)-(3.11), T̂a can be found out. Now, estimate of β̄ is obtained from the
first p components of γ̂s. Clearly, ˆ̄β, α̂ depend on the data from all the small small
areas a(= 1, . . . , A). Thus, the estimate of the small area total T̂a borrows strength
from all the other areas , b(�= a) = 1, . . . , A.

Now we consider estimation of parameters in θ. Let us denote V (φai) = σφφa =
σuu + σeea. We have

σ̂φφa =
1

na − p− 1
Φ′

asHaΦas = saa (say) (3.12a)

where
Φas = Xasηa + eas + uas (3.12b)

Ha = Ina
−Was(W ′

asWas)−1W ′
as (3.12c)

Was = [Xas1na
] (3.12d)

Since σuu is assumed to be known, σ̂eea = saa − σuu.
Let ba be the ordinary least squares estimator of βa based on the sampled units

in the small area a. To estimate D we treat the quantities ba as a random sample
of size A.

ba = (X ′
asMaXas)−1X ′

asMaYas, (3.13a)

where

Ma =




1− 1
na

− 1
na

. . . − 1
na

− 1
na

1− 1
na

. . . − 1
na

. . . . . .
− 1

na
− 1

na
. . . 1− 1

na




na×na

. (3.13b)

Let

sb =
A∑

a=1

b′aba − 1
A

A∑
a=1

ba

A∑
a=1

b′a, (3.14)

sb/(A− 1) is the sample variance -covariance matrix of ba’s.
Writing

ba = βa + (X ′
asMaXas)−1X ′

asMa(eas + uas) (3.15)

and taking expectation of both sides of (3.15),

E(sb) = (A− 1)D +
A− 1
A

A∑
a=1

σφφa(X ′
asMaXas)−1 (3.16)
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Hence

D̂ =
sb

A− 1
− 1
A

A∑
a=1

saa(X ′
asMaXas)−1 (3.17)

The two-stage estimator or empirical best linear unbiased prediction (EBLUP) es-
timator of Ta is given by

T̂a(θ̂) =
∑
i∈sa

Yis + µ̂a(θ̂)

Kackar and Harville (1984) showed that under some generally satisfiable conditions
both the estimators T̂a(θ) and T̂a(θ̂) have the same expected value. In large sam-
ples, γ̂s(θ) has the same asymptotic properties as γ̂s(θ̂). Under general regularity
conditions both the estimators T̂a(θ), T̂a(θ̂) are consistent.

4. ESTIMATION OF MSE (T̂a(θ̂))

It is known from Kackar and Harville (1984) that

MSE(T̂a(θ̂)) ≈MSE(T̂a(θ)) + trace[A(θ)B(θ)]

= M̃(θ) + trace[A(θ)B(θ)] (say)

=MKH(θ) (say) (4.1)

where
A(θ) = V ar[d(Ys; θ)]
B(θ) = E[(θ̂ − θ)(θ̂ − θ)′]
d(Ys; θ) = ∂T̂a(Ys;θ)

∂θ

]
θ=θ̂

Prasad and Rao (1990) approximated trace[A(θ)B(θ)] by

trace[(∇c′a)Vs(∇c′a)′E{(θ − θ̂)(θ − θ̂)′}]
= g(θ) (say) (4.2)

where

∇c′a =
∂c′a
∂θ

c′a = m′
aGZ

′
sV

−1
s

Hence, an approximation of MSE(T̂a(θ̂)) is

M̃(θ) + g(θ)

=MPR(θ) (say) (4.3)
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It is customary to ignore the term g(θ) and use M̃(θ̂) as an estimator ofMSE(T̂a(θ)),
but this approximation may lead to serious under-estimation. An approximately
unbiased estimator of MSE(T̂a(θ̂)) is

M̃(θ̂) + 2g(θ̂)

= mse(T̂a(θ̂)) (say) (4.4)

For the present case,
M̃(θ) = l′a(X̃

′
sV

−1
s X̃s))−1la

+m′
aGZ

′
s[I − V −1

s X̃s(X̃ ′
sV

−1
s X̃s)−1X̃ ′

s]V
−1
s ZsG

′ma (4.5)

For the case of one regressor variable x,

c′a = [0 0 . . . 0 D(
∑
k∈s̄a

xak)x′asφ
−1
as 0 0 . . . 0]1×n

D(
∑
k∈s̄

xak)x′asφ
−1
as = F (

∑
k∈s̄

xak)x′as[I −
Fxasx

′
as

1 + F
∑

k∈sa
x2

ak

] (4.6)

where
σkka = σuu + σeea, F =

D

σkka
.

For further details on results of estimation of mean square error of estimators of
small area parameters, the reader may refer to the reader may refer to Prasad and
Rao (1990), Lahiri and Rao (1995), Mukhopadhyay (1998), among many others.
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