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ABSTRACT

In this note we consider simultaneous estimation of small area totals of a finite
population assuming multiple regression equation of the study variable on a set of p
auzxiliary variables for each small area, when the regression coefficients are indepen-
dent samples from a p-variate distribution and when the true value of the variables
cannot be measured but only values mized with measurement errors.
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1. INTRODUCTION

Let P be a finite population consisting of A mutually exclusive and exhaustive small
areas or domains P, of size No, P = UgPy, N = > No(a=1,...,A4). A sample s
of size n is drawn from P using any sampling design, s, of size n, being the part of s
which falls in Py, s = UgSq,n = ), ng. Assume that n, > 0 Va. Let ‘3’ be a study
variable taking value y,; on unit ¢ belonging to area a(i =1,...,Ny;a=1,..., A).
We assume that the true value y,; cannot be observed but a different value Y,; mixed
with measurement errors. Also, assume that associated with (ai) there are fixed
(non-stochastic) true values z,;; of p auxiliary variables z;(j = 1,...,p) each of
which is closely related to the main variable y of interest. However, like y, z4;;’s also
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cannot be measured correctly, but some other values X,;; mixed with measurement
Na

errors. Our aim is to estimate simultaneously the area totals T, = Z Yai ON the
i=1

basis of the data (Y,i, Xaij,a = 1,...,4,%9 € s5,,5 = 1,...,p) and an assumed

relationship between y and z;’s.

2. THE MODEL

We assume that the true value y,; ia actually a realization of a random vari-
able Vg, the vector ¥ = Vi1, VinNgs -+, VA1, .-, V1N, ) having a joint dis-
tribution &y. However, since both y,; and ),; are unknown, we make no nota-
tional distinction between them. We also assume that the sampling design is such
that no selection bias is present i.e. the vector ys = (¥i,, s, .. Y%,) where

Yas = (yalvyaQa e 7yana)/(a =1,... 7A) obeys gn Let
Yaus = Yas + Uas

with
E(uas) =0, E(uasu;s) = Uqun,,, (21)

E(ugsups) =0(a#b=1,...,A)

Here ug; is a measurement error corresponding to observation Y,;. Further, assume
that

Yas = Xasﬁa + aalna + €as

with
E(eas) =0, E(easegs) = UeeaIna (22)

E(easers) = 0,(a#b=1,..., A)

eqs being distributed independently of uqs. Here, 1, = (1,...,1)¢x1, Xas = ((Xaij, % €
Sasd = 1,.0..D))nuxps€as = (€aist € Sa)n,x1,€ai DeINg an error in equation cor-
responding to true value yu;, Ba = (Ba1,---,0ap)’s & vector of regression coeffi-
cients, and «, is a general effect due to area a. Assume rank(X,;) = p Va and
min ,n, > p+ 1.

Also assume that
Xas = Tgqs + Vas (23)

where Vo5 = ((Vaij, ¢ € Sa;5 = 1,...,P))n.xp> Vaij being the error of measurement
corresponding to the true value z,;;. Assume that the errors v,; = (Vaits - - - Vaip)’
are distributed independently of vy [(ai) # (bk)], each having mean 0 and disper-
sion matrix D(v,e;) = Diag (011, .,0upp). Also, assume that v, is distributed
independently of u,; and eg;.
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Again, assume that the regression coefficient 3, are independent samples from a
distribution with mean 3 and dispersion matrix D, i.e.

ﬂa = 5 + Na (24)

with
E(ne) =0, D(na) = D
Emany) = 0(a#b=1,..., A)

We assume that 7, is distributed independently of w,i, €4; and v,;. We shall assume
that oyy,00;;(j = 1,...,p) are known and B, g, 0eea(a = 1,...,A) and D are
unknown and require to be estimated. The general theory of random coefficient
regression models have been considered by Swamy (1970), Dempster, Rubin and

Tsutakawa (1981) and its applications in small area estimation by Prasad and Rao
(1990), Lahiri and Rao (1995), among others.

3. BEST LINEAR UNBIASED ESTIMATION

We have
Yos = Yas + Uas
= Xasﬂa + aa]- + €qs + Ugs (31)
= XasB + Xasna + aal + ¢as
ie. ~
Yo = Xsv+Zon+ s (3.2)
where
YS - (}jllsa"'ﬂy,élls);mxl
voo= e o= (a1, 04) (3.3)
n = (7]/1’"'777:4)/(Ap><1)7 ¢s:(¢/137"' 145);1><1 ’
¢as = (¢a17 t ¢ana)/7 ¢ai = €qi t Uq;i
Xy 1o, 0 -0
Xs = Xas 0 1n2 0 ; Zs = é% Xas
. . . . a=1
Xge 0O 0 -1,

A= nx(p+A)

where gl(At) denotes the block diagonal matrix Diag (A, ..., A,,). Hence
t=

A
D((b) = Uuul'n, + a@jl(l’na aeea) (34)
= R (say)
Nq
We are required to predict the domain total T, = Z Yai, given the data {5, Xos,a =
i=1
1,..., A}. Using Royall’s (1970) approach, a predictor of Ty, is, therefore,
To=> Yai+fla (3.5)

iESa
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where i, is a model-unbiased estimator of

Ha = Z E(yai)

i1€(Pa—5a) (3'6)
= gy +mgn
where
U, = Uy, [Xas 00...0 10 ... Ol(Ny—na)x(pta) (3.7)
mly, = 1N .0 ...0 Xas 0...0](N,—ny)xpa

Xas = ((xaij,i €EPy—84,5=1,... 7p))(Na—na)><p

Here T}, is a predictor of a realized value of T,.

Let 6 be the v x 1 vector containing the distinct elements of D and g1, ..., 0cca,
where v = [p(pT'H) + A]. Assume that 0 is unknown. It is then known due to

Henderson (1975) that the best linear unbiased predictor ( BLUP ) of u, is

f1a(0) = UAs + m,GZIV (Y — XAs) (3.8a)

where
G = Diag (D)ApXAp (3.8b)
Ve=R+ Z,GZ. (3.8¢)

is the variance-covariance matrix of Y; and
Fo = (XV X)XV, (3.8d)

is the generalized least squares estimator of ~. It is assumed that V(6) is non-
singular for all § € I, which is an interval in v—dim. space containing the true
value of € as an interior point. Now

A
Vo= & @ (3.9)
where
q)as - Uquna + UeeaIna + XasDX:ls
Therefore,
- A R
Z Xt/zsq)(:leaS X{sq)l_sllnl Xés(p;sl 1"2 et XAS(I)Z;IVLA
a=1
3, = 1;“<I>1_{X15 1, o', 0 1 0
1, &5 Xo, 0 U 50, ... 0
;1 . . . ._1
1, 31X A, 0 0 U TR 5773 O PR
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A
Z thzsq);slyas
a=1
1n1q)1_51}/13 (310)
1,92V | praya
Here
GZ; = Q(DXas) (3.11)

Using (3.5)-(3.11), T, can be found out. Now, estimate of 3 is obtained from the

first p components of 4,. Clearly, ﬁ ;& depend on the data from all the small small
areas a(=1,..., A). Thus, the estimate of the small area total T,, borrows strength
from all the other areas , b(#a) =1,..., A.

Now we consider estimation of parameters in 6. Let us denote V(¢a) = 0ppa =
Ouu + Oceq. We have

1
a-¢¢a = N —p — 1q):15Ha(I)as = Saa (Sa}’) (3.12&)
where
Pus = XasTa + €as + Uas (3.12b)
H, =1, — Was(W. W) ' WL, (3.12¢)
Was = [Xas]-na] (312d)

Since 0, is assumed to be known, Gecq = Saa — Tuu-

Let b, be the ordinary least squares estimator of (3, based on the sampled units
in the small area a. To estimate D we treat the quantities b, as a random sample
of size A.

ba = (thstaXGS)ilelstaYaSa (3.13a)
where L L L
S T
M, = Na na " Ta ) (3.13b)
3 3 e -
—E Na 1 o E Na XMNg
Let

A 1 A A
sp = ;b;ba - ;ba;b;, (3.14)

sp/(A — 1) is the sample variance -covariance matrix of b,’s.

Writing
ba = Pa + (X;sMaXaS)_lX;sMa(eas + Uas) (3.15)
and taking expectation of both sides of (3.15),
A-1 4
E(s1) = (A= 1D+ =3 04sa(X¢MaXas) ™" (3.16)

a=1
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Hence

b:

A
1
— - > Saa(X} Mo Xas) ™ (3.17)
a=1

The two-stage estimator or empirical best linear unbiased prediction (EBLUP) es-
timator of T, is given by
Ta(e) = Z Yis + ﬂa(o)

1€Sq

Kackar and Harville (1984) showed that under some generally satisfiable conditions
both the estimators T}, () and T, () have the same expected value. In large sam-
ples, 45(6) has the same asymptotlc properties as ’75(9)~ Under general regularity
conditions both the estimators T, (6), T, () are consistent.

4. ESTIMATION OF MSE (7,(0))

It is known from Kackar and Harville (1984) that
MSE(T,(0)) ~ MSE(T,(0)) + trace|A(0)B(6)]

= M(0) + trace[A(8)B(0)] (say)

— Myn(6) (say) (4.1)
where
A(9) = Varld(Ys;0)]
B@O) = E[0-0)0-0)]
i) = o]

Prasad and Rao (1990) approximated trace[A(0)B(0)] by

trace[(Ve, Vo (V) E{(0 — 0)(0 — 6)'}]

= g(0) (say) (4.2)
where ,
, _ 0q
Ve, = 20

c =m/ GZV !
Hence, an approximation of MSE(T,(f)) is
M(6) + g(6)

= Mpr(0) (say) (4.3)



Mukhopadhyay

257

It is customary to ignore the term g(6) and use M (6) as an estimator of M SE(T,(0)),
but this approximation may lead to serious under-estimation. An approximately

unbiased estimator of MSE(T,(6)) is

M(0) +29(0)

— mse(T, (6)) (say)

For the present case, B ~ ~
M(0) = l;(X:,;VsilXS))illa
+mGZ[I - Vs_IXS(X;Vs_lXS)_lXé]Vs_lszlma
For the case of one regressor variable z,
=100 ...0 DY ar)thedys 0 0... Olixn

kes,

/
Frysa,,

D(Y wan)@hstay = F(O)_ wan)al, [l

kes kes

where
D

Okka

Okka = Ouu T Oceas F=

L+ FYc, ooy

] (4.6)

For further details on results of estimation of mean square error of estimators of
small area parameters, the reader may refer to the reader may refer to Prasad and
Rao (1990), Lahiri and Rao (1995), Mukhopadhyay (1998), among many others.
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