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ABSTRACT

This paper considers the Bayesian analysis of the multivariate normal
distribution under balanced loss function. The Bayes estimators of the mean
vector q and the covariance matrix & are obtained. The admissibility of
cX +d for the mean vector is also studied.
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1. Introduction

Let X=(Xy,...,Xp)¢be arandom vector with the pdf

008)= ———expl- = (x- & " 1(x- ], (L.1)
@p)P' 4| 2

where g=(q,...,0p) and & is a positive definite symmetric matrix @>0). We use the

notation X~Np(g,8). Let Xa=(X1a,...,Xpa)& @=1,...,N, be a random sample of size N

from (1.1). We would like to estimate the mean vector q under the balanced loss function

(BLF), given by

L(dq)z%_gl(xi - B4 (OY QX - E5(X)+ (- w)(a- 9¥Q(@- q)

(Xi - 'Q(X; - 6+ (- W(g- qyQ(q- q) (12)

1
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w
N
where 0< w<1, ( = (Q1,..., {p) is an estimate of g, and Q is an arbitrary positive
definite matrix of dimension g p. The BLF introduced by Zellner (1994), is formulated
to reflect two criteria, namely goodness of fit and precision of estimation. Use of a
goodness of fit criterion leads to an estimate which gives good fit and is, an unbiased

estimator however, it may not be as precise as an estimator which isbiased. Thusthereis
a need to provide a framework which combines goodness of fit and precision of

231



232 Bayesian multivariate normal analysis

estimation formally. As mentioned above, first term of the r.h.s. of (1.2) reflects
goodness of fit while the second term reflects the precision of estimation.

For estimation under the BLF, for some standard distributions, see Zellner (1994),
Rodrigues and Zellner (1995), Chung and Kim (1997), Ghung, Kim and Song (1998),
Dey, Ghosh and Strawderman (1999).

Note that, if Q=1 where | denotes the identity matrix, the loss function (1.2) reduces to
~ P Nw A 2 ~ 2 (13)
L(g,q) —_al ('alﬁ(x ij - ai)” +(@- w)(g; - g;)%), :
1= ]=

Where X;'s, for i=1,...,p and j=1,...N are distributed as normal with mean ¢ and
variance s;°.
For estimating q when &=I, Chung and Kim (1997) showed that X = (X1,...,X p) where

— N
Xi :i & Xia isinadmissible when p3 3 under the loss function (1.3). They showed
Na=1
that the estimator d(X) = (dl(i),__,, dp(Y))' with
2 1-w)(p- 2y i=1,...
¢ (0 = - LR Ay, =L.p
na X;j
i=1

has uniformly smaller risk than X, for al g. James and Stein (1961), Baranchik (1970),
Strawderman (1971), Efron and Morris (1973) and Stein (1981) studied the problem of
estimating multivariate normal mean vector under quadratic loss function.

In this paper, we obtain the Bayes estimators of q and & under the loss (1.2) and study
the admissibility and inadmissibility of the estimators of the form ¢ X +d with cl A and
di AP for the mean vector.

2. BAYESESTIMATORS OF THE MEAN VECTOR

Suppose Xi,...,.Xy is @ sample of p 1 mutually independent random vectors that are
identically distributed as Ny(q,4) and let X =(Xj,..., Xy). To determine the Bayes

estimator of ¢ under theloss (1.2), it is enough to find avalue of (| which minimizes

~ W [}I ~ ~ ~ ~
EL(g.9)lX]= N a  (Xi-0)®Xi- ) +I-WE[(9-0)Q(a-q)I X ]
N
or !
- w N - -
EL(].9)lX]= N a X-q)QXi-q)
i=1



Farsipour and Asgharzadeh 233

+1-w)[ G Q] -20] G| X )E(EeQa| X ).
Differentiating with respect to E]gives

E[L(q.q)|X] _- 2w N . .
TEIL@QX] - 2W g o(x; - §) +(1- w204~ 2QE([X)]
1q N j=1
=-2wQ(X - g) +2(1- w)Qla- E(a] X)].
Setting the derivatile equal to zero and solving gives
OBayes = WX +(1- WE(q| X). 2.1)
Note that since

T2E[L(a.q]X)|
'
apositive definite matrix, (| gayes actually corresponds to a minimum value.

=2wQ+2(1- W)Q =2Q

Remark (2.1): Note that (gaes iSthevalueof ( that minimizes posterior risk, itisan

average of X, which minimizes the first term on the r.h.s. of (1.2) and E(q| X ), the
posterior mean of q which minimizes the posterior expectation of the second term on the
r.h.s. of (1.2). Accordingly, the Bayes estimator of g can be expressed as linear
combination of sample mean and posterior mean.

3. ADMISSIBILITY OF ¢ X +d FOR THE MEAN VECTOR

In this section, the condition of admissibility of the linear estimator cX +dwithd A
and di A P is considered for the mean vector. For later use, we give the risk function of
the linear estimator ¢ X +d, in Proposition (3.1).

Proposition 3.1. Therisk function of the estimator ¢ X +d, relative to the BLF 1.2)is

R(@,SX +d) =[(c - Dg+d]'Q(c- Dg+d] +[(c- w2 +W(N - w)] ”(‘%‘NQ). (31

Proof: To seethis, notethat

c2— 2c+N,
——a

X - cX-d~Np(@- 0)g- d, )

and
2

= C
cX+d-g~N,((c- )g+d,—3a).
q~Np((c- g Na)

Also, it is easy to show that for any random vector X where X~Ny(q,8), we have
E(X'AX)=q'Ag+tr(a A)

where A isap” p matrix.
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Hence

R(q,cX +d) _% E[(X; - cX - d)'Q(X; - cX - d)]

|| 9J°z

+(1- W) E[(cY+d- Q)'Q(cX +d - q)]

2
=w{[(L- 9q- d'Q[A- c)q- d]w(ﬂ o)

2
+(1- w){[(c- 1)g+d]'Q[(c- Hhg+d]+ tf(CWé Q}-

Now, since for any scalar k, tr(kA)=ktr(A), the proof is compl eted.

Theorem 32: The estimator c X +d with ¢l A and di AP is an inadmissible
estimator of q if one of the following conditions holds;

@) c>1,di AP

(i) c<w,d AP

(iii)c=1landd: 0 (Oisanp” 1 vector with all elements equal to zero).

Proof: (i) If ¢> 1, then (c-w)?> (1-w)? and hence from (3.1)

R(G,EX +0) (e~ w2 +w(N - ) TE QD

>[(L- W)2 +W(N - w)] “(éNQ)

=R(q, X).

Thus, ¢ X +d isdominated by X
(i) 1f c<w, then (c-1)*> (Ww-1)? and hence

R(g,cX +d) =[(c- Dg+d]'Q[(c- Dg+d]+[(c- W) +W(N - w)] tr(iQ)

= (c- 1)2[q+i]'Q[q+Ci]+[(c- w2 +w(N - v TEQ

N
> (w- 1)2 [q+—]Q[q+—]+w(N W)”(a Q)
- c-1 N
=R(q,wX +M)_
c-1
(w- 1)d.

Thusin this case, ¢ X +dis dominated byw7+ 1
C-
(iii) If c=1anddt O, then
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R(qX +d)=d'Qd +[(L- W) +W(N - W)] tr(flgl\IQ)

>[(1- W)2 +W(N - w)]"(i—Q) (since Q>0)

= R(q, wX).
Thus ¢ X +dis dominated by X when condition (iii) holds.

Theorem 3.3 The estimator cX +d is admissible for the mean vector under the BLF
(1.2), wheneverw<c<1landdi AP

Proof: It is often the case to choose a hierarchical model as an appropriate conjugate
family of priors (Berger, 1985, P. 288). Suppose that conditional on &, g has a

multivariate normal distribution with mean n and covariance matrix ( E )&, where ni Ar

and b>0, i.e, q|é~Np(n,é_). Furthermore assume that & has a pdf h(@&). The

likelihood function in (1.1) is now combined with the joint prior density for g and & to
obtain the conditioned density of g given X, & as

q@xa)p @<p['—21{b(q- n'a “1(g- n)+N(g- X)'a Y- X)}. (62

It can be easily verified, by adding and subtracting b'=NX*+bN i the above
N+b

parentheses, that
b(g- n)'a “X(g- n)+N(q- '8 "1(g- %

=(N+b)(@- b*)"1a L(g- ) +—2 (x- nya “1®- n).

N+b

Hence (3.2) reducesto

q@lx,a)u exp[_—zl{(N +b)(q- b*)a "~ b*)}]

o

a
Therefore, X,a ~ N, (b*,
alxd - Np(br, 2

an arbitrary prior distribution of &, is
OBayes = WX +(1- WE(q| X)

= wX +(1- W)E[E(q|X,&)]
_ N+bws bl- wn
N+b N+b

). Now, from (2.1) the Bayes estimator of q for

(33
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N+ bw
N+b
loss (1.2) is strictly convex, (3.3) is the unique Bayes estimator and hence admissible. It

followsthat ¢ X +dis admissiblewhenw<c<1anddi A P.

Remark (3.3): It is seen that X is the limit of Bayes estimators (3.3) relative to the
normal prior, when b® 0, and it is conjectured that it is admissible. The admissibility of
X has been studied by Chang and Kim (1997).

We see that the coefficient

of Y, is strictly between W and 1. Also sincethe

4. BAYES ESTIMATORSOF THE COVARIANCE MATRIX

For the estimation of &, the quadratic loss function

L(&,4)=tr(&- &)?
has been considered by various authors (James and Stein, 1961; Haff, 1979). Now, in
this case, it is helpful to use abalanced loss function Ly, similar to (1.2), as

Lia &) =3 gtr[Nll(xi X)X - X)- 12 + (- wyr@ - £)2. (4)
i=1 -

N EV2 EVa o
Note that E[m(xi - X)(X; - X)']1=a.
Now, to determine the Bayes estimator of &, it is enough to find a positive definite
symmetric matrix & which minimizes E[L1(&,a) | X]. Given a posterior probability

o

density function for a, it can be employed to obtain the expectation of the BLF in (4.1)
namely:

ElLy (&, 4)1X] = & tl— (X, - X)(X; - X)- 412
Nij=1 -1
+1- WEr(a- 4)?|X] 42
But
E[tr(& - 4)? | X]= Htr(d -M+M- 8)?|X]
= E[tr(& - M)2 | X] +tr(M - &)2 43

Where M = E[& | X] is the posterior mean of the &. Also, by adding and subtracting
M and S, where

N — —
(N-3S=a (X - X)(Xj - Xy

i=1
in thefirst term on ther.h.s. of (4.2), we have
wN N = v 542
— a tr——(Xj - X)(Xj - X)'- a
N &M (% - 0K - X0- 8]
_w

N C YVY. . Yy 2
Nfil”[m(x' X)(Xj - X)-9
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+Wir(S- M)2 +wtr(M - &)2 +2wtr{(S- M)(M - 4)]. (4.4)
From (4.3) and (4.4), (4.2) reduces to

. & w N N
E[L,(a,a)|X]=— 4 tr
[L1(&.8)1X] =T &

(X; - X)(X; - X)- 92+ tr(M - 4)2
W (S- M)2 + 2wtr[(S- M)(M - &)]
+(L- WEtr(&- M)? | XI.

on completing the square on é , we have
E[L,(&,4)|X] =tr(& - 4.)2 +W(1- w)tr(S- M)?

w N N - — 2
— 8 Xi - X)(X; - X)-
R A4 0 - X)-9
+(1- W)E[tr(a - M)? | X]. (45)
where
8. =wS+(1- WM. (s & Bayes). 46)

A~

From (4.5), é. « isthe value of & that minimizes posterior expected loss and, is thus
the Bayes estimator of é relativetothe BLF in (4.1).

5. EXAMPLES

Let x1,...,Xn be observations from Np(q, é.) . Let

1 N N
i=—éxi and V:é(ii-i)()_(i-)_()'.
Ni=1 i=1
In this section two examples according to diffuse prior and conjugate prior are given as
follows. For each case, Bayes estimators will be calculated. Details are given in Press
(1972) and Anderson (1984).
Example (5.1). Natural Conjugate Prior:  Consider the normal-inverted Wishart

distribution as aprior for (q, é.) 1.8,
-1 ..
exp(—tra 1G)

. 1 -1
h(a. &) ——exp[—(a- F)'a ™ (a- F)bl—=—0p
&P 1]

(5.1)

Where b>0, m>2p and G isa positive definite matrix.
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Themarginal posterior distribution of ( is

- 1
h(g]X,V) u

N+m- p
[L+(a- ¢)yB@- o) 2
Where
_ Nx +bF B = V+G | Nb
N+b N+b (N+b)2
Thus, (q|X,V) follows a multivariate student t-distribution. Also the marginal

*

(F - X)(F - X)'].

posterior of é. will be an inverted Wishart distribution with scale matrix

V4Gt

NNbb (X- F)X - F), dimension p, and N+m degrees of freedom, i..e,
+

é|7,V~W'1(V+G+NN+bb()_(- F)X- F),p,N+m).
We have
E@|X,V) = NX+bF ,  N+m-p>1
N+b
and
V+G+— (3. F)R- FY
E@& |X,V) = N+b N+m- 2p>2.
N+m- 2p- 2
Hencefrom (2.1) and (4.6)
EI _ N+b\N§+(1- w)bF
Bayes™ "N +b N+b
and
) y V+G+ Nbb(Y-F)(Y-F)'
a =w——+(1- W
Bayes N-1 d-w) N+m- 2p- 2
Example (5.2). Diffuseprior: Assume
h(g,a) u oL
|&] 2

The marginal posterior distribution of q is

- 1
h(glX,V) u

[1+N(g- X'V Ha- N2
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Thus, (q|X,V) followsamultivariate student t-distribution. Also
4%V ~W LV,p N+p).

We have
E@Q|X,V) =X,N>1 and E(é|>_(,V)=;V,N- p>2.
N-p-2
Hence _ L
and
: N-wp-w-1
a =wS+(1-w = \Y;
Bayes ( )N-p-2 N-p-2
_p#

Remark (5.1): Note that the diffuse prior h(g,&) pu|&| 2 obtain from (5.1) by
n-wp-w-1
N-p-2

putting b=0, G=0 and m=p. Therefore the estimators X and V are

generalized Bayes estimatorsfor (J and c':ol respectively.
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