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ABSTRACT

Inverse ascending factorial moments of the hyper-Poisson distribution have been
derived in terms of hypergeometric series function. A recurrence relation for the negative
moments and inverse ascending factorial moments is also derived. The Poisson
distribution as a special case of the hyper-Poisson distribution has also been dealt with.
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1. INTRODUCTION

Negative moments have been under study for quite some time. Many authors [Grab
and Savage (1954), Mendenhall and Lehman (1960), Govindargjulu (1962,1963), Tiku
(1964), Stancu (1968), Chao and Strawderman (1972), Lepage (1978), Cressie et a
(1981), Cressie and Borkent (1986) and Jones (1986, 1987) Roohi (2002)], have worked
on the negative moments of discrete distributions, mainly binomial, Poisson, geometric
and negative binomial distributions. Ahmad and Sheikh (1983) used Chao and
Strawderman (1972) technique to obtain the first negative moment of the hyper-Poisson
distribution and stated the conditions under which this moment is identical to that of the
Poisson distribution.

In this paper, we derive inverse ascending factorial moments of the hyper-Poisson

distribution in terms of hyper-geometric series function. The expressions are simple and
easy to compute. A recurrence relation of negative ascending factorial moments is also
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derived so that higher moments are easily calculated. Similar results have been given for
the Poisson distribution.

2. INVERSE ASCENDING FACTORIAL MOMENTS

Theorem 1:

Suppose the random variable X follows a hyper-Poisson distribution with parameters g
and | . Then theinverse ascending factorial moment of X is:

4k -1
Mg =E§O (X+i)§ =C,, (k)" ,F, 1L, k+1 q] k=12...
i=1

where Ca. ={1Fl[1;| ;ql}'l (€))

Pr oof:

Since [(x +1)(x + 2)...(x + k)]'l

Y S G A S

: see Jones 1987
jazl (s- Di(k-s) &X +sp ( :

k
—_ 9 1 ) ]
A S Akstsrid

(see Ahmad and Sheikh 1983)
=C,, (K)* ,F,LL1, k+Lg]  (seeAhmad and Roohi 2002)

Corollary:

For | =1 we get the inverse ascending factorial moment of the Poisson distribution,
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rTﬁk] = ék. —(- 1)S+l

L
Ak ° Fils.; s+1 q]

=e k]| R k+1g] k=12... (seeAhmadandRoohi 2002)

3. RECURRENCE RELATION OF NEGATIVE MOMENTSAND
INVERSE ASCENDING FACTORIAL MOMENTSOF THE HYPER-POI SSON
DISTRIBUTION

Theorem 2: Suppose the random variable X has a Hyper-Poisson Distribution with
parameters  and | . Then

L 1le  1-1 0
E(X +A)1=aA + =G+ - AE(X+A- 1)1§ forA>1 ()

Proof: We have
E(X + A" = A'C,, ,F[L A1, A+Lq]

(see Ahmad and Sheikh 1983)
Using the identity (see Rainville 1960)

2Folas, az; by, by x] = JRlas - 1, ag; by, by x] + x:’ a,- b

Tbl(bz - b1)

Ela,a; ) —az-bz Rla,a; h, u(3)
Fla,a; b+l b+ NCED . a; b b2+l><]¥v)

Fora; =A,a, =1 b; =A, b, =1 adx=q,weget:

SBL AL, A;q 1- A

ze[l A-T ’AiQ] +q TA) 2F2[1’A;| VAL q]

— — —

| (;I 2 LA +1A; q]g
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We know that
Pl AT, Adl= RL1;q)

and ,F[L ALl +1 Agl= R +1q)

Then
- 1 - T
Rl =Bl A1) o 3).?1JE(X+A) o) b xd)
Hence
E(x A= B Rl o]+ S Rl +lQ]g
oA EX+A-1)?t

We know that

(Rl 4t dl= (AR ®

Substituting (5) in (4) we get:

C||1 1- 1 -A

. A{ LTl —t»; E(X+A-1)"

E(X+A)* =

Hence theresult.
Corollary:

For | =1, we get the recurrence relation for the negative moment of the Poisson
distribution.

E(X+A)*! :§{1- (A-1)E(X +A- 1)‘1}, A>1

This result was also obtained by Chao and Strawderman (1972) by integrating the
probability generating function.

Theorem 3:

Suppose that the random variable X has a Hyper-Poisson distribution with
parameters g and |, and rrfl;<] is the kth inverse ascending factorial moment of X. Then
therelation
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kzqm:r[kﬂ] = (k+q)(1' I +k)m-t[k] - (k+1' I )r-ﬂfk-l]

ql -

kll) G, 2F2[1I| +1, k+l‘q]

+

holdsfor k > 1.

Proof:
We know that (see equation (1))

C
iy = E’: 2F2[1:1? I, k+1, Q]

then
g = 8 RLLI, k+2q]
¥k+] (k+l)! 22h ) 1
Using the identity (see Rainville 1960)
(a, - by +1) ZFZ[al’aZ; by, by; X] =a; 2F2[a1 +1La,; b -1 by, X]

- (bl' 1)2F2[a-uaz; bl' 1 bz; X] @)
Ifa;=1a,=1b; =k+2,b,=1,x=q, we have

(- k)R L1, k+20]= L 21, k+2 ]|

- (k+1) L L1, k+1 g ®
Using theidentity (3) fora; =2,a,=1,b; =1, by, =k +1,x=q, we get:
BIL 21, k+Lg] = F L 11 k+Lg]+q i(kiTll) Bl 21 +1k+Lq]
_mfz[z,xl k+2; q]g

Hence

kg FIL21,k+2ql=.F|1,21,k+%ql|- ,F|1 21|, ,k+1
sz 2[ Q] 22[ q] 22[ Q]

_al-9) L 21 +1 k+1q]

Fket-1) 2



278 Ascending Factorial Moments

2R[L 2| ,k+2:q]=%q”") oRlL 251, k+1,

' %qﬂ-l)z%[ll' R s LT

Substituting (9) in (8) we get:

k+1)(k+1-1)

(- K) 2F2[ll'l,k+2;q]:( g L 21, k+1 g

) %;1")25[11; |, k+1 ]

*%ZFZ[L 21+ k+Lal- (k+3 Rl111,k+2q]

Thus

k+1)(k +1- | +kgq

ze[lxl,k+2:q]=( )ze[lxl,mq]

k’q
] %2;’1")25[1 2,1,k+%q]
i %25[1 2,1 +1, k+1q] (o

Using theidentity (7) fora; =1,a, =1, by =k+1, b, =1, x =g, we have:

Pl 21, k+Lal=k,R[L L1, ka]- (k-1 FLL1, k+Lgl @)
Againusing (7) fora; =1,a, =1, by =1 +1, b, =k+1, x = g, we have:

B2 k+1 1 +1 gl =() Rl L k+11;0]- (I -1),R[LL1 +1 k+1; g (12
Substituting (11) and (12) in (10), we obtain:

k+1)(k+1- | +kg
k%q

] (k+1)|£k2+1- i) Bt kg k-1)RLL1 k+Lql
q

ze[ll'I,k+2;q]=( )25[1,1-|,k+xq]

_ %{0 ) RILLI k+1]
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- -) R Tt +1k+1 qf

_ (k+D)(kg+Kk*+k- Kl -l +q)

> Rl L1, k+1 qf
k*q
(k+1)(k +1- 1)
- F 1k
K Pl 1, q]
2
+w L LT +1k+Lq]
Hence
_|kg+k*+k- Kkl - g +q k+1 I
M = | K7g )”ﬂikl T g e
(-1
+Co g L L1+ k+2 g
kg Nty = (k+q)L- 1 +Kk)ndy - (k+1- 1 )y g
qll - 1)2 . . k>1
+ = Ca FLL T +1k+2 ],
Corallary:
When | =1, in equation (6), the recurrence relation for the inverse ascending

factorial moment of Poisson distributionis:
kg Nty = (k+ )y~ gy, k>1
4, Estimation

Consider the hyper-Poisson distribution withl known and g unknown.

1 {,FlL121;q]C

u
Var(q) mest[lllzzl .q] - FTal 3

(see Roohi and Ahmad 2003)

13

for | = 1in (13), we get the variance of the negative moment estimator  of g, the
parameter of a Poisson distribution.

-2 L,
'~ -q "d_10 -q é Zu
valg)= 522 S eRhra 2q- LAt 2 a3
9 g Né el a
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