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ABSTRACT

Record indicators and exceedance datidics are investigated when the
underlying distribution contains atoms.
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1. INTRODUCTION

Let X,,X,,.. be a sequence of random varigbles (rv.) with a
common digtribution function (df) F. M, =max(X,,X,,.,X,) for
n=12,... ad

X, °landx, =1l .y o forn=23..
thet is, X,'s are indicators of upper records.

There ae many dudies to cdculate the success probability
p, = P{x, =1}, i.e the probability of “ X, is a record ” for different

aspects of the sequence X, X,,... . It is wdl known in the records
literature that, for sequences of independent random variables X, X, ,...
from the same continuous df. F, the record indicators x,(n3 1) are

independent random varidbles and p, =1n for n=12,.. see Renyi
25



26 Records and Exceedances

(1962). This propety dso holds for symmetricdly dependent random
variables. For detalls on record theory we refer to Ahsanullah (1995) and
Nevzorov (2000).

Bdlerini (1994) consdered the Archimedean copula process (AC
process). A sequence {X,} with margind disribution functions {F.} is
saidto bean AC processif forany n=1,2,...

P{X, <t,, X, <t,,....X, <t } = BeQ AlF.(t))%
ei=1 %)
where B is a monotone dependence function such that B(0)=1 and
A=B" is the inverse of the dependence function B. He studied the AC
process with B(s)=exp{- s} for g°1, and F(x)=(F(x))f" for
i =12,... , where F(x) is a continuous df. and a,,a,,.. ae podtive
constants. Under thismodel heprovedthat p, =a’/§ a® , n=12,... .
i=1
Let X, X,,.,X, be a random sample from an absolutey
continuous didribution with a common df. F,(.). Denote the order
datisgics of this sample by X, £ X, £..£X . Le Y,Y,,..,Y, be
another sample with an absolutely df. F (.). It is wel known that when
Fe() =R (0,

Piv. T (X, X, )} ::1_+|1

for 1£i<j£nki {12..,m, ie (X, X,,) is a disribuion free

confidence interva in the cass of dl absolutdy continuous distribution
functions.

Define the gatistics

S (Xr:n) :#{k£ m:Yk < xr:n} (1)

m
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Which denotes the number of Y's fdling bdow the random threshold

X,,- This type of datigtics which are caled exceedance detistics are
important in many practicd problems when we ae interested in the
behavior of sequence of observations in relaion to a certain order datistics
(minimum, median, quantile, maximum) from a given populaion. They
ae dso used in many practicd applications such as rdiability and nature
events.

If wetake n =r =1 in (1) then we obtain another exceedance dtatistics

S, (X)=#{k £m:Y, < X}
which denotes the number of Y ’s fdling bedow the random threshold X
which hasadidribution F, (.) .

Wesolowski and Ahsanullah (1998) studied the exact and asymptotic
disribuion of S (X,,) ad S (X) when underying distributions are
continuous. Baramov and Kotz (2001) studied the exact didtribution of
S,(X,,) when the underlying digtribution function contans aoms, i.e

m

there exiss on the red line points of discontinuity a,a,,...,a,, where
F(a, - 0) < F(a) .According to their result for k = 01,...,m,

%nd 1 9 e E)+r 1 m+n-k-r
i T ok R
+§ F (@, - 0)(1- F(a - O)™*(F.(a)- F (a, - 0)) %)

j=1

where {a,,a,,a,,..,a,a,,} is the st of aoms of the disribution F.
a,=-¥a, =¥ad F,()=FK()=F(). F isthe df. of rth order
satidic.
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Define the intervel J,, = (X,,, X,.qs) - L&t T be the number of Y's

n? 2 Yi+qgn
fdling in to J;,. When F,()and F () ae absolutely contnuous
digtribution functionsand F, () = F, (.) , thedigtribution of T is

pIT = ) = 200(A*D..(q+t- Y(n+1- g)..(n+m-t- q)
gt 2 (n+1)(n+2)...(n+m)

t=0J1,....m

Recent interest to the exceedance datidics in the work of Baramov
(1997), Wesolowski and Ahsanullah (1998), Baramov and Eryylmaz
(2000), Baramov and Eryylmaz (2001), Baramov and Kotz (2001),
Eryylmaz (2002).

In the main section of this paper, we study on record ndicators when
F contains atoms. We aso present the asymptotic distribution of S, (X))

m

and the exact didribution of datisic T when undelying digtribution
pOSSeSs atoms.

2. RECORD INDICATORS

Let X be a random varigble defined on probability space {W/ A, P}
with df. F(x) =P{X £ x}. Asume that F possess atoms, i.e. there exists
on the red Iline points of disontinuty a;,a,,..,a, where
F(a - 0)<F(a). Thismeans F has atoms at the points a,,a,,...,a, and
continuous otherwise in R. Let M ={a,a,,..,a}, (a,<a, <..<a) be
the set of atoms of the digtribution F .

Lemma 0. (Baramov and Kotz, 2001) Let AT A and P{AX =} exists
fordl xT R.Then

ay 0

P{A :é 0 P{AX = x}dF(x)+;a|:l P{AX =aP{Xx =a/}

k=0 g
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where a, =-¥,a,,, = ¥.
Through this pgper we will assumethat F contains atoms.
Let X,,X,,... beasequence of r.v.swithdf. F.

Lemmal. For n =1.2,... itistruethat,

p, =4 B D E ) g pria, - O(F(a)- Fla, - 0)
®

The proof is a direct application of Lemma O when
A={X, <X, X, <X, .0 X, <X, }.

Letin (3) F(a -0 =F(a), i=12,..,1,ie F isa contnuous df.,
then one obtainsthat p, =1/n.

It is dlear that if we have only one atom, i.e M ={a} then

+F"'(a- 0)(F(a)- F(a- 0)).

:1+F”(a- 0-F"(a
n

P,
n

It is not difficult to observe that for only one atom the expected vaue
of the number of records among the sequence of observations

Xy, X proens X i
n - n k - _ k v
ERx 2=A e+ @O F @, pein g F()- Fa- 02
k=1 d k=1 k k 7}

It is daed in the following lemma, the record indicators are not
independent if F contains atom.



30 Records and Exceedances

L emma 2. The random varigbles{x, } , n 3 1 are dependent.
Proof. Consider the probability
P{x, =1x, =0,...x,_, =0,x, =1}
=P{X,>X,,. X, > X, X, £X,}

a-0

= F"2(0(- F)IF(x)+F"*(a- 01~ F(a- 0)(F(a)- F(a- 0))

+OF " (0@~ FONF(x)

F(a-0)
= O"’(L- wdu+F"*(a- 0)(1- F(a- 0)(F(a)- F(a- 0)

0

1
+ " (- u)du

F(a)

__1 _F"(@-0-F"(a F"(@-F"(a-0)
n(n-1) n-1 n

+F"%(a- (- F(a- 0)(F(a)- F(a- 0)).

Since

P{x, =1}P{x, =0}..P{x,, =} P{x, =1}
=12- p,)--(1- Pna) Py

and hence



Eryylmaz 31

P{Xi =1x, =0,..,, X1 =0, :1} *11- p,)..(1- p,1) P,
the lemmalis proved.

3. EXCEEDANCES

Let Y=(Y;),, be asequence of i.i.d. rv's with df. F which hes
aoms at the points a,,a,,..,a, and congder a rv. X from the same

digribution independent of Y. Condder the datistics S, (X) which

denotes the number of Y 's fdling beow the threshold X among the first
m Y 'sinthe sequence Y.

Taking n=r =1 in (2 we obtan the didribution of S (X) in the
following.

=A | F(a41-0)
Pls,(X)= K= pra-ua
K=o )

+8 F*(@ - 0 F(a - )™ (F@)- F(a - 0))§

i=1
It is clear that for only one aom

%n...' (a;O)k m- k l\ k m-k
P{Sm(X)zk}:gkgg G- uw)™ du+ (- u)™*du

0 F(a)
F*(a- 0)1- F(a- 0)™*(F(a) - F(a- 0))|

In the following theorem, we give the asymptotic didribution of r.v.
S, (X)

m

m

S,(X)

Theorem 1. The asymptotic distribution of r.v. e forlage m is
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] 0 : X< 0
. : X , F(a,)Ex<F(a-0),i=12..,1+1
F = -
(X) : F(a, 0;+ F(a)  Fa- 0)Ex<F(),i=12..I
% 1 , x3 1.
where a, =-¥,a,,, = ¥

Proof. For amplicity we shdl prove the theorem in the case when the set

. - . S.(X) .
M contains only oneaom a. The characterigtic function (c.f.) of # is

ook
js®=aemP{s,(x)=H
m k=0

m ik <& (a-0) 1
_ é etmgﬁnﬁ c\) uk (1_ u)m-k du+ d"k(l' u)m—kdu
k=0 k@ 0 F(a)

+F“(a- 0)1- F(a- 0)™“(F(a)- F(a- 0)

e .. _t AN 1 '
= O @ g qemu) (- uT i+ ea g"%emu) a- U)“”Lplu
0o E=0 kg a F(a) E=0 K
JJ‘aEno - ks
(F(a)- F(a- 0)a £ He"F(a- )@~ F@- )™"J 5,9 ®
=0 4] m
F(a- 0) ot 1 L
= O @-u+uem™)"du+ (yl- u+ue™)"du
0 F(a)

+(F(a)- F(a- 0))(1- F(a- 0)+F(a- O)e%)m 4
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Taking limit for m® ¥ in(4) weobtan

AR 7T
where
o ox _ 1l 1 itF(a- 0) itF (a) itF (a-0)
j (t)—T(e -1)+T(e - €F@)+(F(a) - F(a- 0)eF0,
| |

Thecf. j " (t) can aso be represented as

0 =i.0- (F@-F@-0),{)+(F@)- Fa-0)j .

where j ,(t) is the cf. of r.v. which has a uniform digribution on (0,1,
j ,t)is the cf. of rv. which has a unifoom digribution on
(F(a- 0),F(a)) and j ,(t) isthe cf. of degenerate r.v. a point F(a- 0).
By udng inverson formulawe obtain

F'(y)- F (X

= (F,(9)- () - (F@)- F(@- 0)(F,(y)- F,()) +(F(a)- Fa- O)F,(y)- F;(x)

where Es(x):%[Fg,(x- 0)+ Fg(x)] and F,F,,F, ae corresponding

digribution functionsfor j ,,j ,.j -

Let O<x<F(a- 0),then

! - X ; y<0
i
- sy =) y- X , 0£y<F(a-0)and F(a)£ y<1 (s
nor (X)_':'W- X F(a- 0)£y<F(a)
% 1- X , y31

for x® 0 in(5) weobtain
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i 0 , y<O0
* ; y , OEy<F(a-0) and F(a)£y<1
F'(y)= ]
M=1F@-0+F@ F(a- 0) £y <F(a)
.. 2
1 1 , y3 1.

Remark. Let in Theorem 1 F(a - 0)=F(a),i=12,...l,ie F is a
continuous df. Then from Theorem 1 one obtans tha the asymptotic
digribution of r.v. % is uniform on (0,1) which coincides with the
result of Wesolowski and Ahsanullah (1998).

Now, let X, X,,..., X, be arandom sample with df. F which has atoms
a the points a,,a,,...,a. Denote the order datidics of this sample by
X, EX, EEX . Y, Y,,..,Y, be another sample from the same
distribution independent of X, X,,..., X, . Let us consder the setigtic

SrrnS :#{k £m: Yk T [Xr:n1 Xs:n

which shows the number of Y s faling into interval [X,,,X.,]. Thereis
no difference between datistics S and T since we can choose s- r =(.

Our god is to find the didribution of S . We reguire the following
explanations.

rn?

P{x.. £ x| X, = a} shows the df. of rth order staiistic in a sample of size

s- 1 from a population with continuous digtribution F truncated on the
right & a, i.e. the corresponding probability density function (p.d.f.) is

1 ﬁ(x)gr_l -mgs-r-lm
B(r.s- 1) §F(a) 5 g[ Fa)s FQ@)
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P{x_, £ XX, = a} shows the df. of (s- r)th order satistic in a sample
of 9ze n-r from a populaion with continuous digribution F truncated
ontheleft a a, i.e. the corresponding p.df. is

1 & (X) - F(a)o Ve - F(x)g”'s f(X) <> a
B(s- r,n- s+1)§ 1-F@) 5 &l-F(@)y 1-F@)
Theorem 2. The probability messfunctionof rv. S is
s ang 1 F.(a- F.(a-0 &%
RS, = — — u,F(a))du
{ %kq 8050 (F@) @ F@)” O
F(a- 0) F(a- 0) F(a-0) 1
+K(n,r,9) O OA(u v)dvdu+K(n,r,s) o QAU V)dvdu
0 F(a)
1 F@-F@-0 <
+ ' ; F(a),v)d
B(s- r,n- s+1) (1- F(a))" " (F(a))* ng( (@), v)ev
1 1 P B
+K(n,r,s) OOA‘(U v)dvde k=01...m
F(a)u b
where K(nr,s) = n and

(r-D'(s-r-D(n- 9!
A(U,V) :ur—l(v_ u)k+s—r—l(1_ (V- u))m—k(l_ V)n—s.

Proof. By definition of S°, one can write

Plse=kj= & P{ACA C..CACA GA ..CA |, 6)

1,12 e im
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(6) isequd to ?:g each having the same probability. Hence
[

P{sr =K} = g:‘; B},

where

rs

° {YlT [Xr:n1 xsn """ YkT [xr:n’ XSn]’Yk+l I [Xr:n’ Xsn """ Ym I [Xr:n1 xsn -

One can write for the probability of event B',

a-0

PB"}= oPB|X.. =X, X,, = aJdP{X,, £ x X,, =4}

-¥
a-0a-0
+ O dD{BrS|XH'I _X’Xs:n = y}dP{Xr:n £ X’Xsn £ y}
-¥ X
a-0¥
+ (\)6){Brs|xrn =X xs:n = y}dp{xr:n £X’)(s:n £ y}
-¥ a

¥ ¥

+ wD{BrS|XI'Zn = X’ Xsn = y}dp{xrn £ X’ XSZH £ y} (7)

a X

Let us congder the each summand in (7).
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a&{Brs|xfin = X’ Xs:n = a}dP{Xan £ X’ Xs:n = a}
¥
= agD{BrS|XI’Zn = X’ Xs:n = a}dP{XI’n £ )4XSZH = a}P{Xs:n = a}
- ¥

= JF@- F(X)*@- (F(@)- FO)™"

1 a8 e FO T (X o
B(r,s- r)éF(a)fZj ? F@) 5 I:(a)(Fs(a) F.(a- 0))dx (8)

a-0a-0

O oP(B IX. = x X, = yhP(X,, £x.X,, £y}
-¥ X

= O gF() - FOO“a- (FO) - FO)™

" K(nr,s)(F ()R (y) - F(x)(1- F(y)™* F(X) f(y)dxdy (9)

a-0¥

OB X, = x X, = VIIP{X,., £ x X, £y}

-¥ a

¥

= -(‘)dF(y)' F(X))k @a- (F(y)- F(X)))m'k

“KrS)(F)THR(Y) - FOO)T - F(y)™C f(9) f(y)dxdy (10)

37
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¥

(‘jD{B’SIXm =a,X,, = y}dP{Xsn £y,X,, =a

= F(y)- F(@)*@- (F(y)- F@@)™"

: 1 aF(y)- F@08 a- F(y)8" f(y)
B(s-r,n-s+1)& 1-F(a) g §1- F(a)g 1- F(a)

" (F (@- F (a- 0)dy (11)

¥ ¥

OPBTIX, =%, X, = yJIP{X,, £ %X, £y}

ax

= CﬁF(y)' F(X))k(l- (F(y) - F(X)))m—k

“ K S)(F)THR(Y) - FO9)T - F(y)™* f(x) f(y)dxdy (12)

By udang (8)-(12) in (7) smple caculations complete the proof.

4. ANOTE FOR APPLICATION

The datistics T defined in section 1 was used to suggest a test
criterion for tesing the hypothess H, :F,(X) =F, (X) (Katzenbesser
(1985), (1986), Matveychuck and Petunin (1990), (1991)). This
homogenaty tet is appliccble when F, and F, ae &bsolutey
continuous. The findings of this paper extend the applicability of these
tests for data which have not continuous didsributions. Statistics S, (X)
and S, (X,,) can dso be used to inference for nature events. Because this
type of datais widespread in nature.
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