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ABSTRACT 
 

Record indicators and exceedance statistics are investigated when the 
underlying distribution contains atoms. 
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1. INTRODUCTION 

 
Let ,..., 21 XX  be a sequence of random variables (r.v.) with a 

common distribution function (d.f.) .F  ( )nn XXXM ,...,,max 21=  for 
,...2,1=n  and  

 
11 ≡ξ  and { }1−>=

nn MMn Iξ  for ,...3,2=n  
 

that is, 'nξ s are indicators of upper records. 
 
There are many studies to calculate the success probability 

{ }1== nn Pp ξ , i.e. the probability of “ nX  is a record ” for different 

aspects of the sequence ,..., 21 XX  . It is well known in the records 
literature that, for sequences of independent random variables ,..., 21 XX  
from the same continuous d.f. F , the record indicators )1( ≥nnξ  are 

independent random variables and npn 1=  for ,...2,1=n  see, Renyi 
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(1962). This property also holds for symmetrically dependent random 
variables. For details on record theory we refer to Ahsanullah (1995) and 
Nevzorov (2000). 
 
 Ballerini (1994) considered the Archimedean copula process (AC 
process). A sequence { }iX  with marginal distribution functions { }iF  is 
said to be an AC process if for any ,...2,1=n  
 

{ } ( ) ,)(,,,
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2211 

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

=<<< ∑
=

n

i
iinn tFABtXtXtXP K  

 
where B  is a monotone dependence function such that 1)0( =B  and 

1−= BA  is the inverse of the dependence function B . He studied the AC 

process with { }γ1exp)( ssB −=  for 1≥γ , and ( ) ixFxFi
α)()( =  for 

,...2,1=i  , where )(xF  is a continuous d.f. and ,..., 21 αα  are positive 

constants. Under this model he proved that ∑
=

=
n

i
innp

1

γγ αα , ,...2,1=n  . 

 Let nXXX ,...,, 21  be a random sample from an absolutely 

continuous distribution with a common d.f. (.)XF . Denote the order 
statistics of this sample by nnnn XXX ::2:1 ... ≤≤≤ . Let mYYY ,...,, 21  be 

another sample with an absolutely d.f. (.)YF . It is well known that when 
(.)(.) YX FF = , 

 

( ){ }
1

, :: +
−=∈

n
ij

XXYP njnik  

 
for { }mknji ,...,2,1,1 ∈≤<≤ , i.e. ( )njni XX :: ,  is a distribution free 
confidence interval in the class of all absolutely continuous distribution 
functions. 
 
 Define the statistics 

 
( ) =nrm XS : # { }nrk XYmk :: <≤                                          (1) 
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which denotes the number of Y ’s falling below the random threshold 

nrX : . This type of statistics which are called exceedance statistics are 
important in many practical problems when we are interested in the 
behavior of sequence of observations in relation to a certain order statistics 
(minimum, median, quantile, maximum) from a given population. They 
are also used in many practical applications such as reliability and nature 
events. 
 

If we take 1== rn  in (1) then we obtain another exceedance statistics 
 

( ) =XSm # { }XYmk k <≤ :  
 
which denotes the number of  Y ’s falling below the random threshold X  
which has a distribution (.)XF . 
 

Wesolowski and Ahsanullah (1998) studied the exact and asymptotic 
distribution of  ( )nrm XS :  and ( )XSm  when underlying distributions are 
continuous. Bairamov and Kotz (2001) studied the exact distribution of  

( )nrm XS :  when the underlying distribution function contains atoms, i.e. 

there exists on the real line points of  discontinuity laaa ,...,, 21 , where 

)()0( ii aFaF <− . According to their result for mk ,...,1,0= , 
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where { }1210 ,,...,,, +ll aaaaa  is the set of atoms of the distribution F . 

∞=−∞= +10 , laa and (.)(.)(.) FFF YX == . rF  is the d.f. of rth order 
statistic. 
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Define the interval ( )nqiniqi XXJ ::, , +=  . Let T  be the number of Y ’s 

falling in to qiJ , . When  (.)XF and (.)YF  are absolutely contnuous 

distribution functions and (.)(.) YX FF = , the distribution of T  is  
 

{ }
))...(2)(1(
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Recent interest to the exceedance statistics in the work of Bairamov 

(1997), Wesolowski and Ahsanullah (1998), Bairamov and Eryýlmaz 
(2000), Bairamov and Eryýlmaz (2001), Bairamov and Kotz (2001), 
Eryýlmaz (2002). 
 

In the main section of this paper, we study on record indicators when 
F contains atoms. We also present the asymptotic distribution of  ( )XSm  
and the exact distribution of statistic T  when underlying distribution 
possess atoms. 
 

2. RECORD INDICATORS 
 

Let X  be a random variable defined on probability space { }P,,ℑΩ  
with d.f. { }xXPxF ≤=)( . Assume that F  possess atoms, i.e. there exists 
on the real line points of discontinuity laaa ,...,, 21 , where 

)()0( ii aFaF <− . This means F  has atoms at the points laaa ,...,, 21  and 

continuous otherwise in R . Let { }laaaM ,...,, 21= , )...( 21 laaa <<<  be 
the set of atoms of the distribution F . 
 
Lemma 0. (Bairamov and Kotz, 2001) Let ℑ∈A  and { }xXAP =  exists 

for all Rx ∈ . Then  
 

{ } { } { } { }∑ ∫ ∑
=

−

=

+

==+==
l

k

a

a

l

k
kk

k

k

aXPaXAPxdFxXAPAP
0

0

1

1

)(  

 



Eryýlmaz 

 

29

where ., 10 ∞=−∞= +laa  
 
Through this paper we will assume that F  contains atoms. 
 

Let ,..., 21 XX  be a sequence of r.v.’s with d.f. .F  
 
Lemma 1. For ,...2,1=n  it is true that, 
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(3) 
 

The proof is a direct application of Lemma 0 when 
{ }.,...,, 121 nnnn XXXXXXA <<<= −   

 
Let in (3) )()0( ii aFaF =− , li ,...,2,1= , i.e. F  is a continuous d.f., 

then one obtains that npn 1= . 
 
It is clear that if we have only one atom, i.e. { }aM =  then  
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It is not difficult to observe that for only one atom the expected value 

of the number of records among the sequence of observations 

nXXX ,...,, 21  is 
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It is stated in the following lemma, the record indicators are not 

independent if F  contains atom. 
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Lemma 2. The random variables{ }nξ  , 1≥n  are dependent. 
 
Proof. Consider the probability 
 

{ }1,0,...,0,1 121 ==== − nnP ξξξξ  
 

{ }nn XXXXXXP ≤>>= − 11121 ,,...,  
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Since  
 

{ } { } { } { }10...01 121 ==== − nn PPPP ξξξξ  

,)1)...(1(1 12 nn ppp −−−=  
 

and hence  
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{ } nnnn pppP )1)...(1(11,0,...,0,1 12121 −− −−≠==== ξξξξ  
 

the lemma is proved. 
 

3. EXCEEDANCES 
 

Let Y 1)( ≥= iiY  be a sequence of i.i.d. rv’s with d.f. F  which has 

atoms at the points laaa ,...,, 21  and consider a r.v. X  from the same 

distribution independent of Y. Consider the statistics )(XSm  which 
denotes the number of Y ’s falling below the threshold X  among the first 
m  Y ’s in the sequence Y. 
 

Taking 1== rn  in (2) we obtain the distribution of  )(XSm  in the 
following.  
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It is clear that for only one atom  
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In the following theorem, we give the asymptotic distribution of r.v. 

( )
m

XSm . 

 

Theorem 1. The asymptotic distribution of r.v. 
( )
m

XSm  for large m  is 
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where ., 10 ∞=−∞= +laa  
 
Proof. For simplicity we shall prove the theorem in the case when the set 

M contains only one atom a . The characteristic function (c.f.) of 
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Taking limit for ∞→m  in (4) we obtain  
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 The c.f. )(* tϕ can also be represented as  
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where )(1 tϕ  is the c.f. of r.v. which has a uniform distribution on )1,0( , 

)(2 tϕ is the c.f. of r.v. which has a uniform distribution on 
))(),0(( aFaF −  and )(3 tϕ  is the c.f. of degenerate r.v. at point )0( −aF . 

By using inversion formula we obtain 
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for 0→x  in (5) we obtain  
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Remark. Let in Theorem 1 ,,...,2,1),()0( liaFaF ii ==− i.e. F  is a 
continuous d.f. Then from Theorem 1 one obtains that the asymptotic 
distribution of r.v.  ( )

m

XS m  is uniform on )1,0(  which coincides with the 

result of Wesolowski and Ahsanullah (1998). 
 
Now, let nXXX ,...,, 21  be a random sample with d.f. F  which has atoms 

at the points .,...,, 21 laaa  Denote the order statistics of this sample by 

nnnn XXX ::2:1 ... ≤≤≤ . mYYY ,...,, 21  be another sample from the same 

distribution independent of nXXX ,...,, 21 . Let us consider the statistic 
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which shows the number of Y ’s falling into interval [ ]nsnr XX :: , . There is 

no difference between statistics rs
mS  and T  since we can choose qrs =− . 

Our goal is to find the distribution of rs
mS . We require the following 

explanations. 
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{ }aXxXP nrns =≤ ::  shows the d.f. of )( rs − th order statistic in a sample 
of size rn −  from a population with continuous distribution F  truncated 
on the left at a , i.e. the corresponding p.d.f. is  
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Theorem 2. The probability mass function of r.v. rs

mS  is  
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where [ ]{ } { }miXXYA jnsnrii jj
,...,2,1,, :: ∈∈= . The number of summands in 
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Let us consider the each summand in (7). 
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 By using (8)-(12) in (7) simple calculations complete the proof. 
 
 

4. A NOTE FOR APPLICATION 
 

 The statistics T  defined in section 1 was used to suggest a test 
criterion for testing the hypothesis )()(:0 xFxFH YX =  (Katzenbeisser 
(1985), (1986), Matveychuck and Petunin (1990), (1991)). This 
homogeneity test is applicable when XF  and YF  are absolutely 
continuous. The findings of this paper extend the applicability of these 
tests for data which have not continuous distributions. Statistics )(XSm  

and )( :nrm XS  can also be used to inference for nature events. Because this 
type of data is widespread in nature. 
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