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ABSTRACT

Strong law of large numbers concerning negetively dependent random
vaidbles are obtaned and then they ae utilized to edtablish gability
results.
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INTRODUCTION

The higtory and literature on laws of large numbers is vast and rich as
this concept is crucid in probability and detidica theory. The literature
on concepts of negative dependence is much more limited but ill very
interesting. Lehmann (1966) provides an extensve introductory overview
of various concepts of podtive and negative dependence in the bivariate
case. Negative dependence has been particularly useful in obtaining laws
of large numbers (cf : Matula (1992), Qi (1995), Chandra and Ghosd
(1996), Bozorgnia, et d (1996a,1996b), and Amini (2000)).

Throughout this work {X;n>1}is a sequence of pairwise negatively
dependent random variables defined on a probability space (W, F,P)and

leS, =4 " X . In the resent work [2], we have shown that the classica
law of large number for parwise identicdly digributed random variables
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can be extended in an dementary fashion to the case where the random
variables ND identically distributed. Following the idess in that paper we

Study the stability of S, for the case where the summand are non-negative.

m® 0 ae
n

The conditions are weak enough to prove the classcd lav of large
numbers.

Namdy, we give aufficient condition s0 that

In the following we preset some background materids on negative
dependence which will be used in obtaining the SLLN in the next
section, (see Ebrahimi and Ghosh (1981)).

Definition. Random variables X and Y are negatively dependent (ND) if

PIXEXYEVYIEPRXEXPY £y}
1)

for dl x , y © R A collection of random variables is sad to be pairwise
ND (PND) if every pair of random variables in the collection satisfies (1).

Lemma 1. If {X,;n>1is a sequence of negatively dependent random
variables, then

(@  E(X X))EE(X)E(X;), it]

(b)  Cov(X,.X)£0, it ]

Lemma 2. If {X,;n>1is a sequence of negatively dependent random
varidbles, and s a {f,} sequence of monotone incressing, (or monotone
decreasing) Bord functions, then {f (X,)}is a sequence of negatively
dependent random variables.

Corollary 1. If {X,;n>1is a sequence of negatively dependent random
variables, then {Xn*;n >]} and {Xn' n >1}are.

Cordllary 2. If {X,;n>1is a sequence of negatively dependent random
varigbles and
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Y, = X, (x eny + N5 oy » Where | is an indicator function. Then {Y,;n= 3}
is a sequence of negatively dependent random variables.

MAIN RESULTS

The extenson of the Etemadi’s (1983) SLLN from non-negative random
variables to pairwise negatively dependent is asfollows.

Theorem 1. Let {X,;i >1} be a sequence of negatively dependent random
variables with finite second moments such that:

(@) sup E|X;| <¥,and
i>0

¥
b &Y%
|

i=1

Thenasn® ¥,

m® 0 ae
n

Proof. Since {Xn*;n>]} and {Xn';n>1} ae sequences of negatively

dependent random variables 0 they sisfy the assumption of theorem and
X, =X - X;. Thus without loss of generdity we can assume that

X, 3 0. Then for every subssquence {k }of postive integers such

thatlim@igf kk” >land for any >0 by usng Chebyshev's inequdity we
n-1

obtain:




18 On The Law of Large Numbers

§ & VarX,

- n=l i=1 ks
s o VarX
£ca a

2
n=1 n=i kn

¥
ol b2)ry VX oy, @

¥
where b:Iim®i£1f kk” >1,and for more detal about g izsee
n-1 n=i n
Candera and Goswami (1992) page 217.Therefore by the Bord Cantdli
Lemmawe have:

o1[S. - ES,

>eio§=0

and thisisequivdent to

- E
w@ 0 ae

(see Chung (1974) theorem 4.2.2 p,73). Now for any postive number k
suchthet, k, £k £k, , we have

n+l?

S< B ESK £ S<n+1 ) ESKNH. kn+1 + ES‘ﬂﬂ ) ES(n

. 3
k kn+1 kn kn ( )
- E E -E -
S<n S(n . kn _ S<n+1 S<n £ S( ES( (4)
kn kn+1 kn+1 k
Then by using (3),(4), and () it follows that
S - ES,

S - ES
(1- 1/a)(sup EX;) £ lim intf %E lim sup £ (a- )supEX; (5)

i>0 n® ¥ i>0
for every a >1 which concludes the proof.
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Corollary 3. Let {X,;i >1} be a sequence of negatively dependent random
variables with finite second moments such that:

(@) sup E[X; - EX;|<¥,and
i>0
s VarX,
a

>
= |

(b) ¥

Thenas n® ¥,

S - ES
%@O ae.

Proof. It is obvious by definition that {(X, - EX,);i >0} is a sequence of
negatively dependent random variables, then {(Xi- Exi)+;i>0} and
{(Xi - EX) i >0} ae sequences of negativedy dependent random
vaidlles 0 they sisfy the assumption of the corollaay and
X, - EX, =(X,- EX)"- (X, - EX))". Le Y =(X -EX)" ad

Z =(X,-EX) ad st S=3Y ad S =3Z. Snce
i=1 i=1

Var(X, - EX,)" £E(X, - EX.)*” £VarX,and sequence {Y,} saisfy the

assumption of the Theorem 1, then we clearly have

> "0 (6)

A smilar condderation for negative part gives

S* . ES”
n

Now (6) and (7) together with the fact that ES - ES. = 0complete the
proof.
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Theorem 2. Let {X;;i 3 1} be a sequence of negatively dependent random
variables such that:
(@) sup E|X;|<¥,and
i>0

¥ n
() & P{x|>i}¥ and § EQXi|I{|Xi|>i})/n® 0,
i=1

i=1
3 ( ) ).2
Thenasn® ¥,

S, - ES
n

®0 ae

Proof. Since {Xn*;n>1} and {Xr;;n>1} are sequences of negatively
dependent random variables 0 they satify the assumption of theorem
anX, = X" - X7. Thus without loss of generdity we can asume tha
X2 0. Let Y, =Xy g+l ad S =3Y,Then for evay

i=1

k
subsequence {k,} of positive integers such thetlim inf ” " >1and for any

n-1
e>0 by usng Chebyshev'sinequality we obtain

¢ IS, -ES, | §_ & Vvas
e
n=1 T kn b n=1 kn

& & Vary, g & Vary,

- Ca a 2 £ a. 2

n=l i=1 kn n=1 n=i kn
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§ leei , i2 0
=68 FLQ X IF () +  I*dF():
i=1 [
¥ o (X2
=¢,8 GM+ 12 g i zdF(x)
i:lg i2 | 3
E(X?I
¢ 5—‘ b o4 plx |- 1)
i=1 I i=1
, by (b) and (c) (8)

Therefore by the Bord Cantelli Lemmawe have

*-E*
M@O a.t.

n

So amilary to the end of the Theorem 1 we obtain

S -ES g0 ae (9)

n

By consdering fird part of (b) it follows that

AP, X} =8 P(X, >rh<¥,

n=1 n=1

s {X,} and {Y,} areequivaent, then

g. P{Y,- X,} converges ae.
n=1

Furthermore,

ién Py, - X, }® 0 ae.
n n=1

(10)

(seetheorem 5.2.1 of Chung (1974) ).
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By second part of (b) we have
ES,- ES, &% $ _{ 0
———=¢a qui||{lxi|>i})_ a EQI{]xi|>i})T/n
ei=l i=1 4]

£ & E(X,Jippy - & PIX > 1@ 0 (1)
2

ei=1 i=1
Therefore (9), (10), and (11) give the desired resuilt.

Corollary 4. Let {X,;i31 be a sequence of negaively dependent
identically distributed random varidbleswith E|X,|<¥. Thenasn® ¥,

m@ 0 ae
n

Proof. A dample cdculation shows that dl the rdevant terms in (a)-(c) of
theorem 2 when agpplied to {(Xi - EX,\)%i >0} and are bounded by

CE|X,| (see dso Azarnoosh [2]), and this completes the proof.
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