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ABSTRACT

A new sdlection procedure has been developed for use with the Hurvitz —
Thompson egtimator and a sample of sze 2. Some important results have
been verified for the firg order and second order incluson probabilities.
Empirica study has aso been caried out to see the performance of the
new sdection procedure in comparison with some of the famous sdection
procedures available in the literature.
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1. INTRODUCTION

The concept of sampling with unequa probabilities with replacement was
given by Hansen and Horwitz (1943) and unequa probability sampling
without replacement was firs introduced by Madow (1949) and
subsequently by Narian (1951) but no theoretica framework was given.
Hurvitz and Thompson (1952) were the firg to give theoretical framework
of unequa probability sampling without replacement. The estimator
proposed by Hurvitz and Thompson (1952) was:
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L 11
yhr ?SIO. (1.1)

where p; is probability of induson of i-th unit to be in the sample.

The variance of (1.1) was.

& (1- p 3' Pij - PiP;j
V(yﬁT)=a—( p)Y{“+aé—( J ‘)YiY,- (12)
i=1 pi i_,j:l plp]
jri
with an unbiased variance estimator
varyr (YLT )= g. SS Rkl Yi¥i (1.3)
i=1 pl "lj—l p p p”

An dternative expresson, for fixed n, given by Sen (1953) and
independently by Y ates and Grundy (1953) wes.

V(Y& )= SNS(pipj - Pj )Zapi- :_Jg (1.4

j>i i

with an unbiased variance estimator:
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Since the time of introduction of Hurvitz and Thompson edimaor a
number of sdection procedures have been developed which can be used
with this esimator. A comprehengve bibliography of these can be found
in Hanif and Brewer (1980) and Brewer and Hanif (1983). In the
following section new selection procedure has been devel oped.
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2. NEW SELECTION PROCEDURE FORn =2

In this section we have given a new sdection procedure for use with the
Hurvitz — Thompson (1952) estimator with sample size 2.

Sdect firgd unit with probability proportiond to %and
- 2P
without replacement
Sdect second unit with probability proportiond to sze, p; of the
remaning units
The probability of incluson p; for thei-th unit to be in sample:
P Pj
__1-2p +§ 1-2p; _p
N . - : 1-
Q pl J::.]_ é. pj pj
Jti
I:11-2pi j:ll-ZpJ
_pg L & 0w n 0
dgl-2p - p;)i-2p;) @ p)@-2p)g
€ N u
Pl g, , 2.1)
d gl- p jzl(l' pj)(l- ZpJ)EI
where d—éN_ P (22)
iz l- 2P .

The joint probability of incduson for i-th and j-th units in the sample for
this selection procedureis given as.

Pij = B pj|i + pj pi|j

P P;
__-2p P 1-2p; p
éN pp 1 p _éN- p; 1-p
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- P ; ¥ - ; 23
d gf- p)0-2p) [ p,)0-2p, )8 (23)

a. SOME RESULTSFOR NEW SELECTION PROCEDURE

Result—1: The vdues of p; and pj; reduces to the standard results of Smple

. 1
random sampling for p; = p; :N'

Putingp = pj = % in(2.1), we get:

= ]/Ng 1 L35 YN U 2 3.1
" gl N f'i‘ B-yN)G-2/N)g  diN-2) &
_2 YN N
d_‘:’}ll al 2N N-2 (32
From (3.2) and (3.1) weget: p; = % This is for smple random sampling
without replacement.

For pjj, subdtituting p; = p; :% and thevdueof d, we get:

1N? é 1 1 U
i = & ¥ 3.3
SRR (7 [ 7y 7 [

which is the joint probability of indusion for ith and jth units to be in
the sample for a sample of sze two in case of ample random sampling
without replacemen.

N
Result —2: é pi =n
i=1

Summing both sides of (2.1)
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dgs - p S50 p-2p; )y
28 p
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N
Result — 3: The quantity pjj, setisfies the relationé pi= (n- 1) pi -

j=1
jri
For thissumming p;; givenin (2.3)
J d €p p;i 1 1 fiu
Pij =a¢ I + yu
APi=a &g i p)e2n) [ o )i 2p g
jri I
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= —A p s £
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€ : u
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d gi- p) 550 p )i 2p) )
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(3.4)

(35)

N
Comparing (35) with (2.1), it canbeseenthat § p ; = p; - Sincenis2,t

j=1
i

N
can be eesily verifiedthat § p ; = (n- )p;

j=1
jei
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N

Result —4: Thequantity p;j, also satisfiestherdation SGp =n(n-1),
i=1j=1
jri

wherenisthe sample size.

Applying double summation on both sides of (2.3):

ep p;ji 1 1 au

'?’,Slp” IS{JS % (1- py)@- 2pi)+(1' p )(1- 2pi)gg

u

J <'>\' fpop & 1 1 a
“aed) Id p1 W 2p) & p -2 )9;” (36)
i:]_é] T p| - p| P;j Pj gbu
el u

('D) M-

Also
N N ép p. ¥ u
[o] _ 9o Ap| pjl 1 1 p
o =8 ¢ -p (3.7)
aPi=a & i p - 2p) b pJo-2p g

Substituting (3.6) in (3.7)

N )
SSp iTaAPpi=2 (3.8)
i=1)=1 i=1
i
N
Sincen = 2, therefore equation (3.8) can bewritten as SGp =n(n-1).
=yt

i

Result 5: The Sen — Y ates — Grundy variance esimator is dways postive
under this selection procedure: i.e. p; p; - p;; >0

or
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Writing A= above equation becomes
91(1 o)1= 2p,)
1é 1 ué 1 u e 1 1 u
—g——tAje—+AlI-é G>0
da-p agl-p; g ed- p)@-2p) [ py)lt-2p;)g
1¢€ 1 A(Z' Pi p]) 2 d d u
or —é + + A+ + U
dé(l' p|)(1_ p]) (1_ pl)(l p]) (1- pl) (1' pj)g
g 2 2 3>0
g- 2p) [1-2p;)g
or
A+d)|12- p. - p: |+1C 41- p. - D:
lgA +( + )( P; pl)+ 3_ ( B pl) >0 (39
dg (1‘ pi)(l‘ pj) 9] (1‘2pi)(1‘2pj)

Equetion (3.9) is true for dl vaues of p; and p;. Hence Sen — Yates —
Grundy variance estimator is podtive for al samples.

4. EMPIRICAL STUDY

In this section we have given the results of the empiricad dudies to
compare the new sdection procedure with some of the wel-known
selection procedures. 15 naturd populations and five selection procedure
has been sdected. These sdection procedures are Sen — Midzuno
procedure, [Midzuno (1952) and Sen (1953)], Yates — Grundy (1953)
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draw-by-draw procedure, Yates — Grundy (1953) rejective procedure,
Brewer (1963) draw-by-draw procedure and Durbin (1953) regective
procedure. The result of this empirical study is given in table — 4.1. It can
be concluded that the new sdection procedure perform better than the
other sdlection procedures in 7 out of 15 populations. The Yates — Grundy
(1953) rgective procedure perform better in 6 out of 15 populations. From
the study of coefficient of variaion and corrdation coefficient of the
populations in which the new sdection procedure is performing well than
the other we can see that these populations have reatively low coefficient
of vaiation for the measure of gze, X, and moderate corrdation
coefficient between the variables X and Y. Since in practice we do not
have any idea about the correation coefficient between varidbles X and Y,
we therefore use only the information regarding the coefficient of
variation for varidble X. It may be concluded that the new sdection
procedure will perform better than the other sdection procedures in
populations that have relatively low coefficient of variation for variable X.
The new sdection procedure can therefore be used with the Hurvitz —
Thompson (1952) edimator that have low coefficient of variation for
messure of size variable.
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TABLE -4.1: VARIANCE OF VARIOUS SELECTION PROCEDURES

T\Iog CV (X) I xy Sen—Mid | YG (dbd) YG(Rg.) Brewer Dur. (Rg.) New Best
L 0.1708| 0.9736 1740.59 333.75 437.87 276.14 2717.66 249.27 New
2. 01892 0.8020| 19573814| 13587034 132221.08| 132359.27| 132129.33 129430.63 New
3. 0.2636| 0.8807 18249.91 8830.26 877741 8504.88 8481.25 8229.51 New
4. 0.7519| 09714 | 150504313| 18100219 183594.23| 177091.80| 180367.11 18012025 | Brewer
5. 0.3829| 08795 69.39 30.87 30.71 2948 2048 28.68 New
6. 04300| 06726 362.19 388.89 347.40 402.02 415.00 41475 | YG(Rg)
7. 04085| 0.7401 1654.17 124841 1224.65 1215.89 1208.62 1190.16 New
8. 0.3227| 08080 | 64649750 376569.28| 364570.84| 370586.00| 372031.84 36534706 | YG(Rg)
9. 04892| 0.7657 1326.13 1304.92 1201.04 134115 1366.61 1376.70 | YG(Rg)
10. 04213| 0.7342 28879.18 23854.06 22787.72 23755.04 24029.42 2371000 | YG(Rg)
11 0.0595| 0.4069 187.31 177.17 166.24 17741 17754 17782 YG(Rg)
12 11525| 0.9888 2908.04 880.51 1256.86 621.98 743.99 536.93 New
13 01225| 0.9662 47.20 11.19 1043 11.90 11.89 1277 YG(RE)
14. 0.0941| 0.9809 76.35 11.20 12.53 11.79 11.86 1299 | YG (dbd)
15. 0.0074| 0.9462 580.77 166.55 997.10 161.59 161.61 159.87 New
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