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ABSTRACT 

 
 Let ...,X,...,X,X n21 be a sequence of independent and identically distributed 
random variables taking on values 0,1,... with common distribution function  

F such that F(n) < 1 for any n = 0,1… and ∞<  EX 2
1 . Let ( )nUX  be the n-th 

upper record value and { }∞
=0ssA  be any sequence of positive numbers, such that 

0AAA22 2ss1s >−−+ ++  and 1A s ≥  for all s. In this study we show that or any 

given ( )0XPp 10 ==  if ( )( )( ) s1
2

12U AsXXXE ==−  for all 0s ≥ , then F(x) is 

unique. By using this result we may derive characterization theorems for many 
known discrete distributions. As examples we give characterization theorems for 
Poisson distribution and some other distributions. Our result is generalization of 
theorems of Balakrishnan and Balasubramanian (1995) and Wu (2001). 
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1. INTRODUCTION 
 
  Let ...,X,...,X,X n21  be a sequence of independent and identically distributed 
random variables taking on values 0,1,... with common distribution function F such 
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that Fn < 1 for any n = 0,1,… and ∞<  EX 2
1 . Define the sequence upper record 

times ( )nU  and upper record values ( )nUX  as follows: 
 
 U(1) = 1, U(n+1) = min {j > U(n) : Xj > XU(n)}, n = 1,2, … 
 
and denote ( )kXPp 1k == . The following are well-known: 
 

1) 1X  has two parameter geometric distribution ( ) 1kpqp1p 1k
0k ≥−= − , 

1p0 0 <<  is arbitrary), if and only if ( )( )( )sXXXE 1
2

12U =−  = const for 

s > 0 (Balakrishnan and Balasubramanian (1995)). 
 
2) Characterization of mixtures of geometric distributions when conditional 

expectations ( )( )( )sXXXE 1
2

12U =−  are some functions of parameters 

of distribution and failure rate function is given in the work of Wu (2001). 
  
 In this paper we give a characterization of discrete distribution in terms of 

( )( )( )sXXXE 1
2

12U =− . 

 
 Various developments in characterization theory dealing with regressions of 
record values of discrete random variables and related topics have been reviewed 
by a number of authors including Ahsanullah (1995), Ahsanullah and Holland 
(1984,1987), Aliev (1998, 1999), Franco and Ruiz (2001), Galambos and Kotz 
(1978), Korwar (1984), Nagaraja (1988), Nevzorov (1987), Srivastava (1979), 
Stepanov (1994), Wesolowski and Ahsanullah (2001) and others. 
  

2. CHARACTERIZATION THEOREMS 
  
Theorem 1.  
 
 Let { }∞

=0kkA  be any sequence of numbers, such that 
 

0AAsA22 2s1s ≥−−+ ++  and 1As ≥  for all s.  (1) 
 
For any given )10( 00 << pp  if there exists F(x) such that  
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( )( )( ) s1
2

12U AsXXXE ==−  for s = 0,1, .....  (2) 

 
then F(x) is unique. 
  
Remark 1.  
 
 By means of this theorem we may derive characterization theorems for many 
known discrete distributions. For this characterization, there is no need to show 
the existence part for such distribution. Here we will illustrate this for some 
discrete distributions. However, it is possible to extend the result to other discrete 

distributions by calculating ( )( )( )sXXXE 1
2

12U =− . 

 
Remark 2.  
 
 Special case constAs =  gives the result of Balakrishnan and 
Balasubramanian (1995) and the case  
 

 ( ) ( ) ( ) 






 β−θ






 β−β−βθ= ∑∑
=

−

=

s
ii

m

1i
i

s
i

2
ii

m

1i
s 1/11A  

corresponds to the result of Wu (2001) ( ) ( ) 1k
iii

m

1i
0k 1p1p −

=
β−βθ−= ∑ . 

Remark 3.  
 
 If c > 1 and 0 < a < 1 then the sequence cbsasA 2

s ++=   satisfies (1). 
 
Theorem 2.  
 
 Let 0>λ  and ( ) ( )1e1f −=λ λ  and denote  

( ) ( ) 





+λ





+λ= ∑∑

∞

=

∞

=
!js/!jsjA j

1j

j

1j
s

2
. If { }∞

=0ssA  satisfies (1) then necessary 

and sufficient condition for a r.v. X1 to have a distribution of the form 

( ) ( )λλ−= f
!k

p1P
k

0k  for k > 1 ( 0p  is arbitrary number )1p0( 0 << ) is 

( )( )( ) s1
2

12U AsXXXE ==−  for all s > 0. 
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Remark 4.  
 
 The case λ−= ep0  in Theorem 2 corresponds to Poisson distribution. 
 
 
  
Theorem 3.  
 
 Let p,,p0 α  be any three numbers between 0 and 1 and denote 

( )
( )( ) ( )





=α−++α−+α

−+α−α
=

...,5,3,1s,p1/p/8p/2413

,pp24p4
A

2

2

s  If { }∞
=0ssA  satisfies (1) 

then necessary and sufficient condition for a r.v. X1 to have a distribution of the 
form  
 

( ) ( ) ( )( ) ( ) 1k
0k2

1k
01k2 p1p1p1p,p1p p1p −−

− −α−−=−α−=   (3) 
 

for k > 1 is ( )( )( ) s1
2

12U AsXXXE =−−  for all s > 0. 

 
Theorem 4.  
 
 Let 0 < 0p  < 1, a > 0, b > 1 and basAs += . The necessary and sufficient 
condition for a r.v. 1X  to have a distribution of the form  
 

( ) ( )[ ] ( )[ ]ba2kp...pp12p1bakp k101k2k ++−−−−++= ++    (4) 
 

for k > 0 is ( )( )( ) s1
2

12U AsXXXE ==−  for all s > 0. In this case for each 0p  by 

Theorem 1 there is only 1p  in (4) satisfying condition 1p j
0j

=∑
∞

=
 and ...,p,p 32  

can be uniquely obtained recurrently from (4). 
  

3. PROOFS OF THEOREMS 
 
 Before going into the proofs in detail note that [see, for example, Ahsanullah 

(1995)] ( )( )( ) ( )sXPpsXmXXP 1ms1
2

12U ≥===− +  and  
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( )( )( ) 











==− +

∞

=
+

∞

=
∑∑ js

1j
js

2

1j
1

2
12U p/pjsXXXE .  (5) 

 
Proof of Theorem 1.  
 
 Let 0p  is any number such that 1p0 0 << . Assume that there exist F(x) with 

( )( )( ) s1
2

12U AsXXXE ==−  for all s > 0.  

 
 Together with (5) it gives  
 

( )1sXPApj 1sjs
2

1j
+≥=+

∞

=
∑  for all s. (6) 

 

 Rewriting (6) for s=s+1 we have ( ) ( )2sXPAp1j 11sjs
2

1j
+≥=− ++

∞

=
∑  for  

all s. After extracting it from (6) and simplifying it is easy to see that  
 

( ) ( ) ( )2sXPA1sXPAp1j2 11s1sjs
2

1j
+≥−+≥=− ++

∞

=
∑ . (7) 

 
 As in above case, let us rewrite (7) s=s+1 and extract it from (7). After 
simplifying we have recurrent relation for probabilities  
 

( )s10
2s

2s1s
1s

2s

2s1s
2s p...pp1

A
AA22

p
A

AA21
p −−−−

−+
−

−+
=

+

++
+

+

++
+   (8) 

 
 Since both coefficients ( ) 2s2s1s A/AA21 +++ −+  and  
( ) 2s2ss1s A/AAA22 +++ −−+  in (8) are positive, it means that 2sp +  is increasing 
(decreasing) if 1sp +  increases (decreases) for all s > 0. It means that for any 
given 0p  all probabilities ...,p,p 32  increases when 1p increases. Together with 

1p j
0j

=∑
∞

=
 we conclude that for any given 0p  we have only one 1p  which 

satisfies (8). Consequently, we have only F(x) which satisfies (2). 
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Proof of Theorems 2 and 4.  
 
 Necessity part may be taken from (5) by trivial verification. Sufficiency part 
follows from Theorem 1. 
  
Proof of Theorem 3.  
 
 For s=0,2,4,... using (5) and (3) we have  

( ) ( )[ ] ( )j21j2
12sj

j2
2

1j2
2

12sj
0s pp/pjs2p1sj2AA +−+−−== −

∞

+=
−

∞

+=
∑∑

 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )( )1j1j

1j

1j21j2

1j
p1p1p1p/p1p1jp1p1j2 −−∞

=

−−∞

=
−α−+−α−α−+−α−= ∑∑

 
( ) 2p/p24p/4 −+α−α= . 

 
 By the similar way for s=1, 3, 5,... taking 2j-s-1=2t one can write  

( )
( ) ( )[ ]

( )
( )








++








−+−−+

==

−

∞

+=
+−

∞

+=
+ ∑∑ j21j2

23sj
1sj2

2
1j2

2

23sj
1s

1s

ppp/pjs2p1sj2p

AA

 
( ) ( ) ( ) ( ) ( ) ( )[ ] ( )( )p1p1/p1[11t2p1pt2p1 t2t2

1t
−+α−







 −α−++−α+α−= ∑
∞

=  

 
( )( ) ( )p1/p/8p/2413 2 α−++α−+α=   

 
Sufficiency part can be obtained directly from Theorem 1. 
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