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ABSTRACT

Let X;,X5,...,X,,...be a sequence of independent and identicaly distributed
random varigbles taking on vaues 0,1,... with common distribution function
F such that F(n) < 1 for any n =0,1... and EX . <¥ . Let X y(n be the nth

upper record value and {As}fzo be any sequence of positive numbers, such that
2+ 2Ag, - Ag- A ,>0 and A 31 for al s. In this study we show that or any

given p, =P(X, =0) if E((XU(Z)— X1)2|Xl:s):AS for dl s3 0, then F(x) is

unique. By using this result we may derive characterization theorems for many
known discrete distributions. As examples we give characterization theorems for
Poisson distribution and some other distributions. Our result is generalization of
theorems of Balakrishnan and Balasubramanian (1995) and Wu (2001).
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1. INTRODUCTION

Let X;,X5,...,Xp,... be asequence of independent and identically distributed
random variables taking on values 0,1,... with common distribution function F such
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that Fn < 1 for any n=0,1,... and EX,° <¥ . Define the sequence upper record
times U ;) and upper record values X () as follows:

U =1, U(n+l) =min{j >U(n) : X > Xym},n=12, ...
and denote p, = P(X; =k). The following are well-known:
1) X, has two parameter geometric distribution py = (1- po)pg“t k3 1,

0 < pg <lisarbitrary), if and only if E((X u@)- Xl)2 |X1 :s) = congt for
s > 0 (Balakrishnan and Balasubramanian (1995)).

2) Characterization of mixtures of geometric distributions when conditional
expectations E((XU(Z) - Xl)2 | X1 :s) are some functions of parameters
of digtribution and failure rate function is given in the work of Wu (2001).
In this paper we give a characterization of discrete distribution in terms of

El(xue - xa %2 =)

Various developments in characterization theory dealing with regressions of
record values of discrete random variables and related topics have been reviewed
by a number of authors including Ahsanullah (1995), Ahsanullah and Holland
(1984,1987), Aliev (1998, 1999), Franco and Ruiz (2001), Gaambos and Kotz
(1978), Korwar (1984), Nagarga (1988), Nevzorov (1987), Srivastava (1979),
Stepanov (1994), Wesolowski and Ahsanullah (2001) and others.

2. CHARACTERIZATION THEOREMS
Theorem 1.
Let {A k}izo be any sequence of numbers, such that
2+2A - As- Ag,30and Ag3lfordls (@)

For any given Po (0 < py <1) if there exists F(x) such that
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2 N -
E(xup - o [x:=5)=As fors=o1, ... @

then F(x) is unique.
Remark 1.

By means of this theorem we may derive characterization theorems for many
known discrete distributions. For this characterization, there is no need to show

the existence part for such distribution. Here we will illustrate this for some
discrete distributions. However, it is possible to exend the result to other discrete

distributions by calculating E((XU(Z)- x1)2|x1 :s)
Remark 2.
Speciadl case Ag=const gives the result of Baakrishnan and

Balasubramanian (1995) and the case

A= ap % b (- b)Y o6-b,)?
€=l g e=1 g

m
corresponds to the result o Wu (2001) px = (1- po)a gib; (- b; )<t
1
Remark 3.
If ¢>1and 0 < a< 1 then the sequence Ag =as? +bs+c satisfies (1).
Theorem 2.
Let 1 >0 and £(1)=1/(¢ - 1) and denote
0 et . 10
A éa i“11/s+§) ':/é 11/(s+ )z 11 {A ¥, satisfies (1) then necessary
2
and sufficient condition for a r.v. X; to have a didtribution of the form
k
P =(1- po)lﬁf(l) for k > 1 (po is abitrary number (0<pgy<1)) is

E((XU(Z) - x1)2|x1 = s): A, foral s> 0.
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Remark 4.

The case pg = e in Theorem 2 corresponds to Poisson distribution.

Theorem 3.

Let pg,a,p be any three numbers between O and 1 and denote
:j[a - 4a/p+4(2- p)/p?,
fBa+1- 4(a +2)/p+8/p2)/(1- ap),s=135,...

then necessary and sufficient condition for ar.v. X; to have a distribution of the
form

A If {Ade, stisfies (1)

P21 =(L- po)ap(t- p)“*, pac =(1- po)l- a)plt- p)* &)

fork > 1is E{(X gy - X[, - s)=A, foral s> 0.

Theorem 4.

Let0< pp <l,a>0,b>1and Ag=as+b. The necessary and sufficient
condition for ar.v. X1 to have adistribution of the form

Prez = [(Bk +b+1)pss - 2(1- po- pr - -..pi)/[(k +2)a+b] 4

fork >0is E((XU(Z) - X1)2|X1 = s): Ag for al s> 0. In this case for each py by

Theorem 1 there is only p; in (4) satisfying condition & p; =1 and p,,ps,...
j=0

can be uniquely obtained recurrently from (4).

3. PROOFSOF THEOREMS

Before going into the proofs in detail note that [see, for example, Ahsanullah
(1995)] P((XU(Z) X, P = m|xl :s): Perm/P(X1 % §) and
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E((XU(Z)' X, P |xl =S)=§él P %g}é Ps:; ; ®)

Proof of Theorem 1.

Let pg isany number such that 0 <py <1. Assume that there exist F(x) with
E((XU(Z)- x1)2|xl :s):AS for all s> 0.

Together with (5) it gives

¥
%-1 j2p5+j =A5P(X1 s S+1) forall s. (6)
J_

¥
Rewriting (6) for s=s+1 we have & (j-1)?Pg; =Ag P(X;2 s+2) for
=

al s. After extracting it from (6) and simplifying it is easy to see that

¥
_502-1 (21 - 1)2 ps+j :ASP(X:I.3 S+1)' As+1 I3()(13 S+2)- (7)
J_

As in above case, let us rewrite (7) s=s+1 and extract it from (7). After
smplifying we have recurrent relation for probabilities

1+2A44- A 2+2Ag4- A
Ps+2 =% st1” +S+2(1 Po- Py- - Ps) (8)

st+2 Sst+2

Since both coefficients (1+ 2A g1 - Az )/ Agp and

(2+42A g1~ Ag- Agi)l Agip in (8) are positive, it means that ps,, isincreasing
(decreasing) if pg. increases (decreases) for al s > 0. It means that for any
given po dl probabilities p,,ps,... increases when piincreases. Together with
¥

a p; =1 we conclude that for any given po we have only one p; which
j=0

satisfies (8). Consequently, we have only F(x) which satisfies (2).
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Proof of Theorems 2 and 4.

Necessity part may be taken from (5) by trivial verification. Sufficiency part
follows from Theorem 1.

Proof of Theorem 3.

For s=0,2,4,... using (5) and (3) we have

y y
As=Ao= a [(21 -s-1f pzj-1+(25' iy P2; ]/_ a (p2j-1+p2j)
j=s/2+1 j=g/2+1

1
QoK

[(21- 1)?ap(1- p)* +j?(1- a)p(1- p)* 1]/ ,;1 (ap(l- p)'* +(L- a)p(t- p)”)

i
—a- 4a/p+4(2- p)/pzl

1

By the similar way for s=1, 3, 5,... taking 2j-s-1=2t one can write
A=A =
& ¥ S ¥ o)

. . 6 .
§p5+1+_ a [(21' s- 1 pyj g +(2s- i) pzj]Z/ Pst a (P2j-1 +p2j)1
j=s+3)/2 o i=(s+3)/2 2

=Gl d [l aplt p) (2140 - alle o [2(e- a)oea- o

e t=1
=3a +1- 4(a +2)/p+8/p2)/(1- ap)

Sufficiency part can be obtained directly from Theorem 1.
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