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ABSTRACT

A new method of jackknifing have been suggested to take care of imbalance
in the sample, caused either by varying probability of sdection or by the varying
sizes of the unit being deleted from the sample. This technique of jackknifing is
applied to a genera class of estimators. Considering a natural population the
performance of this jackknife variance estimator has been compared with the
other variance estimators.
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1. INTRODUCTION

The idea of jackknifing was introduced by Quenouille (1956) in connection
with reduction of bias of nonlinear estimators. The posshility of using this
technique for the purpose of estimation of variance or mean sguare error was
brought to the light by Tukey (1958). Durbin (1959) perhaps had been the first to
use it in the context of finite population. Rao (1965) and Rao and Webster (1966)
consdered jackknifing classical ratio estimator. Srivastava (1967) defined a
variant of the classical ratio estimator, called the Srivastava’'s modified ratio
edtimator (SMRE), that reduces in particular situation to classica ratio estimator.
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Nandi and Aich (1994) observed that a jackknifed version of SMRE induced an
improvement and hence was worth considering. Besides classicad and modified
ratio estimators, many other estimators, which make use of auxiliary information
are available in the literature. Some of them which are worth mentioning are
generalised regression estimator due to Sérndal (1980), asymptocally design
unbiased (ADU) linear estimator due to Hajék (1971). Wright (1983) and Sérnda
and Wright (1984) brought al these estimators under the same umbrella of a
genera class of estimators, called QR-class of estimators. A dight modification of
the QR-class, let it be cdled modified QR-class (MQR), that includes among
others, SMRE and modified forms of estimators due to Sarndal (1980), Brewer
(1979, 1999) and Haék (1971) was considered by Roy and Safiquzzaman (2000).
On noting that the estimators of the said class are nontinear, they took up the
problem of jackknifing the class with the objective of reducing its bias and
estimating its variance. Since traditional method of jackknifing does not take into
account the imbalance in the sample, caused by varying probability of selection,
Roy and Safiquzzaman (2000) faced some problem with lack of stability of the
variance estimator by traditiond jackknife method.

Modification of standard jackknife procedure was suggested by Hinkley
(1977). But his modification was aimed at taking care of the distance of every
data point from the centre of the pool of data. He suggested a weighted jackknife
in connection with genera linear model, the essential idea of which was to scae
individua residuals according to the relative importance of corresponding design
points. The weighted jackknife technique of Hinkely (1977) was extended to ratio
estimation by Chaudhry (1990), who perhaps had heen the first to use weighted
jackknife in connection with finite population sampling. But this weighted
jackknife approach, while being considered for application to finite population
sampling with varying probability of selection, takes care of the lack of balance
induced only in a limited sense. While the lack of balance, as reflected by the
distance of individual data points from a central value, is taken care of by this
procedure, it fails to give due consideration to the same as reflected by varying
probaility of inclusion.

In this paper attempt has made to suggest an alternative weighted jackknife
procedure that takes care of the lack of balance induced either by varying
probabilities of selection or by varying sizes of the units being selected. Here an
aternative weighted jackknife technique has been used to get the jackknife
variance estimator of the MQR class. In a particular situation when the MQR
estimator reduces to the Generalized Regression estimator (GREG), our weighted
jackknife variance estimator reduces to a variance estimator of GREG which is
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very close to the TAY 1 variance estimator proposed by Sarndal (1982). To have
an idea how our weighted jackknife variance estimator competes with the other
variance estimators based on resampling techniques, we restored to a bootstrap
sampling procedure, named population bootstrap, advocated among others by
Davison and Hinkley (1998).

The contents of this article may be divided into five parts. In section 2 we
introduce the QR and MQR class of estimators. In section 3 we introduce a new
jackknife method and take up the problem of variance estimation by this method.
To compare the weighted jackknife variance estimator obtained in section 3 with
other variance estimators we introduce in section 4 the variance estimators
obtained by linearisation technique and bootstrap re-sampling technique. Lastly in
section 5 we consider a natural population of Swedish municipality, named
MU284 in the book by Sarnda, Swensson and Wretman (1992) to compare the
performance of jackknife variance estimators obtained by the new modified
technique vis-avis the traditional technique to demonstrate that the new method
of jackknifing has an edge over the traditiona method. The same natura
population is used aso to compare the variance estimator obtained by bootstrap
method and it has been observed that our new method outperforms it by a clear
margin.

2. NOTATION AND MODI FIED- QR (MQR)
CLASS OF ESTIMATORS

Let U be the finite population on which are defined two real variablesy and x
taking values y; and x; (>0, known) with totas Y and X respectivey. To

edimate Y a sample s of size n is taken with probability p(s). The design p is
assumed to admit positive inclusion probabilities P; for the uniti and Pjj for the
pair of units (i, j) of U. By &y , @&y let usdenote sumsoveriinU andi, j
(i) in U and by &s,ads those in s respectivdy. Let
Qi (>0, Rij(® 0) and a be arbitrary constants. On noting that a smple linear
estimator of the population total Y can be written as

1
Ye==—4a<R:y:
S n shiYi

which with R; = N, reducesto Ny, we define MQR-class of estimators for the
finite population total as
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where BQ=?S—Qiyi.
asQx;

When a =1, MQR-class of estimators reduces to the celebrated QR-class
due to Wright (1983). It was shown by Sdrnda and Wright (1984) that
QR-estimator (they called it QR-predictor as it was motivated from a model)

TQR = QS + BQ(X - )A(s)
was asymptotically design unbiased (ADU) under the condition
1- ﬂ: | Qi p; .
n

They dso show that if this sufficient condition for being ADU was satisfied
by a QR-estimator, then it was necessarily of the GREG form that can be

obtained from TR, choosing R; :pi. From GREG form again we get in turn
(

Hajék (1971) form with proper choice of Q; and also the prediction form of

Brewer (1999), cdled a cosmeticaly cdibrated estimator by him, with proper
choice of n.

As for Tyor We see that its asymptotic design expectation, following
Brewer (1979), is given by
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. 1,
imE Tyor =Sau RiPiYi

1-a CI
aUlelyl eXagdaURp, IQ _i Rp X
aUQ|p|X|§ en 7] n

When R; :1., imEpTyor=Y for any choice of Q; and a . So hence
1

forth we may redtrict ourselves to modified GREG form

. a g
0 %ex 2 5
_=s y| as |Y|Q; + { Xi 9
Tve =as=-+ . - Lfas—=
pi aSQ|X|Q; i l? i &

2 plﬂ H

whose linearised variance may be put in the form

.2
VMG :é_ éUDIJE | p% 72l plb J :
1 ] 7]

where D;; = pip; - Pjj and bg =—2 <21
S ? T ayuQpX

Note that when looked upon as a function of a, variance of Ty may be
written as

yl_ 2 Xig 22y, & XiQ
\Y a T-2ab,C Cac—tas—Li+tabgV, Gac—=
MG pgs %pgs' Spiia ng Spifa
where
VB Uil g o B 0
§ Pi g P Py

and
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. B . Vi ('_)'
Coffisi as7-2=a 4D D, U
P TPg gn Pj ZsPi p]g
I(a)—on2y & X0 . ,
Now Vyg' (a)=2b3V,, aSF_>O So Vg (a) is a convex function of
3

a o i é
1 Cpgas%,as I:
a=g ! 2= ag, say
Q vV & X 9
pgas—_+
P g

If the regression line of y on X is linear passing through the origin, only then
agpt=1. Though the vaue of the aqp depends on the population values and

hence unknown, we can estimate it by

~ &K Y,
CpGag—,84g—=
A .= 1 pg Spi S (§%)
opt— 7 -
bQ Vpgasﬁg
Pig

where BQ, ép and \7p are obtained by replacing the population sums in bg,
Cp and V, by the respective Horvitz — Thompson estimators.

3. JACKKNIFING THE MODIFIED GREG PREDICTOR
AND VARIANCE ESTIMATION BY WEIGHTED
JACKKNIFE METHOD

To jackknife Tyg = Th(say) in traditiona method, we denote by Tp-1(- )
the value of T,, based on a sample of size (n — 1), when the jth pair (xj,yj) is
deleted from the sample. Then a set of pseudo values are chosen as

T =nT, - (n- 9T, 1)) :jTs

and
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1 *
Ty ==&cT,
JK n ST

is proposed as the jackknifed estimator of the population total.

To get the variance estimator we note that Ty is a mean of pseudo values
and hence jackknife variance estimator is of the form

a 2
St 1 o(* )2

Vg =—=T_ = AT - T

K== o p st X

But in varying probability sampling with units having wide diversity in their
sizes, the effect of deletion of different units, while constructing pseudo values,
appears to be different. In this connection let a unit of the sample, either having a
large size measure or having a very high probability of inclusion, be designated as
a ‘heavy’ unit. In traditional set up, the construction of pseudo values does not
take into consideration the lack of balance caused by deletion of a ‘heavy unit
and hence taking an unweighted average of those pseudo values may not be
purposeful. So we propose to attach adequate weights to the present set of
pseudo values in such away that it gives a ‘ cushioning effect’ against the shock
suffered due to deletion of a ‘heavy’ unit while constructing pseudo values.

Following this line of argument let us attach a weight function with each TJ-* to
get arevised set of weighted pseudo values as

dj=aqim, - (- 9T, 4 D] (g% 0.4 ya;=1) :ji s

where q;'s are so chosen that they are proportional either to P;'s or to the sizes

of the data points being deleted. Then we define the weighted jackknife estimator
of the population totd as

3 s% éS%Ti*
dg— A8g—
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Here it is worth noting that Ty (w) is a weighted average of the normal

* .~ i 0
pseudo values T; (jl s) which reducesto Ty when glj is congtant for all
i@

jl s.
To emphasize the role of q; as a ‘ shock absorber’ we may speak in terms of

Basu's (1971) elephant example. Let q; be proportiona to the current weight of

the jth elephant in the sample. If Jumbo’ the heaviest eephant with small
inclusion probability is the jth elephant selected in the sample againgt dl odds, then

i 0 . *
gi: plays the role of an excellent buffer againgt the * erosion’ causedto T; due
i g
to deletion of ‘Jumbo’ .

Since Tx (w) is a Haék type edtimator, we may take the weighted
jackknife variance estimator as

2
Dj &e g€ 0
PSP P

vk (W) =8 as

where ej :Tj* - TJK(W) .

Now let us discuss in the following, three different choices of the weight. The
first choice takes care of the imbaance caused by varying probabilities of
selection, the second one is aimed at compensating the lack of balance caused by
varying sizes of the units being deleted and the third is the combination of the two
taking care of imbalance caused in either way.

Choice 1. Here 4j's are chosen such that 4;° 0, q;¥p; ad 4 ,q;=1. An

obvious choice satisfying these three conditionsis

qj:?

and for this choice of @, the pseudo values are
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dj =2y - (- )Ty (-]

For T, :55% and for a sampling design p(s) for which

P;=Np; (pj 30,ayp; :l) we must have dj =Yj. Thus when
(p(s), T(s))=(pps, YHT ), the pseudo values are equal to the actual values of the
sample.

Choice 2: Here q; 'S are chosen such that q 30, qj¥ X; and équ =1. An
obvious choice satisfying these three conditions is

_X|
q; v

Choice 3: Here we take

so that Qj3 0 and équ' =1.

When p X, the above three choices, for obvious reason, are same.
What ever may be the choice of q;, if T, =Tyg , then assuming

asxilm| T |asQixi| asQyi

T; =nT, - (- YTy 1 (- )

=

. a .aj)
& & ° Cy o
e o LA N Pty P
=5 41 B 19 ¢ Xx. f Bouk+f1 EIO B NG Xx- 24
g P SN o Gags TR f N B PG Xl
6 ¢ Pg e PRoy



404 Jackknifing A General Class of Estimators —
A New Approach ..........

where e =Yj- Bij

i a U
.I. a(;‘a 9 .I. Q
_i.ba-10¢ X = i X0 P,
—l+ C——+ .- 1 a —
% ':'e n gt X7 |y Spi baSlel
. gas - .
{ e Pig ID

5 sﬂ ési_Ti*
T (w) = 2' = P|q
FY: IO
p; pi

and the weighted jackknife variance estimator is

2
Dj & - Ty (W)g  dj- Tk (W)q; 9

Vg (W) =&4asg

Pij Pi Pj P
=885 -7 +Tx’(W)a 5015—1{(iql - i:
Pi &P P 5 Pj &P P

D & d: &y 8
- 2Tk (W)a ésia_ _Jﬁgﬁi i:
Pj &P P &P Pjj

Note When a=1 and Q; =w;X; ; Tmg reduces to GREG and in that case for

a paticular choice of the weight function, viz. q :%, weighted jackknife
variance estimator reduces to
D .2
. iBse 9459

vk (W)=4a4 : T
5pi,-g p; Pi 5

where
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an-1 . X 0 PjWiX;
g-:1+§—X-a _l:M
9 S, T 2
n Pi ga gWiX;

Note that this weighted jackknife variance estimator of GREG is very close to the
variance estimator named TAY 1 proposed by Sérndd (1982).
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4. VARIANCE ESTIMATION BY OTHER METHODS

To ascertain how the jackknife variance estimator obtained in the earlier
section competes with the other rival estimators we consider a linearised variance
estimator given by

~ ~ 2
_5 g DilYi-aboxi Y- abox;?

VT =aa -
bPijg p; P p

In afurther comparative study we consider another variance estimator based
on bootstrap re-sampling technique. To estimate the variance of Tyg by
bootstrap re-sampling technique, a sample of size n is drawn following Midzuno
(1952) scheme of sampling. Then assuming for the moment that k = N/n is an
integer, k copies of these sampled units are taken to generate an artificia
population U of size N. From this population generated artificially, M samples,
called bootstrap samples, of size n each are drawn by Midzuno (1952) scheme of
sampling. Denoting by Ty (r), the modified GREG estimator based on rth
bootstrap sample, the bootstrap variance estimator vg is calculated as

2

1 WM & 1M )
Vg = a &Tmg(N - —aTuc(nN=
M - 1r=1§ M= o

If N/n is not an integer, we write N = kn #, where O<l<n, and U is
constructed by taking k copies of n sampled units and then adding to them a
sample of szel taken from the original sample.

5.A SIMULATION STUDY

We consider a natura population of Swedish Municipality, named MU284 in
the book by Sérndal, Swensson and Wretman (SSW) (1992). Sweden is divided
into 284 municipdity having consderable varigtion in sze and other
characteristics. The data on a few variables selected by SSW include among
others RMT85, the revenue from municipal taxation ( in millions of kronor ) in
1985 and P85, the population ( in thousands ) in the same year for al the 284
municipality. We take RMT85 as the study variable Y and P85 as the auxiliary
variable X. From population of size N = 284 we select R (= 2000) samples of size
n (= 20) each following Midzuno (1952) scheme of sampling. On the basis of
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each of these 2000 samples we caculate for different values of a , 2000 variance
estimators by

(i) Linearisation technique (v7),
(i) Standard jackknife method (v;),
(iii) Bootstrap Method (vg).

(iv) Weighted jackknife method (v3p) , with q; = % as weight,

The other two choices of q; has not been considered because in the present
study, with Midzuno scheme of sampling, the inclusion probability P, for the
present choice of N and n, is not far from being proportional to X; .

Denoting by v(r) the variance estimator for the rth (r =1, 2, ...... , 2000)
sample of a group of 2000 samples, we calculate

1 2000 1 2000 2000 1 20
Vi =—— & Vvr(r);vi=—— & V;y(r);Vvg =——— a Vr();Vig=—— & Vy(r
T=2000 2,/ Va= 5000 2 V9Ve =5055 & VB(DiVap =500 8 Var(!)

and compare their performance for different values of a, on observing their
closeness to the actual value of the variance given by Vg .

But before going into the task of actua comparison let us observe that with
Qj=wjx| where wj=x;9 (0£9£2), Ty depends on two parameters a
and g. So to strike upon an optimum choice d (a,g) we first observe that in
MU284 if RMT85 and P85 are taken as Y ad X, then the variance function is

likely to be proportion to xJ, where g takes value between 1 and 2. If g is

known then the optimum choice of g would be g, but even 284 vaues of
Yj onx; may not be sufficient to estimate g. So we take a set of trial values for

gand @, such that g = 1.0, 1.1, 1.2,.......... ,20and a =00, 01, 02, 03,
.......... , 2.0 and for each such tria value we compute the value of V), shown

in the following table.
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From the above table it is obvious that optimum choice of (Q,a), that
minimize Vs is (gg,a0)=(1.91.5) and the vaue of Vg at (go.ag) is815.7.
So in this case one should be tempted to use
5

X
. Xj:
as—

i

X

u
a
18@_|
a
g

z@z@ggﬂ~

o Y aSX| |y|
Tvg =as -+ 75,2
pl asx|

S b b O

B

as an estimator of Y.

But this way of getting optimum choice for (g,a) will not work in practice as
al the population observations will not be known and hence Vy,g will not be an

observable quantity. So for different trial valuesof g (g =1.0, 1.1, ....... , 2.0) we
shdl find the optimum choice of a given by
épé%‘sx—i’é %9
A 1 Pi Pi g
agpt(9) = b ® x 0
Q v As—rt
pg Pig
aa g X% Yo

_&Bsx; *xiy © oy PEP PG
: 2

D& %2

P gPi P
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and the choice of (9.4 ,p¢(0)), which minimise the linearised variance estimeator
vy =v7(0.80p(0)) is taken as the optimum choice for (g,a). Necessary
calculation in this context are shown in the following table.

Tableb.2
Showing the values of & opt(9) and vy (g, a opt (g)) for different values of g
g éopt(g) VT (gvéopt(g))
1.0 1.246120 849.125
11 1.358421 839.705
1.2 1.362451 799.524
1.3 1.379845 794.954
14 1.381002 839.843
15 1.394142 844.615
1.6 1.410013 853.624
1.7 1429727 825.261
1.8 1523112 809.415
1.9 1.553279 822.623
2.0 1.568430 835.624

From the above table it is obvious that VTt (gvéopt(g)) iS minimum when
(g,éopt(g)):(l.& 1523112) which is very close to the actud choice
(90,a0)=(1.9, 1.50), obtained table 5.1.

However in the following numericd study we use the choice
(g.a)=(19, 1.50) and proceed further with the numerical investigation.

First we arrange the 2000 samples in increasing order of magnitude of an

ancillary EQL;(’“?. The ordered set of 2000 samples are then grouped into 20
e [7]

subsets of 100 samples each. On the basis of 100 samples in each of 20 groups,
we calculate the 100 variance estimators by four different methods. Then to study
the conditional performance of the four variance estimators we calculate for each
of the 20 groups the values of

1 100

AVT(),Vy = V(1) Vg == V()Y ip=s &V p(D)
Vy=——aVvyl(r),vi=—aV,ll),VvVp=— aVRr(lN,vip=——aVv r
T7100,2; 77 7100,2; 7V B T100,44 BV TP T100,2, P
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and compare their performance within each group on observing their closeness to
thevaue of V) g, whichis815.7 for @ =1.5. The relevant results in this context

are given in the following table.

Table5.3
Showing the values of four variance estimators, averaged over 100 samples,
when Vi =8157, N =284, n=20, a=15, Qj=wxj, w;=x;?, g=1.9
Estimator
gésxi /pi 9 closest to
e X g VT vy VB Vip the actual
parameter

0.63 7325 760.3 7782 7702 Vg
0.67 7384 776.2 768.8 782.6 Vip
0.72 762.8 780.2 782.4 7916 Vip
0.78 784.2 784.1 790.1 802.1 Vo
0.84 7825 798.6 798.1 801.9 Vop
0.88 7953 804.5 797.0 806.4 Vip
0.92 801.6 807.5 811.1 811.2 Vp
0.96 8035 810.9 819.7 812.6 Vp
0.98 8105 8118 817.2 815.0 Vo
1.01 820.1 817.6 817.9 816.4 Vo
1.03 825.9 821.0 822.3 816.5 Vop
1.05 832.6 828.8 820.8 819.7 XJ"
1.06 8400 831.8 826 | 8217 Vz
1.11 849.7 831.2 831.0 830.5 Vi
1.14 849.2 839.8 839.2 832.8 Vip
1.16 862.2 8415 836.1 8335 Ve
1.27 875.9 865.5 837.1 838.0 Vi
1.34 881.0 874.0 850.1 851.4 Vg
1.39 889.4 869.6 849.2 8553 Vap
1.49 925.2 899.2 870.1 8685
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Fig:1-Comparison of variance estimates by different methods with actual
variance
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Group average

Actual Variance Estimated variance by linearsied method

----- Estimated variance by standard jackknife method

Estimated variance by bootstrap method

Estimated variance by weighted jackknife method

Remarks: Form the last column of the above table and Figure 1 the weighted
jackknife variance estimator seems to have an edge over its rival estimators. The
improvement appears to be significant especialy for those samples for which the

(;\ﬂ?sx| /p

average value of the ancillary L2 isfar from 1.
e a

Next we compare the performance of four variance estimators on the basis
of Actual Coverage Percentage (ACP); which gives the percentage of cases in
which the Confidence Interva (Cl)

Ty F by 23V

covers the actual value of the finite population total Y. The closer it isto 100b%,
the better isthe Cl.
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For the four different estimators of the variance, we construct six different
sets of confidence intervals(Cl) and observe the conditional coverage percentage
in each of 20 groups of 100 samples. To justify the use of normal score tp/o in

the construction of Cl, we calculate the values of

3
by = ig?—MG(r) TMGE and b, igéa'wle(r) TMG?
erl [} erl 9
where
= _ 1R _ /175
Tme == aTue(r) and s, = a(TMG(r) TMG)
R Rr=1

It is noted that for R = 2000 samples (Jb_l b2) (0.062,2.981) . Relevant
results in this context are given in the following table.

Table5.4
Showing the ACP' s for four different variance estimators when

Vi =815.7, N =284, n=20, b=0.05, (/by,b,)=(0.062,2.981)

Qj =w;Xj, W;=X;’ 9 g=1.9,a=15

& gXi/Ppi o ACP of the Cl corresponding to the estimators

e X g VT V3 Vg Vi
0.63 84 87 90 88
0.67 84 88 88 90
0.72 86 89 89 91
0.78 88 90 91 93
0.84 88 92 91 93
0.88 90 93 9 9
0.92 93 93 95 95
0.96 94 95 95 95
0.98 94 95 95 95
1.01 95 95 95 95
1.03 96 95 95 95
1.05 96 96 95 95
1.06 97 96 95 95
111 97 96 97 96
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114 97 97 97 96
1.16 98 97 97 96
1.27 98 98 97 97
134 99 99 98 97
1.39 100 98 97 97
1.49 100 99 98 97

Remark: From the above table it appears that with respect to ACP the
performance of the weighted jackknife variance estimator is very good, if not the
best. However the samples for which the average value of the ancillary is very
close to 1, dl the variance estimators seem to be equaly efficient in yielding
confidence intervals with a given confidence co-efficient.
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