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ABSTRACT

The Birnbaum-Saunders (BS) model is a two-parameter, unimodal distribution with positive
skewness and non-negative support. This model has attracted considerable attention in the statistical
literature during the past decade. The interest for the BS model is due to its physical theoretical
arguments, its attractive properties and its relationship with the normal model. However, no much
attention has been payed in parameterizations of the BS distribution distinct to that proposed orig-
inally. In this paper, we study different parameterizations of the BS distribution. Specifically, we
analyze the properties of these parameterizations, use the maximum likelihood method for estimat-
ing the corresponding parameters and carry out a simulation study for detecting their performance.
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1 INTRODUCTION

A distribution with non-negative support that has attracted considerable interest is the Birnbaum-
Saunders model. This distribution is unimodal, positively skewed and has two parameters, which
correspond to the shape and scale of the model. For more details about the BS distribution, see
Birnbaum and Saunders (1969a) and Johnson et al. (1995, pp. 651-663). This interest for the BS
distribution is due to its physical theoretical arguments, its attractive properties and its relationship
with the normal distribution. Although the BS distribution has its genesis from engineering, this
distribution has been applied to several other fields and top ics; see Galea et al. (2004), Diaz-Garcia
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2 On New Parameterizations of the Birnbaum-Saunders Distribution

and Leiva (2005), Vilca and Leiva (2006), Balakrishnan et @007, 2011), Leiva et al. (2007,
2008a, b, c, b, 2009, 2010a, b, 2011a, b), Barros et al. (2@#B)hueza et al. (2008), Guiraud
et al. (2009), Ahmed et al. (2010), Vilca et al. (2010, 20HBh)d Paula et al. (2011). Different
estimation aspects related to the BS distribution have lsaatied; see Birnbaum and Saunders
(1969b), Engelhardt et al. (1981), Chang and Tang (1994puiduand Mills (1998), Ng et al.
(2003), From and Li (2006), Lemonte et al. (2007), Cysnegbal. (2008), and Balakrishnan
et al. (2009b). Implementations Rlanguage . R- pr oj ect . or g) of this distribution and its
generalized version have been developed by Leiva et al. 6)288d Barros et al. (2009), called
bs andgbs packages, respectively; see R Development Core Team (26a8yever, in spite of
all these studies, no much attention has been payed in pgazations of the two-parameter BS
model distinct to that originally proposed by Birnbaum arsdiSders (1969a) based on the physics
of materials. Some few works in this line are accredited ton&H et al. (2008), Fox et al. (2008),
and Lio et al. (2010).

Our main motivation for studying several parameterizatiohthe BS distribution is based on
the search of (i) parameter estimators that are unbiased@mgistent, (ii) coverage probabilities
of the respective confidence intervals that are close to dingimal level, (iii) orthogonality of the
parameters, and (iv) the possibility of directly descripthe mean of a BS random variable (r.v.)
by a regression model without the need of transforming teparse variable. In order to reach this
search, we consider the following ideas for proposing patanrations. The BS distribution is a
mixture of the inverse Gaussian (IG) distribution and itmptementary reciprocal; see Jorgensen et
al. (1991), Balakrishnan et al. (2009a) and referencegitmefweedie (1957) proposed several pa-
rameterizations of the I1G distribution, which can be coesgdl for the BS distribution. In addition,
an interesting parameterization proposed by Ferrari aifth@iNeto (2004) applied to regression
models following a similar idea to that of generalized linseodels (GLM) may be also considered
for the BS model.

The aim of this paper is to study several parameterizatibtieedwo-parameter BS distribution.
The article is organized as follows. Section 2 contains &rpiary notion of the BS model, includ-
ing structural properties, parameter estimation, andmpatarizations proposed for this model until
now. Section 3 introduces the new proposed parameteniziiovestigates what type of statistical
parameters they are and determines their properties af,seaiprocity and orthogonality. Section
4 studies the performance of the proposed parameterizdtioough Monte Carlo simulations using
the maximum likelihood (ML) and delta methods. Finally, sononclusions are sketched in the
final section.

2 BACKGROUND

In this section, we present some properties of the BS moldelML estimation of its parameters
and the parameterizations proposed for this model.
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2.1 The first BS parameterization

The genesis of the BS distribution considers a material sxgdo repetitive loads produced under
stress in a specific cyclic; see Mann et al. (1974, pp. 150-1B2e imposition ofm loads under
stress in thejth cyclic, saylij, fori =1,2,...,m, andm € N, provokes fatigue in the material
inducting a crack or wear-out that is extended by a randomuani;. The total size of the crack
due to fatigue for thejth cycle is the r.vY; = 3", Xj, which accumulates aging and wear-out
during this cycle. Here, it assumed thgtfollows a distribution of mean and variance. Then,
the failure or rupture of the material occurs when the totz¢ ®f the crack exceeds a level of
resistance (thresholg) In summary, the BS model looks for the distribution of theaiestn, say
n*, such that, = y]_,Y; exceeds the threshofli.e.,n* = inf{ne N:§, = 3, Y; > p}. The BS
distribution is derived by assuming that t¥igs are iid r.v.'s and applying the central limit theorem,
such thas, ~ N(nv, nn?). Hence, ifN is the number of cycles until the failure, we have that

P(Ngn):P(Sn>p)z]P’(Sn\/_ﬁ2V > pﬁ?}") :qJ(@ l‘/%—\/p—évb, 2.1)

where® is the N(0, 1) distribution function. Based on (2.1), Birnbaand Saunders (1969a) devel-
oped a distribution regarding the discrete Nvas a continue r.vI and defined the parameterization
(P1)a =n/,/pv andB = p/v. This allows us to obtain an r.\l. with BS distribution of shape and
scale parameterg,> 0 andp > 0, respectively. This is denoted By~ BS(a, 8). The parameteriza-
tion (P1) is the most one known and studied. Thug, # BaZ/2+ \/{aZ/2}2+ 1]?> ~ BS(q, ),
thenZ = [\/T/B— /B/T]/a ~ N(0,1) andW = [T/B+B/T —2]/a2 ~ x3(1). The probability
density (p.d.f.) ofT is

f(t;a,B) =

oo~ [1 8] ) L
NeT 202 (Bt 2a/Bte’
In addition, the BS distribution holds the following propies: (A1)cT ~ BS(a,cp), with ¢ > 0,
and (A2) T ~ BS(a,1/B). Therth moment ofT is

r i /i —2i+2i)! 2r—2j+2i
emi-w§ ()30 Tl

and so BT] = B[1+ a?/2] and VafT] = [Ba]?[1+5a2/4]. The quantile function oT is t(q) =
[B/4][az(q) + /02 Z(q)2 + 4%, wherez(p) is theqth quantile oZ ~ N(0,1). Notice that(0.5) = B,
i.e.,B is the median of the distribution df.

>0.

From Figure 1(a), we observe that,cagicreases, the BS distribution is turned to be more asym-
metrical and its variability and kurtosis increase. Fromufe 1(b), we detect that, fisincreases,
the distribution is dislocated and its variability increasoo. This confirms that modifies the shape
of the distribution ang modifies its position and its scale.
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Figure 1:plots of BS p.d.f. fo3 = 1.0 (a) anda = 0.1 (b).

2.2 Estimation and inference

Birnbaum and Saunders (1969b) developed ML estimationh®iparameterization (P1). Specifi-
cally, based on a sample= [Ty,...,Ty] ", whereT, ~ BS(a,B), fori = 1,...,n, with observations
t=[t,...,ts) ", the log-likelihood function fofa,B] " is

{(a,B;t) = k—nlog(a) — g log(B) + .leog(ti +B) - 512 Zi [t—' + E. - 2} , (2.2)

Bt

wherek is a constant that does not dependiosndf3. In order to obtain the ML estimators afand
B, we need to compute the maximumégéi, 3; T) given in (2.2). This maximization conducts to

(2.3)

whereS=[y{' ; Ti|/nandR=n/[3' ;{1/Ti}] are the arithmetic and harmonic means, respectively.
However, it is not possible to find an analytic expressiortlier ML estimator of3. To solve this,
Birnbaum and Saunders (1969b) proposed the expregdior- B2 — B[2R+ K (B)] + R[S+ K (B)],
whereK(B) = 1/[$P4[B+Ti]~1/n], for B > 0. The functiong(-) must be equated to zero and the
ML estimate offf must be numerically obtained. Once we have the ML estimafe wk replace it

in (2.3) and obtain the ML estimate af Engelhardt et al. (1981) derived asymptotic inference for

o andp by
B (@32 )

n[1/4+1/a2+1(a)]

(2.4)
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where

(@) :2/: [Hh;(ax)—%rdd)(x) and h(y)— 1+y—22+y{1+y7:]1/2.

Note the expected value of the second derivative of thelikel function givenin (2.2) with respect
to a andB is zero, i.e., B9%/(a, B; T)/da dB] = 0. Thereforeq andp are orthogonal parameters.

2.3 Asecond BS parameterization

An interesting parameterization of the BS distributiongmrsed by Ahmed et al. (2008) was also
based on physical aspects. Specifically, this parametenizis given by (P2p = 1/\/m and

B = Aa/Ha, WhereAa > 0 andpa > O correspond, according to Ahmed et al. (2008)’s proposal,
to the amplitude and nominal load of the treatment in the $ampspectively. Thus, under this
parameterization, the p.d.f. @f~ BS(ua,Aa) is

2
f(t;ua,An) = %1 [;\\—24—%} exp<—% {% —uA\/f} ) , t>0.

In this casecT ~ BS(Ha/+/C,+/CAa), with c > 0, and ¥T ~ BS(Aa,Ma). In addition, the mean
and variance are[E] = [Aapia+1/2]/p% and VafT| = [Aapa+5/4]/pk. For this parameterization,
from Figure 2(a), we observe that, j@sincreases, the variability of the distribution decreageem
Figure 2(b), we detect that, &g increases, the distribution goes having more light tailgsd?l on
Figure 2(c), it is possible to note that is a precision parameter.
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Figure 2:plots of BS p.d.f. fola = 5 (a) andua = 5 (b) and of its variance vgia ().
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3 NEW PARAMETERIZATIONS

In this section, we present several parameterizationstrabe useful in diverse aspects related to
the BS distribution. All of these parameterizations aratel to the parameterization (P1). Here, we
also comment about the type of statistical parameters treeyRroperty (A1) is confirmed in each
one of the new parameterizations, but the reciprocal (A#)athogonality properties only hold in
the case of a parameterization proposed by Tweedie (19&Fncall (P10).

3.1 Parameterization 3 (based on GLM)

A new first parameterization of the BS distribution that wepmse, in addition to the two already
existing (P1) and (P2), is (P3) given loy= ,/2/8 and = &p/[8+ 1], whered > 0 andu > 0
are shape and mean parameters, respectively. Thus, uiglpathmeterization, the p.d.f. &f~
BS(3, ) is
f(t;0,n) = exp(®/2) V& +1 [H— ou ]exp<—iS {t{6+1} + ou D , t>0.
4,/mt3/? 0+1 4 ol t{6+1}

In this casecT ~ BS(3,cp), with ¢ > 0. The mean and variance aréTE= p and VafT] =
g(K)/h(8), whereg(p) = 2 andh(8) = [25+ 5] /[ + 1], which follows a similar idea to that used
in GLM. For this parameterization, from Figure 3(a), we alisghat, a increases, the shape of

the distribution changes turning to be more symmetricabntFigure 3(b), we detect that, as
increases, the variability and kurtosis of the distribatiocrease too. Note from Figure 3(c) ttat
can also be interpreted as a precision parameter, as egpsictee, the larger value dfcorresponds
to the smaller value of the variance.
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Figure 3:plots of BS p.d.f. fopr= 1.0 (a) andd = 5.0 (b) and of its variance vs (c).
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3.2 Parameterization 4 (based on the mean)

A new second parameterization of the BS distribution thapvapose is (P4) given by and3 =

2u/[2+ a?], wherea > 0 andu > 0 are shape and mean parameters, respectively. Thus, tiler t
parameterization, the p.d.f. @f~ BS(a, ) is

1/02)v/2+ 02 2 1 [{2+a?}t 2
o= ST 3o [ o

2+ 02
In this casecT ~ BS(a,cy), with ¢ > 0. In addition, the mean and variance af@ &= p and
Var[T] = [ua]?[4+ 502 /[2+ a?]2. For this parameterization, from Figure 4(a), we deted ths
increases, the distribution is turned to be more asymnadtind its variability and kurtosis increase,
as expected. From Figure 4(b), we observe thaf iasreases, the distribution is dislocated and its

variability increases too. Based on Figure 4(c), it is pussto note thatr is also a dispersion
parameter.
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Figure 4:plots of BS p.d.f. fopu= 2.0 (a) ando = 0.1 (b) and of its variance va (c).

3.3 Parameterization 5 (based on the variance 1)

A new third parameterization of the BS distribution that wepwnse is (P5) given by andf =

[2/0?]/[av/4+ 502, wherea > 0 ando? > 0 are shape and variance parameters, respectively.
Thus, under this parameterization, the p.d.fTef BS(a,0?) is

) 1 1 |av4a+502 2Vo2{ta}?!
f(t;a,0°) = —exp| —=— + -2
Van 202 | 2021 V4 +5a2

2
. | fta}Y2{4+5a2pt ol/2
23/251/2 {td}3/2\/§{4—|—50(2}1/4 ’
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In this casecT ~ BS(a,c?a?), with ¢ > 0. In addition, the mean and variance ar@ E= [2+
a?]vo2/[av/4+502] and VafT] = 2. For this parameterization, from Figure 5(a), we observe
that, asa increases, the distribution is turned to be more asymnagtaied its kurtosis decreases.
From Figure 5(b), as? increases, the variability of the distribution increases tvhich is obvious
sincea? is its variance.
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Figure 5:plots of BS p.d.f. fors? = 10 (a) andx = 0.1 (b).

3.4 Parameterization 6 (based on the variance 2)

A fourth parameterization of the BS distribution that weguee is (P6) given byt = 2,/y—1/1/5
andp = v/502/[2,/y{y— 1}], wherey > 1 ando® > 0 are shape and variance parameters, respec-
tively. Here,y must be greater than one to warranand 3 are positive reals. Thus, under this
parameterization, the p.d.f. ®f~ BS(y,0?) is

y L o2 1/2 . 52 3/2
v A2
5 Zt\/m \/@
Xexp(‘sw—n Va2 *ztm‘zb’ 0

In this casec T ~ BS(y,c?a?), with ¢ > 0. In addition, the mean and variance af@ |E= [2y+
3V02//20yly— 1] and VafT] = o2. For this parameterization, from Figure 6(a), we obserag, th
asy increases, the variability of the distribution decreasesits shape changes. From Figure 6(b),
we detect that, as? increases, the variability of the distribution increases sinceo? is once again
its variance.
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Figure 6:plots of BS p.d.f. fors? = 10 (a) andy = 1.5 (b).

3.5 Parameterization 7 (based on the mean and a bounded variae)

A new fifth parameterization of the BS distribution that wepose is (P7) given by = /2[¢p— 1]
andp = p/o, whereg > 1 is a parameter that allows us to obtain a bounded variafiocsving a
similar idea to that used in GLM, since Vat = g(p) /h(@), with g(n) andh(¢p) being functions of
pand@, respectively. Hergl > O is the mean ang > 1 to warranta is positive real. Thus, under
this parameterization, the p.d.f. f~ BS(q, ) is

: exp(1/[2{@—1}]) [t o+ 4] 1 Jto, K
ftiew = 4\/migo— Tut3/? exp(_ 4o—1] h " EPD =0

In this casecT ~ BS(g,cy), with ¢ > 0. In addition, the mean and variance arfd E= p and

Var[T] = P2[o— 1][5¢— 3]/¢?. For this parameterization, from Figure 7(a), we detect, taa@

increases, the variability of the distribution decreasBsis parameter has an interesting property

since it limits the variability of the distribution, i.e.,hen@ approaches te, its variance is turned

to be constant (for fixed, Var[T] — 5u?), such as we can see in Figure 7(c). From Figure 7(b), we

observe that, agincreases, the variability of the distribution increases t

3.6 Parameterization 8 (based on the first Tweedie parameteation)

A new sixth parameterization of the BS distribution that wepgmse is (P8) given by = 1/v/2w
andB = 12/2, wheret > 0 andw > 0 are both of them scale parameters, @it also a shape
parameter. Thus, under this parameterization, the p.d.foBS(t, w) is

_ 1 wl2t 1 [2t +T?] VW
f(t,T,m)_ﬁ_[exp<—T—2 L—2+Z—2DT\A_3, t>0.
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Figure 7:plots of BS p.d.f. fon= 2.0 (a) andp= 1.5 (b) and of its variance wg(c).

In this case¢c T ~ BS(,/CT,cw), with ¢ > 0. In addition, that mean and variance af@JE=12/2 +
™/[8w] and VafT] = 18/[8w] + 518/[64w?]. For this parameterization, from Figure 8(a), we observe
that, ag increases, the distribution is turned to be more asymnagaitd its variability and kurtosis
increase too. From 8(b)-(c), we detect thatwamcreases, the distribution is turned to be more
symmetrical and the variability and kurtosis decrease.
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Figure 8:plots of BS p.d.f. fo = 5.0 (a) andr = 1.5 (b) and of its variance vs» (c).



Manoel Neto et al. 11

3.7 Parameterization 9 (based on the second Tweedie parareeization)

A new seventh parameterization of the BS distribution thafnopose is (P9) given iy = /B/w
andp, wherew > 0 andf3 > 0 are both scale parameters. Thus, under this parameienizite p.d.f

of T ~ BS(w,B) is
1 wlt B t+Blvw
f(t;B,0) = —exp| —= —+——2D —, t>0.
(6.0 Vﬁp<26[8t 2BVi3
In this case¢ T ~ BS(cw, cB), with ¢ > 0. In addition, the mean and variance af€ |E= B+ B?/[2w)
and VafT] = B3/w+ 5B%/[4w?]. For this parameterization, from Figure 9(a), we obserag, ths
w increases, the distribution is turned to be more symmetigcathatw modifies its shape. From
Figure 9(b), we detect thftis a scale parameter, as expected From Figure 9(c), we rett¢hidn
variability of the distribution is inversely proportiontal .
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00 05 10 15 20 2t 05 10 15 20 25 0.20 0.30 0.40 0.5C
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() (b) (c)
Figure 9:plot of BS p.d.f. for = 1.0 (a) andw = 5.0 (b) and of its variance v (c).

3.8 Parameterization 10 (based on the third Tweedie parametization)

A new eighth parameterization of the BS distribution thatpwepose is (P10) given by = 1/, /@
andf, wherey > 0 andf > O are shape and scale parameters. Thus, under this paraatiar

the p.d.f of T ~ BS(y,B) is
. _ 1 gt B t+BlVP
f(t,B,ljJ)—\/ﬁeXp(—E [[—34‘?—2])27\/@7 t>0.

In this casec T ~ BS(y, cp), withc>0and /T ~ BS(y,1/B). In addition, the mean and variance
are BT] = B+B/[2y] and VafT] = B?/y+5B2/[442]. For this parameterization, first, we highlight
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that ) and 3 are orthogonal parameters, since the expected value okttund derivative of the
likelihood function with respect tg) and is zero, i.e., B82/(y,B;T)/0QaB] = 0; see details in
Appendix. Second, from Figure 10(a), we observe thatp ascreases, the distribution is turned
to be more symmetrical confirming thgt is a shape parameter. From 10(b), we detect fhat
modifies the position and the scale, as expected. From Fig)(), we note that the variability of
the distribution is inversely proportional o
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2o 5o B=1
< - >N
soo 0
n ~ o it
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Iz =
Q|
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Figure 10:plot of BS p.d.f. for = 1.0 (a) andy = 25 (b) and of its variance vgs (c).

3.9 Parameterization 11 (based on the fourth Tweedie paranterization)

A new ninth parameterization of the BS distribution that wegwse is (P11) given by =1/,/J and

B = w/yY, wherey > 0 andw > 0 are shape and scale parameters. Thus, under this paraatater
the p.d.f of T ~ BS(y, w) is

1 t w tY+ w)

f(t,p,w) = \/—Z_T[exp(—% [ELD + W —2]) [Z{J/E]’ t>0.
In this casecT ~ BS(,cw), with ¢ > 0. In addition, the mean and variance afd |E== w/y +
w/[2W?] and VafT] = w? /Y3 + 567/ [44?). For this parameterization, from Figure 11(a), we observe
that, as increases, the variability and kurtosis of the distribatiecrease and its shape changes
turning to be more symmetrical. From Figure 11(b), we deteat, asw increases, the variability
of the distribution increases too. From Figure 11(c), weeribat the variability decreases whgn
increases.
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Figure 11:plot of BS p.d.f. forwo= 5.0 (a) andy = 10 (b) and of its variance vs) (c).

4 NUMERICAL EVALUATION

In this section, we show and discuss the results of a MontGardy that allows us to evaluate the
performance of the different parameterizations analyadhis article.

4.1 Methodological details

We carry out Monte Carlo simulations to compare the perforceaf the ML estimators for the pro-
posed parameterizations under diverse scenarios. Théeoed sample sizes are= 10,25,100
(small, moderate and large sizes, respectively) and theizerfor the simulations is1 = 10000 in
each case. The true values of the parametera atr®.2,0.5, 1.0 (low, moderate and high asymme-
try, respectively) and, without loss of generality, we ass = 1.0. In each of 10000 replicates,
the ML estimates of the parameterizations (P1)-(P11) drilzded. The functiombs2 of thebs
package produced iR language, and the relationship established among the pégesrgiven in
(P2)-(P11), are used for the generation of random numbeescdMpute the empirical mean, stan-
dard error (SE), bias and mean square error (MSE) of the maesrastimators. Based on these
results, we study the statistical properties of the coomrdmg ML estimators. All the results of this
simulation study are developed upon the platf@®(aersion 2.11.1). Table 1 presents the true values
of the parameters by using the corresponding relationstmpeng them indicated in (P2)-(P11).

Table 1: true values of the parameters.
O B o M B pL o°  y @ 1 ® Y
0.20 1.00 5.00 5.00 50.00 1.02 0.04 105 1.02 141 2500 25.00

0.50 1.00 2.00 200 800 1.12 033 131 112 141 400 4.00
1.00 1.00 100 100 200 150 225 225 150 141 1.00 1.00
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4.2 Coverage probabilities and confidence intervals

From (2.4), asymptotic confidence intervals (CI'sbf- &] x 100% level for the parametessand
B are

~ B2
0+z(1-&/2)4/a2/2n and Biz(l—E/Z)\/n[l/4+l[;62+l(a)],

wherez(1—§/2) is the(1—&/2)th N(0,1) quantile.

In order to obtain asymptotic Cl's for the other parametesss,can approximate the variances
of their ML estimators using the delta method; see Rao (19@5, 387-388). Specifically, let
0 =h(G,p), for 0= pia, Aa, 8, |1, 02, Y, @, T, w, or . Then,

- a8 . [081% , -
Var(8] =~ [a_cx} Var[a] + {%] Var(p],
where, as mentioned, andf3 are orthogonal parameters and their corresponding asyio péi-

ances are as given in (2.4) by V& ~ a2/[2n] and Val[[g] ~ B?/[n[{1/4+41/0%+1(a)}]. Hence,
the asymptotic variance of the estimators of the other patars are

Var(f : :
ar{pal 2na?B | 4na?B[L/4+ /o2 +1(0)]’
~ B B
Varhal ~ 52 T a1/t e i)’
Var[g] ~ %4,
N R
Varfl] ~  —- n[1/4+1/a2+1(a)]’
S . [20°B25B%7]° | [4a’B® 1 2009B%°/4)"
Varjo?] = on n[l/4+1/a2+1(a)] ’
4
vari =~ 25
N 4
Varjg] = %,
Varlt] =~ :
2n[1/4+1/a2+1(a)]’
o B
Varlel ~ St rar yar s o
Varlg] & 2

wherel (a) is as given in (2.4). Tables 3-5 proviffe— &] x 100% asymptotic CI's and their corre-
sponding coverage probabilities for the indicated paranset
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4.3 Results and discussion

The ML estimates under the eleven (11) parameterizatioalyzed in this work are presented in
Table 2. Notice that the empirical bias, SE and MSE of all taemeter estimators decrease when
the sample sizen] increases, as expected, since the asymptotic varianaeisraasing function on
n. We also verify that, as increases, the SE’s of the ML estimators increase, exagfim case
of the parameterga, Aa, 0, w andy. This behavior can occur due to the fact that these parameter
are an inverse function af. Such a behavior is also observed for the corresponding M8E.
ML estimators of the parametepg, Aa, 0, w andy also present the largest biases and dispersions
among all the analyzed parameters. We can note that most e§timators of the studied parameters
tend to be unbiased and consistent, as expected. Sinceltles d the empirical SE’s of the ML
estimators are close to the true values of the parametéesdntlicates a stability in the values of the
variances of the ML estimators for the different samplesansidered. Furthermore, it worthwhile
to observe that the ML estimators @fy and@ underestimate their respective true values, while the
estimators ofua, Aa, 8, w andy overestimate these values. From Table 2, we conclude that, a
increases, the bias approaches zero, as expected. Bia?sce?saﬂd@ show superior values to those
of the other parameters. In general, kurtosis values of thesfimators (omitted here) decrease as
nincreases being close to a value equal to three. In addé&smincreases, the variability and MSE
of the estimators decrease. Empirical distributioné,qAB andjl seem to be symmetrical, but those
of the others estimators are asymmetric (omitted here)-gpees 12-14.

Next, we present the simulation results regarding the cocisbn of the asymptotic Cl’s for
a, B, Has Aa, O, 1L, G2, Y, @, T, w andy. A total of 324 intervals with nominal levels of coverage
equal to 1- & = 0.90,0.95,0.99, for the sample sizes= 10,25,100, are evaluated. All of the
asymptotic Cl's are constructed in such a way that (i) thesgain the true value of the parameter
with probability 1— &, (ii) the lower limit (LL) is lesser than this true value witirobability /2,
and (iii) the upper limit (UL) is greater than the true valuettee parameter also with probability
&/2, for 0< /2 < 0.5. For each one of the calculated asymptotic CI's, the cgeepaobabilities
are estimated by considering the frequency with that thdidemce LL exceeds the true value of
the parameter and the confidence UL does not exceed this walbeth of the cases for the 10000
asymptotic CI's. These coverage probabilities that thdidence LL is greater and the confidence
LC is lesser than the true values of the parameters are shovables 3-5 by lower (LC) and upper
(UC) coverages, respectively. We observe that, in gerferahe three nominal levels of confidence
and the different sample sizes considered, the asympttdSd@ the parameterga, Aa, &, I, @
andy present the best coverage probabilities. In addition, aeeed, the coverage probabilities
increase asa increases.
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Figures 12, 13 and 14 display empirical distributionﬁoﬁ andfy, respectively, by histograms
constructed with the 10000 ML estimates of the parametesefeeral values df andn. Histograms
for other estimators can be obtained from the authors upprest. In these histograms, the straight
line segments represent each asymptotic Cl computed, vetiprded vertical line indicates the
true value of the parameter. In general, such histogramsgpeoximately symmetrical, except
in the case 0B, 02, w and Y (omitted here). Furthermore, it is important to highlighait the
asymptotic CI's forB, ua, Aa, 1, w andy are approximately balanced, i.e., the observed lower
and upper coverage probabilities coincide approximatetheatails of the distribution of the ML
estimator of the corresponding parameter, for the diffecenfidence levels and sample sizes. We
also observe that, asincreases, the symmetry of the histograms and the balantthg asymptotic
Cl's increase, but whea increases, the balancing deteriorates.

5 CONCLUDING REMARKS

In this paper, we have analyzed eleven parameterizatiohs(F1) of the two-parameter Birn-
baum-Saunders distribution. We have examined the stalqitmperties of these parameterizations.
We have considered the maximum likelihood method for edtirgahe corresponding parameters.
We have conducted a Monte Carlo simulations study for aivaythe performance of these param-
eterizations. By means of this study, we can highlight theupeterizations (P1), (P2), (P3), (P10)
and (P11). As expected, the mentioned simulation study tvafirmed that (i) the maximum likeli-
hood estimators of these parameters are asymptoticaligsgdband consistent and (ii) the coverage
probabilities of the respective confidence intervals asselto the nominal level. In addition to the
orthogonality ofa and 3 in the original parameterization (P1), and 3 in the parameterization
(P10) are also orthogonal. Another aspect to be highligistéite possibility of directly describing
the mean of a Birnbaum-Saunders random variable by a régnessdel without the need of trans-
forming the response variable when the parameterizati8higRused, which has been not proposed
until now, but follows a similar idea to that of generalizéukelar models. Other aspect that can be
analyzed in further studies is the performance of momeirhasrs for these parameterizations.
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Table 2: ML estimates, bias, standard error and mean squareoé the indicated parameterd £ 1.0).

a n a B a Aa 3 [ y 9 T & ¢
MLE
0.2 10 0.1847 1.0021 5.7726 5.7734 68.5140 1.0202 0.0390 459.0 1.0184 1.4150 35.8888 35.8082
25 0.1942 1.0012 5.2638 5.2663 56.6998 1.0205 0.0407 1.04821.0193 1.4148 28.3994 28.3605
100 0.1986 1.0000 5.0619 5.0607 51.4959 1.0198 0.0417 6.049 1.0198 1.4141 25.7467 25.7474
0.5 10 0.4606 1.0121  2.3201  2.3209 11.5003 1.1256 0.3154 804.2 1.1122 1.4185 5.8316 5.7576
25 0.4851 1.0056 2.1089 2.1112 9.0924 1.1264 0.3248 1.3004 .1202 1.4165 45741 4.5462
100 0.4964 1.0006 2.0261  2.0249 8.2430 1.1245 0.3270 1.30961.1238 1.4142 4.1240 4.1215
1.0 10 0.9159 1.0410 1.1762 1.1769 2.9196 1.5016 2.4150 82.11 1.4473 1.4286 1.5271 1.4595
25 0.9681 1.0173 1.0595 1.0615 2.2841 1.5034 2.3352 2.1966 .4786 1.4208 1.1635 1.1420
100 0.9922 1.0027 1.0146 1.0134 2.0630 1.4988 2.2676 2.23701.4948 1.4147 1.0344 1.0315
Bias
0.2 10 -0.0153 0.0021 0.7726  0.7734 18.5140 0.0002-0.0030 —0.0041 —0.0016 0.0008 10.8888 10.8082
25 -0.0058 0.0012 0.2638 0.2663 6.6998 0.0005-0.0013 -0.0018 —0.0007 0.0005 3.3994 3.3605
100 -0.0014 —-0.0000 0.0619 0.0607 1.4959 -0.0002 -0.0003 —0.0004 —0.0002 —0.0001 0.7467 0.7474
0.5 10 —0.0394 0.0121  0.3201  0.3209 3.5003 0.0006-0.0127 —0.0321 -0.0128 0.0043 1.8316 1.7576
25 -0.0149 0.0056  0.1089 0.1112 1.0924 0.0014-0.0033 —0.0121 —0.0048 0.0023 0.5741 0.5462
100 —0.0036 0.0006 0.0261  0.0249 0.2430 —0.0005 -0.0011 -0.0029 -0.0012 0.0000 0.1240 0.1215
1.0 10 -0.0841 0.0410 0.1762 0.1769 0.9196 0.0016 0.1650-0.1318  —0.0527 0.0143 0.5271 0.4595
25 -0.0319 0.0173 0.0595 0.0615 0.2841 0.0034 0.0852-0.0534 —0.0214 0.0065 0.1635 0.1420
100 -0.0078 0.0027 0.0146 0.0134 0.0630 —0.0012 0.0176 —-0.0130 —0.0052 0.0005 0.0344 0.0315
SE
0.2 10 0.0442 0.0633 15965 1.5990 41.3684 0.0650 0.0192 208.0 0.0082 0.0447 22.9310 22.6773
25 0.0284 0.0399 0.8120 0.8159 18.1333 0.0410 0.0128 0.01400.0056 0.0282 9.2006 9.0912
100 0.0142 0.0199 0.3679 0.3683 7.4853 0.0205 0.0065 0.00710.0028 0.0141 3.7815 3.7421
0.5 10 0.1104 0.1566  0.6642  0.6671 7.1761 0.1818 0.2161 16.13 0.0526 0.1092 3.8817 3.6495
25 0.0709 0.0979 0.3379 0.3418 2.9154 0.1145 0.1342 0.0873 .0349 0.0688 1.5481 1.4578
100 0.0354 0.0485 0.1539  0.1542 1.1981 0.0572 0.0662 0.04420.0177 0.0342 0.6341 0.5990
1.0 10 0.2209 0.3007 0.3727 0.3770 1.8634 0.4751 2.3909 56.90 0.3623 0.2032 1.1657 0.9317
25 0.1420 0.1823 0.1883 0.1918 0.7345 0.2992 1.3664 0.3489 .1396 0.1264 0.4419 0.3672
100 0.0709 0.0885 0.0858 0.0860 0.3000 0.1497 0.6478 0.17660.0706 0.0624 0.1776 0.1500
SE
0.2 10 0.0022 0.0040 3.1457 3.1550 2054.1154 0.0042 0.0004 .00040 0.0001 0.0020 644.3970 631.0783
25 0.0008 0.0016 0.7289  0.7366 373.7037 0.0017 0.0002 .000 0.0000 0.0008 96.2076 93.9422
100 0.0002 0.0004 0.1392 0.1394 58.2668 0.0004 0.0000 0.000 0.0000 0.0002 14.8573 14.5617
0.5 10 0.0137 0.0247 0.5436  0.5480 63.7478 0.0331 0.0469 184.0 0.0029 0.0120 18.4228 16.4079
25 0.0053 0.0096 0.1260 0.1292 9.6931 0.0131 0.0180 0.0078 .001D 0.0047 2.7263 2.4234
100 0.0013 0.0023 0.0244 0.0244 1.4945 0.0033 0.0044 0.00200.0003 0.0012 0.4175 0.3736
1.0 10 0.0559 0.0921 0.1699 0.1734 4.3179 0.2257 5.7434 795.83 0.1340 0.0415 1.6368 1.0792
25 0.0212 0.0335 0.0390 0.0406 0.6201 0.0895 1.8744 0.1246 .0199 0.0160 0.2220 0.1550
100 0.0051 0.0078 0.0076 0.0076 0.0940 0.0224 0.4200 0.03140.0050 0.0039 0.0327 0.0235
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Table 3:[1—&] x 100% asymptotic ClI's and coverage probabilities for thedatdd parametersi(= 0.2,3 = 1.0).

LL UL LC(%) UC(%) Coverage(%)
3 0 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100
001 «a 0.0783 0.1235 0.1624 0.2910 0.2650 0.2348 0.00 0.01 0.06 8 8.9 4.39 1.66 91.02 95.60 98.28
B 0.8529 0.9020 0.9493 1.1513 1.1003 1.0506 1.55 0.66 053 9 24 122 0.85 95.96 98.12 98.62
Ha 2.4218 3.3290 41311 9.1234 7.1985 5.9927 0.59 0.56 0.55 3 0.2 0.44 0.40 99.18 99.00 99.05
Aa 2.4221 3.3306 4.1302 9.1247 7.2019 5.9913 0.63 0.64 0.61 0 0.3 0.42 0.45 99.07 98.94 98.94
19 0.0000 15.3755 32.7375 151.0122 98.0242  70.2543 0.00 0.05 .17 0 0.92 0.92 0.75 99.08 99.03 99.08
1] 0.8608 0.9145 0.9657 1.1795 1.1264 1.0739 0.81 0.41 030 9 2.8 1.34 0.74 96.30 98.25 98.96
a? 0.0000 0.0084 0.0252 0.0873 0.0729 0.0581 0.00 0.00 0.01 6712. 6.69 2.53 87.33 93.31 97.46
% 1.0002 1.0131 1.0315 1.0978 1.0832 1.0676 0.00 0.00 0.01 1312. 6.57 2.51 87.87 93.43 97.48
[0} 1.0001 1.0052 1.0126 1.0391 1.0333 1.0270 0.00 0.00 0.01 1312. 6.57 2.51 87.87 93.43 97.48
T 1.3096 1.3447 1.3783 1.5204 1.4848 1.4499 1.68 0.76 056 5 2.2 1.08 0.77 96.07 98.16 98.67
® 0.0000 7.5308  16.2789 77.5130 49.2679  35.2146 0.00 0.02 6 0.1 0.90 1.01 0.74 99.10 98.97 99.10
U} 0.0000 7.6983  16.3682 77.0573  49.0226  35.1266 0.00 0.03 6 0.1 0.92 0.92 0.75 99.08 99.05 99.09
005 «a 0.1037 0.1404 0.1711 0.2656 0.2481 0.2261 0.01 0.32 0.96 2115. 8.75 5.16 84.78 90.93 93.88
B 0.8886 0.9257 0.9614 1.1156 1.0766 1.0385 4.08 2.86 236 5 57 3.77 3.10 90.17 93.37 94.54
Ha 3.2229 3.7916 4.3537 8.3222 6.7359 5.7702 4.66 3.68 288 8 11 1.79 2.27 94.16 94.53 94.85
Aa 3.2234 3.7934 4.3527 8.3234 6.7391 5.7688 4.60 3.76 296 9 1.2 1.82 2.18 94.11 94.42 94.86
6 5.7407 25.2559  37.2225 131.2874  88.1438  65.7693 0.00 135 97 1 263 2.79 3.03 97.37 95.86 95.00
h] 0.8989 0.9398 0.9786 1.1414 1.1011 1.0610 2.76 2.13 1.80 4 6.2 3.97 2.87 91.00 93.90 95.33
o? 0.0023 0.0161 0.0291 0.0757 0.0652 0.0542 0.00 0.00 0.46 8817. 11.86 6.40 82.12 88.14 93.14
% 1.0064 1.0215 1.0358 1.0854 1.0749 1.0633 0.00 0.03 0.56 3217. 11.11 6.14 82.68 88.86 96.30
[0} 1.0026 1.0086 1.0143 1.0342 1.0299 1.0253 0.00 0.03 0.56 3217. 11.11 6.14 82.68 88.86 93.30
T 1.3348 1.3614 1.3869 1.4952 1.4680 1.4414 4.49 3.12 251 4 54 3.60 3.04 90.07 93.28 94.45
® 4.2167 125200  18.5426 67.5609  44.2784  32.9509 0.12 1.34 03 2. 2.66 2.79 2.95 97.22 95.87 95.02
U} 44215 12.6385  18.6107 67.1949  44.0824  32.8841 0.12 142 97 1. 4.25 2.80 3.03 97.24 95.78 95.00
010 «a 0.1167 0.1490 0.1755 0.2526 0.2394 0.2217 0.22 1.13 291 8019. 12.52 8.24 79.98 86.35 88.85
B 0.9068 0.9378 0.9676 1.0974 1.0645 1.0323 7.05 5.83 485 3 85 6.46 5.52 84.42 87.71 89.63
Ha 3.6328 4.0283 4.4675 7.9123 6.4992 5.6563 8.96 7.14 6.02 7 2.6 3.55 4.80 88.37 89.31 89.18
An 3.6334 4.0302 4.4665 7.9134 6.5023 5.6550 9.05 7.28 596 9 2.6 3.55 4.52 88.26 89.17 89.52
1) 15.8330 30.3113 39.5173 121.1951 83.0884  63.4745 1.80 4.17 4.82 4.25 4.88 5.49 93.95 90.95 89.69
1] 0.9184 0.9528 0.9852 1.1219 1.0881 1.0543 5.18 4.24 4.00 8 8.7 6.46 5.25 86.04 89.30 90.75
a? 0.0082 0.0201 0.0311 0.0698 0.0613 0.0522 0.01 0.14 1.79 5721. 15.74 9.87 78.42 84.12 88.34
% 1.0127 1.0258 1.0380 1.0790 1.0706 1.0611 0.00 0.39 2.05 9620. 15.16 9.42 79.04 84.45 88.53
[0} 1.0051 1.0103 1.0152 1.0316 1.0282 1.0244 0.00 0.39 2.05 9620. 15.17 9.42 79.04 84.44 88.53
T 1.3477 1.3700 1.3912 1.4823 1.4595 1.4370 7.51 6.15 505 6 8.1 6.20 5.39 84.33 87.65 89.56
® 9.3087  15.0733  19.7009 62.4688  41.7255  31.7926 2.77 436 69 4. 4.22 4.96 5.39 93.01 90.68 89.92
U] 9.4677 15.1662  19.7581 62.1487 415548  31.7367 2.67 424 82 4. 4.25 4.86 5.49 93.08 90.90 89.69
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Table 4:[1—&] x 100% asymptotic ClI's and coverage probabilities for thedatdd parametersi(= 0.5,3 = 1.0).

LL UL LC(%) UC(%) Coverage(%)
3 0 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100
001 «a 0.1953  0.3084 0.4060 0.6300 0.5976 0.5541 0.00 0.01 0.06 2 9.1 447 1.66 90.88 95.52 98.28
B 0.6543  0.7690 0.8801 1.3699 1.2422 1.1210 1.05 0.49 046 4 3.7 1.89 1.18 95.21 97.62 98.36
Ma  0.9264  1.3025 1.6376 3.7139 2.9152 2.4146 0.64 3.86 055 5 0.2 0.33 0.50 99.11 99.08 98.95
A 09266  1.3040 1.6366 3.7153 2.9185 2.4132 0.68 0.68 0.61 5 0.2 044 0.48 99.07 98.88 98.91
5 0.0000  2.4682 5.2404 24.7650 15.7167  11.2456 0.00 0.03 0.170.89 0.92 0.74 99.11 99.05 99.09
u 0.6824  0.8325 0.9747 1.5687 1.4203 1.2743 0.27 0.12 0.12 0 5.0 245 1.26 94.73 97.43 98.62
¢g? 0.0000 0.0000 0.1592 0.8361 0.6604 0.4949 0.00 0.00 0.00 8716. 8.60 3.18 83.13 91.40 96.82
% 1.0000 1.0816 1.1968 1.6034 1.5193 1.4224 0.00 0.00 0.01 9513. 6.65 2.50 86.05 93.35 97.49
0] 1.0000 1.0326 1.0787 1.2413 1.2077 1.1689 0.00 0.00 0.01 9513. 6.65 2.51 86.05 93.35 97.48
T 1.1679  1.2499 1.3291 1.6691 1.5831 1.4993 1.51 0.69 056 8 2.9 1.54 0.99 95.51 97.77 98.45
® 0.0000 1.0825 2.5430 12.8050 8.0657 5.7049 0.00 0.03 0.20 09 1. 1.06 0.84 98.91 98.91 98.96
U} 0.0000 1.2341 2.6202  12.3899 7.8584 5.6228 0.00 0.03 0.17 89 0. 0.92 0.74 99.11 99.05 99.09
005 «a 0.2587  0.3506 0.4276 0.6624 0.6196 0.5652 0.01 0.32 0.96 4115. 8.86 5.20 84.58 90.82 93.84
B 0.7398  0.8256 0.9089 1.2843 1.1856 1.0922 3.19 241 233 7 73 487 3.67 89.44 92.72 94.00
Ha  1.2596  1.4953 1.7304 3.3806 2.7224 2.3217 4.58 3.86 278 113 1.80 2.34 94.11 94.34 94.88
Aa 1.2599  1.4970 1.7294 3.3819 2.7255 2.3204 4.67 3.94 301 2 13 1.80 2.15 94.01 94.26 94.84
3 1.4071  4.0520 59583 21.5935 14.1329  10.5277 0.06 1.43 2.002.53 2.77 3.00 97.41 95.80 95.00
" 0.7884  0.9027 1.0105 1.4628 1.3500 1.2385 1.13 0.98 1.27 8 8.9 5.67 3.74 89.89 93.35 94.99
o? 0.0000 0.0695 0.1993 0.7116 0.5802 0.4547 0.00 0.00 0.15 2922. 13.47 7.25 77.71 86.53 92.60
% 1.0346  1.1339 1.2236 1.5262 1.4670 1.3954 0.00 0.03 0.56 8819. 11.26 6.16 80.12 88.71 93.28
[0] 1.0138 1.0536 1.0895 1.2105 1.1868 1.1582 0.00 0.03 0.56 8819. 11.26 6.16 80.12 88.71 93.28
T 1.2279  1.2897 1.3494 1.6092 1.5433 1.4790 4.16 3.01 264 5 6.4 4.26 3.41 89.39 92.73 93.95
@ 05253 1.9173 2.9210  11.1380 7.2309 5.3269 0.13 1.32 212 79 2. 290 2.84 97.08 95.78 95.04
U} 0.7109  2.0260 29791  10.8041 7.0664 5.2638 0.12 1.43 2.00 53 2. 277 3.00 97.35 95.80 95.00
010 «a 0.2912 0.3723 0.4387 0.7258 0.6618 0.5868 0.21 1.13 2.91 0820. 12.70 8.37 79.71 86.17 88.72
B 0.7836  0.8545 0.9236 1.2406 1.1567 1.0775 5.91 5.32 479 1610. 7.71 6.37 83.93 86.97 88.84
Ha  1.4301  1.5940 1.7780 3.2101 2.6238 2.2742 9.21 7.10 584 7 2.6 3.61 4.70 88.12 89.29 89.46
A 14305 1.5957 1.7770 3.2113 2.6267 2.2729 9.17 7.49 6.06 3 2.7 3.72 4.42 88.10 88.79 89.52
5 3.0298 4.8624 6.3256  19.9708 13.3225  10.1604 2.63 4.28 4.834.15 4.78 5.47 93.22 90.94 89.70
u 0.8426  0.9387 1.0288 1.4086 1.3141 1.2201 2.64 2.67 3.55 2212. 8.39 6.36 85.14 88.94 90.09
¢g® 0.0000 0.1106 0.2198 0.6479 0.5391 0.4342 0.00 0.00 1.32 3526. 17.08 10.64 73.65 82.92 88.04
% 1.0741  1.1607 1.2376 1.4866 1.4402 1.3816 0.00 0.39 2.02 4024. 15.19 9.42 75.60 84.42 88.56
0] 1.0296  1.0643 1.0950 1.1946 1.1761 1.1526 0.00 0.39 2.02 4024. 15.19 9.42 75.60 84.42 88.56
T 1.2585  1.3101 1.3598 1.5786 1.5229 1.4686 7.11 6.10 513 8 9.2 7.14 6.06 83.61 86.76 88.81
® 1.3784  2.3445 3.1144  10.2848 6.8037 5.1335 2.64 4.42 4.66 64 4. 5.20 5.33 92.72 90.38 90.01
U] 15223 2.4312 3.1628 9.9928 6.6613 5.0802 271 4.30 484 5 4.1 478 5.47 93.14 90.92 89.69
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Table 5:[1—&] x 100% asymptotic ClI's and coverage probabilities for thedatdd parametersi(= 1.0,3 = 1.0).

LL UL LC(%) UC(%) Coverage(%)
3 0 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100 n=10 n=25 n=100
001 «a 0.3884 0.6154 0.8115 14435 1.3207 1.1730 0.00 0.01 0.06 6 9.7 4.53 1.70 90.24 95.46 98.24
B 0.4070  0.6063 0.7959 1.6751  1.4282 1.2094 0.60 0.34 0.41 2 7.0 3.79 2.09 92.38 95.87 97.50
e 0.4178  0.6200 0.8025 1.9346  1.4989 1.2267 0.79 0.62 0.69 4 0.2 031 0.50 98.97 99.07 98.81
Aa 04161 0.6207 0.8014 19377 15023 1.2253 0.76 0.75 0.24 5 0.4 0.58 1.06 98.79 98.67 98.70
5 0.0000  0.6200 1.3115 6.2820 3.9482 2.8145 0.03 0.05 0.17 0 0.8 091 0.75 99.17 99.04 99.08
u 0.4227  0.7950 1.1401 2.5806 2.2119 1.8574 0.05 0.02 0.04 8 9.9 5.27 2.74 89.97 94.71 97.22
¢?  0.0000 0.0000 0.6702  7.8986  5.6495 3.8648 0.00 0.00 0.00 4720. 11.39 4.61 79.53 88.61 95.39
% 1.0089 1.3248 1.7864 3.3964 3.0684 2.6876 0.05 0.00 0.01 4514. 6.84 2.57 85.50 93.16 97.42
0] 1.0036  1.1299 1.3146 19586  1.8274 1.6750 0.05 0.00 0.01 4514. 6.84 2.57 85.50 93.16 97.42
T 0.9958  1.1345 1.2690 1.8613  1.7070 1.5605 1.22 0.67 0.55 9 5.4 279 1.78 93.29 96.54 97.67
w 0.0000 0.2000 0.6020 3.4831  2.1270 1.4667 0.00 0.02 0.24 0 1.5 1.36 1.06 98.50 98.62 98.70
U} 0.0000  0.3100 0.6558  3.1407 1.9741 1.4073 0.00 0.05 0.17 108 091 0.75 99.19 99.04 99.08
005 «a 0.5145  0.6997 0.8547 1.3173  1.2364 1.1298 0.01 0.32 096 9815. 9.12 5.22 84.01 90.56 93.82
B 0.5586  0.7046 0.8453 15235  1.3300 1.1600 2.32 1.88 229 9710. 7.64 5.29 86.71 90.48 92.42
Ha 05991 0.7251 0.8532 1.7532  1.3939 1.1760 4.95 3.89 3.18 6 1.6 2.08 2.46 93.39 94.03 94.36
Aan 05980 0.7261 0.8521  1.7558  1.3969 1.1747 4.91 3.99 2.07 9 1.7 2.28 3.47 93.30 93.73 94.46
3 0.3610  1.0179 1.4912 5.4781  3.5503 2.6349 0.17 1.48 2.05 6 2.4 2.69 2.97 97.37 95.83 94.98
" 0.6807  0.9643 1.2258 2.3226  2.0425 1.7717 0.25 0.31 124 7914. 957 6.23 84.96 90.12 92.53
g? 0.0000 0.0000 1.0521 6.5875 4.8571 3.4829 0.00 0.00 0.00 7225. 15.99 8.66 74.28 84.01 91.34
% 1.1455  1.5333 1.8941 3.0908  2.8600 2.5798 0.06 0.03 0.53 6620. 11.57 6.24 79.28 88.40 93.23
[0] 1.0582 1.2133 1.3576  1.8363  1.7440 1.6319 0.06 0.03 0.53 6620. 11.57 6.24 79.28 88.40 93.23
T 1.0993 1.2029 1.3038 1.7578 1.6386 1.5256 3.56 2.82 2.89 0 9.2 6.62 4.94 87.24 90.56 92.17
w 0.0483  0.4304 0.7054  3.0154  1.8966 1.3634 0.10 1.24 2.07 6 3.6 3.76 3.47 96.24 95.00 94.46
U] 0.1802  0.5089 0.7456  2.7387  1.7752 1.3174 0.14 1.48 2.05 0 25 2.69 2.97 97.36 95.83 94.98
010 «a 0.5790  0.7429 0.8768 1.2528  1.1932 1.1076 0.22 1.13 290 8820. 13.13 8.50 78.90 85.74 88.60
B 0.6361  0.7548 0.8706  1.4459  1.2797 1.1347 4.70 4.54 493 0314. 10.63 8.66 81.27 84.83 86.41
MW 0.6919 0.7789 0.8791 1.6605 1.3401 1.1501 9.67 7.71 6.14 0 3.1 3.92 4.84 87.23 88.37 89.02
Aa 06911  0.7800 0.8780 1.6627  1.3430 1.1487 9.26 7.85 4.64 9 3.3 4.29 5.84 87.35 87.86 98.70
5 0.7724  1.2214 15831 5.0667  3.3467 2.5429 2.88 4.39 4.97 140 471 5.40 93.11 90.90 89.63
u 0.8126  1.0510 1.2697 2.1906  1.9558 1.7278 0.75 1.40 3.58 5218. 12.95 9.37 80.73 85.65 87.05
6? 0.0000 0.2188 1.2475 5.9167 4.4516 3.2875 0.02 0.00 0.63  9828. 19.79 12.09 71.00 80.21 87.28
Y 1.3019  1.6399 1.9492 29344  2.7533 2.5247 0.06 0.39 1.95 1425. 15.63 9.49 74.80 83.98 88.56
0] 1.1208  1.2560 1.3797 1.7738  1.7013 1.6099 0.06 0.39 1.95 1425. 15.63 9.49 74.80 83.98 88.56
T 1.1522  1.2379 1.3216  1.7049  1.6036 1.5078 6.60 5.91 5.63 5 12. 9.63 8.00 80.90 84.46 86.37
w 02781 0.5482 0.7582 2.7762 1.7788 1.3105 4.64 2.40 4.21 4 5.8 5.62 5.99 91.98 89.80 89.52
U] 0.3859  0.6107 0.7916 25331 1.6734 1.2715 2.85 4.39 4.97 4 4.0 471 5.40 93.11 90.90 89.63
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24 On New Parameterizations of the Birnbaum-Saunders Distribution

APPENDIX: ORTHOGONALITY OF THE PARAMETERS OF (P10)

To prove the orthogonality of the parametdrandf3 of (P10), without loss of generality, we can
use the log-likelihood function for a single observationeyi by
t 1 1
£, B;t) = log(f(t;W,B)) = ki — L;—B - %B +Y+log(t+P) + 5 log(y) — 5 1og(B),
wherek; is a constant that does not dependioand . Now, we need the partial derivatives of
second order with respect goandp given by
PRyt 1

o008 " @ & (5.1)

Now, we need to prove that the expected value of (5.1) is 2éotice that ET| = 3+ B/[20)]. Since
(P10) has the reciprocal property (A2), thel & | = 1/B+ 1/[2BW]. Therefore, we have that

(S| - wleal 2l
1 1 1 1

By 2B Py
= 0

)

which proves that the parametersandf3 are orthogonal.

REFERENCES

1. Ahmed, S.E., Budsaba, K., Lisawadi, S. and Volodin, AO@0 Parametric estimation for the
Birnbaum-Saunders lifetime distribution based on a nevampatrization.Thailand Statist.
6, 213-240.

2. Ahmed, S.E., Castro-Kuriss, C., Flores, E., Leiva, V. 8adhueza, A. (2010). A truncated
version of the Birnbaum-Saunders distribution with an &apion in financial risk.Pak. J.
Statist, 26, 293-311.

3. Balakrishnan, N., Leiva, V. and Lbpez, J. (2007). Aceept sampling plans from truncated
life tests from generalized Birnbaum-Saunders distrdsutiComm. Statist. Simul. Comp.
36, 643-656.

4. Balakrishnan, N., Leiva, V., Sanhueza, A. and Cabrer@®19a). Mixture inverse Gaussian
distribution and its transformations, moments and apptios. Statistics 43, 91-104.

5. Balakrishnan, N., Leiva, V., Sanhueza, A. and Vilca, BO@b). Estimation in the Birnbaum-
Saunders distribution based on scale-mixture of normaldfaEM-algorithm Statist. Oper.
Res. Trans.33, 171-192.

6. Balakrishnan, N., Gupta, R. Kundu, D., Leiva, V. and Saza A. (2011). On some mix-
ture models based on the Birnbaum-Saunders distributidrassociated inferencé. Statist.
Plan. Infer, 141, 2175-2190.

7. Barros, M., Paula, G.A. and Leiva, V. (2008). A new classw¥ival regression models with
heavy-tailed errors: robustness and diagnostifstime Data Anal.14, 316-332.



Manoel Neto et al. 25

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Barros, M., Paula, G.A. and Leiva, V. (2009). An R impletagion for generalized Birnbaum-
Saunders distribution€omp. Statist. Data Anal53, 1511-1528.

Birnbaum, Z.W. and Saunders, S.C. (1969a). A new famillifefdistributions. J. Appl.
Prob, 6, 319-327.

Birnbaum, Z.W. and Saunders, S.C. (1969b). Estimatioa family of life distributions with
applications to fatiguel. Appl. Prob, 6, 328-347.

Chang, D.S. and Tang, L.C. (1994). Graphical analysi8iimbaum-Saunders distribution.
Microelect. Rel.34, 17-22.

Cysneiros, A.H.M.A., Cribari-Neto, F. and Araujo, CIG(2008). On Birnbaum-Saunders
inference Comp. Statist. Data Anal52, 4939-4950.

Diaz-Garcia, J.A. and Leiva, V. (2005). A new familylite distributions based on elliptically
contoured distributionsl. Statist. Plann. Infer128, 445-457.

Dupuis, D.J. and Mills, J.E. (1998). Robust estimatibthe Birnbaum-Saunders distribution.
IEEE Trans. Re).47, 88-95.

Engelhardt, M., Bain, L.J. and Wright, F.T. (1981). hefeces on the parameters of the
Birnbaum-Saunders fatigue life distribution based on mmaxn likelihood estimationTech-
nometrics 23, 251-256.

Ferrari, S. and Cribari-Neto, F. (2004). Beta regres&o modelling rates and proportions.
J. Appl. Statist.31, 799-815.

Fox, E., Gavish, B. and Semple, J. (2008). A general apaiion to the distribution
of count data with applications to inventory modelingvorking paper in SSRN network
http://papers.ssrn.coni sol 3/ papers. cf nPabstract _i d=979826.

From, S.G. and Li, L.X. (2006). Estimation of the paraengbf the Birnbaum-Saunders dis-
tribution. Comm. Statist. Theor. Mett85, 2157-2169.

Galea, M., Leiva, V. and Paula, G. (2004). Influence diatjos in log-Birnbaum-Saunders
regression modelsl. Appl. Statist.31, 1049-1064.

Guiraud, P., Leiva, V. and Fierro, R. (2009). A non-cahtersion of the Birnbaum-Saunders
distribution for reliability analysislEEE Trans. Re).58, 152-160.

Johnson, N.L., Kotz, S. and Balakrishnan, N. (19€%)ntinuous Univariate Distributions
Vol. 2. Wiley, New York.

Jorgensen, B., Seshadri, V. and Whitmore, G.A. (199h)the mixture of the inverse Gaus-
sian distribution with its complementary reciprocatand. J. Statistl8, 77-89.

Leiva, V., Hernandez, H. and Riquelme, M. (2006). A nexckage for the Birnbaum-
Saunders distribution.R Journal 6, 35-40. http://ww. R- proj ect. or g/ doc/ Rnews/
Rnews_2006- 4. PDF.

Leiva, V., Barros, M., Paula, G.A. and Galea, M. (2007hfluence diagnostics in log-
Birnbaum-Saunders regression models with censored @ep. Statist. Data Anal51,
5694-5707.

Leiva, V., Barros, M., Paula, G. and Sanhueza, D. (2008aeralized Birnbaum-Saunders
distributions applied to air pollutant concentrati@mvironmetrics19, 235-249.

Leiva, V., Riquelme, M., Balakrishnan, N. and SanhuAz§2008Db). Lifetime analysis based
on the generalized Birnbaum-Saunders distributi@emp. Statist. Data Anal52, 2079-
2097.



26

27

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

On New Parameterizations of the Birnbaum-Saunders Distribution

Leiva, V., Sanhueza, A., Sen, P.K. and Paula, G.A. (208andom number generators for
the generalized Birnbaum-Saunders distributibrStatist. Comp. Simylz8, 1105-1118.
Leiva, V., Sanhueza, A. and Angulo, J.M. (2009). A lerAgidsed version of the Birnbaum-
Saunders distribution with application in water quali§toch. Environ. Res. Risk. Assess.
23, 299-307.

Leiva, V., Sanhueza, A., Kotz, S. and Araneda, N. (201®aified mixture model based on
the inverse Gaussian distributidPak. J. Statist.26, 445-460.

Leiva, V., Vilca, F., Balakrishnan, N. and Sanhueza,2810b). A skewed sinh-normal dis-
tribution and its properties and application to air pobhatiComm. Statist. Theor. Metl89,
426-443.

Leiva, V., Athayde, E., Azevedo, C. and Marchant, C. (201 Modeling wind energy flux
by a Birnbaum-Saunders distribution with unknown shiftgmaeter.J. Appl. Statist(article

in press)http://dx. doi.org/10. 1080/ 02664763. 2011. 570319.

Leiva, V., Soto, G., Cabrera, E. and Cabrera, G. (2010lle)v control charts based on the
Birnbaum-Saunders distribution and their implementat@@olomb. J. Statist34, 147-176.
Lemonte, A., Cribari-Neto, F. and Vasconcellos, K.(2B07). Improved statistical inference
for the two-parameter Birnbaum-Saunders distributi@amp. Statist. Data Anal51, 4656-
4681.

Lio, Y.L., Tsai, T-R and Wu, S-J (2010). Acceptance sangpblans from truncated life tests
based on the Birnbaum-Saunders distribution for peren@omm. Statist. Simul. Comp.
39, 119-136.

Mann, N.R., Schafer, R.E. and Singpurwalla, N.D. (19K#8thods for Statistical Analysis of
Reliability and Life Data Wiley, New York.

Ng, H.K., Kundu D. and Balakrishnan N. (2003). Modifiedmemt estimation for the two-
parameter Birnbaum-Saunders distributi@omp. Statist. Data Anal43, 283-298.

Paula, G.A., Leiva, V., Barros, M. and Liu, S. (2011). Bsistatistical modeling using the
Birnbaum-Saunders-t distribution applied to insuranspp. Stoch. Mod. Bus. Indarticle
in press)http://dx. doi.org/10. 1002/ asnb. 887.

R Development Core Team (200®: A Language and Environment for Statistical Comput-
ing. R Foundation for Statistical Computing, Vienna, Austria.

Rao, C.R. (1965).inear Statistical Inference and its Application&filey, New York.
Sanhueza, A., Leiva, V. and Balakrishnan, N. (2008). géweralized Birnbaum-Saunders
distribution and its theory, methodology and applicati@omm. Statist. Theor. Mett87,
645-670.

Tweedie, M.C.K. (1957). Statistical properties of theerse Gaussian distribution: Ann.
Math. Statist. 28, 362-377.

Vilca, F. and Leiva, V. (2006). A new fatigue life modekled on the family of skew-elliptical
distributions.Comm. Statist. Theor. Mett85, 229-244.

Vilca, F., Sanhueza, A., Leiva, V. and Christakos, G1(®0An extended Birnbaum-Saunders
model and its application in the study of environmental gy&t Santiago, ChileStoch. En-
viron. Res. Risk. Asses24, 771-782.

Vilca, F., Santana, L., Leiva, V. and Balakrishnan, ND1(P). Estimation of extreme per-
centiles in Birnbaum-Saunders distributio@omp. Statist. Data Anal55, 1665-1678.



