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ABSTRACT

The lifetimes of the objects which age linearly with time are modeled by the Rayleigh
distribution. The life expectancy of such objects may be governed by a known number of
causes of failure. A manufacturer may be interested in the proportion and expected life of
the objects belonging to each subgroup of this mixture population based on an ordinary
type I right censored mixture sample. To highlight and compare the properties of the
Bayes estimators assuming the Uniform, the Jeffreys and the Square Root Inverted
Gamma priors, an extensive simulation study is conducted considering various sample
sizes, different censoring rates and a number of combinations of the parameters of the
mixture model. A real life illustration is also presented.
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1. INTRODUCTION

Mixture models received considerable attention in the area of survival analysis and
reliability. In many real life applications, the use of mixture models becomes inevitable
when the data are not available for each component of the mixture rather for the overall
mixture as described in Everitt and Hand (1981). In the context of the mixture
distributions, four types of samples are possible as stated by Soegiarso (1992). Type IV
samples consists of unlabeled observations which are labeled subsequently, but some of
them are not labeled due to censoring. Censoring is divided into three kinds, i.e., left,
right and interval censoring. Right censoring may be of type-I, type-II or random right
censoring. Type-I censoring is further divided into ordinary type-I, progressive type-I and
generalized type-I censoring while the type-II sampling is categorized as ordinary type-II
and progressive type-1I censoring. An observation on lifetime of an object is said to be
censored one if the exact life length of that object is unknown. Censoring is called right
(left) if the exact life length is greater (less) than a fixed known value. The random right
censoring is said to be employed if lifetime of an object is greater than an independent
random number. In type-I (type-II) right censoring the life-test termination time (the
number of dead objects) is pre-specified. In ordinary (progressive) type-I right censoring
the life-test termination time is the same (different) for all the objects. However, in
generalized type-I right censoring objects enter a life test at different time points while
the life-test termination time is fixed. The lifetime of an object is called interval censored

© 2010 Pakistan Journal of Statistics 547



548 On properties of the Bayes estimates of the Rayleigh mixture...

if it is known to fall between a known time-interval. Interval censoring has applications
in industrial life-time experiments where objects are inspected periodically. In ordinary
(progressive) type-II right censoring the life-test terminates after a (series of) fixed
number of deaths occurs in a single phase (a series of phases). Hirai (1972) derived
quadratic coefficients estimators for the two-parameter Rayleigh distribution. This is a
highly efficient complete sample method, even for small samples. Hirai (1976)
considered a Type Il censored sample to estimate scale-parameter of the Rayleigh
distribution. Ahsanullah (1998) and Ali et al. (1992) can be seen for Record Statistics and
selected order statistics respectively. Ragab (1992) also considered Type II censored
sample in prediction problems with Rayleigh distribution. Sinha and Howlader (1983)
and Lalitha and Mishra (1996) have quoted useful references on the Rayleigh model.
Fernandez (2000) made Bayesian inference using type-II doubly censored Rayleigh data.
Ahmed et al. (2005) considered robust weighted likelihood estimation of exponential
parameters. Mostert et al. (1998) conducted Bayesian analysis of survival data using the
Rayleigh model and Linex Loss. Saleem and Aslam (2008a, 2008b, 2009) focused
Bayesian estimation of the Rayleigh mixture with fixed and Rayleigh distributed censor
times. In this paper, the said Rayleigh mixture model and likelihood function are defined
in Section 2. In Section 3 the Bayes estimators are derived along with their variances. An
extensive simulation study is conducted in Section 4. A real life example is discussed in
Section 5 while the concluding remarks are given in Section 6.

2. THE LIKELTHOOD FUNCTION FOR THE RAYLEIGH MIXTURE

A two component Rayleigh mixture, f(t) Sfi(t) (I 9f,(t) is considered to
model life expectancy of the objects which can be divided into two subgroups based on
two known causes of failure. Here £ and 1 S are the mixing weights and
fit) 2t exp t2/ T /f , T 0andi 1,2 and t !0 are the component densities.

Mixed together in an unknown proportion, the lifetimes of the objects belonging to the
first and the second subgroups are assumed to follow Rayleigh distributions with
unknown parameters | and T, respectively such that < T, . In an ordinary type I right
censoring setting when N objects are set to a lifetime experiment, let r N objects were
expired when the known test termination time (say T ) was over. A minor inspection of
the r uncensored (failed) objects labels I, objects as member of first subgroups while the
remaining I, I I, objects are labeled otherwise. The labeling of the censored objects
is obviously out of question. The number of the censored objects is definitely going to
affect the estimates of parameters of the assumed mixture model. We define, t; as the
failure time of the jth unit belonging to the i subpopulation, where j 1,2,3,....r;, 1 1,2.

As defined in Saleem and Aslam (2008b), for the given conditions and the functional
forms defined in Section 2, the likelihood is as under.

nr f— J—
LT Elsv ) 8" K stk gen z)expé 2 nt2 (n nT?
0
. 2 8L,
Here t %, ty; Visdata, ty  &.t,, Lt 2, t? ©:1tuz i/ n,i 1,2.
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3. BAYES ESTIMATORS

The Bayesian framework combines the prior information with the information
contained in the sample data to formulate the posterior distribution. The posterior
distribution is the basis for the Bayesian inference. The joint posterior distribution of
T, T and £ is obtained by incorporating the prior information with the likelihood

given in Section 2. The marginal posterior distribution of each parameter is obtained by
integrating out the nuisance parameters from the joint posterior. Under the square error
loss function, the posterior mean is considered as the Bayes estimator. The use of
informative prior is a sort of an addtitional sample size and hence leads to the reduction
of standard errror of the Bayes estimates based on the said informative prior. Bolstad
(2004) has discussed a method to evaluate the worth of a prior information in terms of the
number of additional observations supposed to be added to the given sample size which
ultimately increase precision of estimates.

The Bayes estimators assuming the SRIG prior are obtained by taking expectations of
the parameters with respect to the respective marginal posterior distributions as given in
Saleem and Aslam (2008b) are as follows.

A nr
T :Sélek:o " %n o, k Lr, k1
*rm ( 2)/2 *r, mp (1 1)/2

A& s nom (i 2)/2 Az s nbom (1i)2°
k 1 k 2

1,2

nr o.m *r, m
1 nr 1 2
S kel k %N k2 k1 — —
ko A s Ak sy

The variances of the Bayes estimators assuming the informative (SRIG) prior are:

nr
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where %A, b) ff)—;l;)) *x® (1 X)b "dx is beta function having two arguments,
a 0
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The Bayes estimators assuming the uniform (Jeffreys) prior and their variances can be
obtained by choosing m 1/2 m,,s 0 s m 0 m,s 0 S, asgiven
in Saleem and Aslam (2008a).

4. A SIMULATION STUDY

A simulations study is carried out on the lines of Saleem et al. (2010) in order to
investigate the performance of the Bayes estimators. Using probabilistic mixing, samples
of sizes n 50, 100, 200, 300 are generated from the two component mixture of

Rayleigh distribution with a number of combinations of parameters T, T and £ such
that T, T ‘(3,5),(8,12),(16,20),(25,36)‘ and S ¢0.40,0.60 . The censoring rates in

the resulting sample are set approximately to 15% and 30%. For each of the 64
combinations of component density parameters, sample sizes, mixing proportions and
censoring rates, one thousand samples are generated and for each sample, the Bayes
estimates were computed and the average of 1000 estimates is presented for each
combination. The findings are presented in Tables 1-5.

5. AREAL LIFE EXAMPLE

Mendenhall and Hader (1958) mixture data t  t,,t,, ,t,.t,t,, i, ~consists

of hours to failure for ARC-1 VHF radio transmitter receivers of a single commercial
airline. The radio transmitter receivers that seemed to be failed at or before 630 hours
of operation were removed from the aeroplanes as a general policy of the airline
resulting in an ordinary type-I right censored observations at T 630 hours. On the
other hand, inspection of the uncensored (failed) units allowed the engineers to allocate
the failed units to any one of the two different subpopulations while labelling of the
next of the objects obviously not possible. The mixture failure data can be found on page
509 in Mendenhall and Hader (1958). Mendenhall and Hader fitted Exponential

distribution to this data. The transformation X +/t of an Exponential random
variable (t) yields a Rayleigh random variable(x). This exponential-rayleigh link
materializes the use of Mendenhall and Hader data set for our analysis. It is interesting to

note that despite the said transformation almost no major computations are required to
have the data summary required to evaluate the proposed estimates. For instance,
f i f T

DX 1t 20458 and | x3; !t} 50056. The test termination time will
il il il il
obviously be transformed accordingly. Other sample characteristics required are given by
n 369, p 107, r, 218, r 1 r, 325.

The Rayleigh mixture parameters ( T, J, §can be estimated using the estimators similar

to ones summarized in Section 3 and are presented in Table 6. The estimates are compatible
with ones presented in Mendenhall and Hader (1958) and Sinha (1998). It is clear from Table
8 that an informative (SRIG) prior, the standard error of estimates can further be reduced.
Also, it is encouraging to note that the proposed lifetime estimates are much greater than the
corresponding sample average lifetimes of the two subgroups i.e., § 191.2  241.25951,

t, 229.6 334.84301 as is expected in the right censoring situations.
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Table 1
Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard
errors (in parenthesis) with T 3, T 5, S 0.40,0.60 and censoring rates,

C

15%,30%

551

(1. % 9

A

T

15% Censoring

D)

<

-

A

T

30% Censoring

b

<

-

(3.5, 0.40)

50

3.23134
(0.50228)

5.02938
(0.62541)

0.41713
(0.06984)

341044
(0.64182)

479069
(0.78408)

(0.08914)

0.450247

100

3.09397
(0.33060)

5.03397
(0.41624)

0.409646
(0.05081)

3.27045
(0.4744)

487132
(0.58176)

(0.06926)

0.43376

200

3.046974
(0.21901)

5.020636
(0.28261)

0.402913
(0.03673)

3.15174
(0.33548)

4.9296
(0.38126)

(0.04815)

0.418022

30

(=]

3.0329198
(0.174331)

5.00748
(0.22020)

0.402404
(0.02835)

3.108805
(0.29157)

495816
(0.31862)

(0.03858)

0.41146

(3,5, 0.60)

50

3.12489
(0.392458)

5.11615
(0.87750)

0.610581
(0.072205)

3.20048
(0.45544)

5.01647
(1.17027)

(0.08708)

0.63024

10

(=]

3.08993
(0.290635)

5.03247
(0.60012)

0.606719
(0.05547)

3.11603
(0.36081)

436894
(0.83644)

(0.06998)

0.62241

20

(=]

3.04246
(0.187932)

5.00586
(0.39880)

0.605195
(0.03769)

3.0048
(0.28584)

486557
(0.61182)

(0.05898)

0.616464

30

(=]

3.030238

(0.160767)

5.01088
(0.30495)

0.60319
(0.03100)

3.069089

(0.23587)

491305
(0.49030)

(0.04757)

0.61356

errors (in parenthesis) with T 8, T

Table 2
Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard

12, S 0.40,0.60 and censoring rates,

C 15%,30%
(T 3 15% Censoring 30% Censoring
’ ’ n ~ e ~ e
b NN R

(8,12, 0.40)| 50 8.57369 | 12.0273 | 0.42189 | 9.024 11.489 | 0.44733
s (1.34349) |(1.43818)|(0.07214)|(1.76041)|(1.86603)|(0.08681)
100 8.30014 | 11.9924 | 0.41315 | 8.62143 | 11.6813 | 0.43507
(0.96195) 1(1.03634)[(0.05464)|(1.29162)|(1.35801)|(0.06733)
200 8.13401 |12.03165| 0.40644 | 8.45450 | 11.74995| 0.42249
(0.669734) | (0.70057)|(0.03751)|(0.95315)| (0.98612)| (0.05155)
300 8.11606 |12.01536| 0.40475 | 8.33747 | 11.80245| 0.41738
(0.493910) |(0.54547)|(0.03009)| (0.79891)| (0.79502)| (0.04129)
(8,12, 0.60) | 50 8.35362 | 12.0887 | 0.60980 | 8.35329 | 12.0088 | 0.62072
o (1.06451) |(2.09924)|(0.07225)| (1.2233) |(2.64088)|(0.08567)
100 8.18552 | 12.0015 | 0.60823 | 8.33408 | 11.6562 | 0.62293
(0.80736) |(1.45755)|(0.05624)|(0.95881)|(1.91376)|(0.07247)
200 8.14726 |11.91623| 0.60862 | 8.23932 | 11.66111| 0.61699
(0.562267) | (1.01270)|(0.03966)| (0.72401)| (1.35688)| (0.05750)
300 8.10276 | 11.94235| 0.60423 | 8.14423 | 11.79095| 0.61142
(0.44034) |(0.80511){(0.03301)|(0.63742)|(1.22427)|(0.04653)
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Table 3

Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard

errors (in parenthesis) with 7T

C

15%,30%

16, T 20, S 0.40,0.60 and censoring rates,

(1. % 9

A

T

15% Censoring

b

<

-

A

T

30% Censoring

b

<

-

(16,20,0.40)

50

17.2856
(2.77738)

19.7064
(2.47503)

0.41811
(0.07435)

17.6617
(3.29426)

19.3868
(2.96606)

0.43707
(0.08678)

100

16.7525
(1.99085)

19.8082
(1.74753)

0.41333
(0.05335)

17.0776
(2.50343)

19.4974
(2.18107)

0.42841
(0.07094)

200

16.39267
(1.443508)

19.91990
(1.24064)

0.40641

(0.039503)

16.8004
(1.84210)

19.51368
(1.66737)

0.42160
(0.05483)

300

16.27085
(1.185301)

19.88942
(1.03848)

0.40505
(0.03288)

16.54713
(1.69240)

19.60145
(1.40818)

0.41656
(0.04631)

(16,20,0.60)

50

16.4437
(2.05832)

20.2439
(3.25763)

0.60389
(0.07330)

16.3197
(2.46724)

204771
(4.06554)

0.59740
(0.08598)

100

16.2059
(1.53027)

19.8916
(2.40581)

0.60569
(0.05440)

16.2811
(1.75689)

19.9413
(3.03369)

0.60766
(0.07041)

200

16.1263
(1.11581)

19.93559
(1.70904)

0.60325
(0.03985)

16.13280
(1.41593)

19.92792
(2.3510)

0.60502
(0.05571)

300

16.11763
(0.94116)

19.84623
(1.42131)

0.60285
(0.03490)

16.16785
(1.23173)

19.66430
(2.05721)

0.60774

(0.04966)

Table 4

Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard
errors (in parenthesis) with T 25, T 36, S 0.40,0.60 and censoring rates,

C

15%,30%

(L. % 9

A

T

15% Censoring

D)

<

-

A

T

30% Censoring

b

<

-

(25,36,0.40)

50

27.091
(4.42658)

35.8883
(4.50264)

0.42428
(0.06983)

28.4221
(5.36772)

34.6144
(5.70795)

0.45198
(0.087995)

100

26.2495
(3.12986)

35.7654
(3.13701)

0.41408
(0.0561989)

27.1634
(4.05112)

34.849
(4.12275)

0.43669
(0.0693779)

200

25.62280
(2.157442)

35.93667
(2.21848)

0.407359
(0.038810)

2651757
(3.04613)

35.0538
(2.94486)

0.42363
(0.05165)

300

25.34289
(1.681530)

35.87665
(1.71885)

0.40356
(0.031579)

26.09520
(2.552831)

35.19814
(2.45466)

0.41807
(0.04393)

(25,36,0.60)

50

259119
(3.22669)

36.4048
(5.85731)

0.607454
(0.07109)

25.971
(3.82141)

35.893
(7.28253)

0.61301
(0.08401)

100

2573170
(2.41903)

35.67360
(4.11674)

0.60725
(0.05579)

25.73340
(2.90073)

35.40970
(5.45395)

0.61493
(0.06919)

200

25.36684
(1.72697)

35.84978
(2.96943)

0.60542
(0.04100)

25.58851
(2.35521)

35.09469
(4.29354)

0.61437
(0.05798)

300

25.27275
(1.39444)

3579714
(2.45937)

0.60463
(0.03276)

25.48305
(2.01465)

35.18045
(3.60990)

0.61321
(0.04929)
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A comparison of Bayes (Jeffreys), Bayes (Uniform) and Bayes (SRIG) estimates and standard errors (in parenthesis) of
Rayleigh mixture parameters T 3, 5, S 0.40,0.60 with censoring rate,C

Table 5

15%and m m, 45,5 s, 05

c N Bayes(Jeffreys) Bayes(Uniform) Bayes(SRIG)
1 b < 1 b < 1 b <

50 3.23134 | 5.02938 | 0.41713 3.23134 | 5.02938 | 0.41713 3.41649 5.02906 | 0.42142
(0.50228) | (0.62541) | (0.06984) | 0.50228 | 0.62541 0.06984 | (0.46943) | (0.60632) | (0.06954)
100 3.09397 | 5.03397 | 0.40965 3.12326 5.05820 | 0.41025 3.19301 5.03024 | 0.41219
0.40 (0.33059) | (0.41624) | (0.05081) | (0.33616) | (0.42017) | (0.05077) | (0.32525) | (0.41549) | (0.05108)
’ 200 3.04697 | 5.02064 | 0.40291 3.06072 5.03261 0.40317 3.09599 5.01970 | 0.40407
(0.21901) | (0.28261) | (0.03673) | (0.22106) | (0.28395) | (0.03675) | (0.21871) | (0.28319) | (0.03691)
300 3.03292 5.00748 | 0.40240 3.04182 5.01549 | 0.40257 3.06516 5.00724 | 0.40313
(0.17433) | (0.22019) | (0.02835) | (0.17545) | (0.22094) | (0.02836) | (0.17442) | (0.22066) | (0.02845)
50 3.12489 | 5.11615 0.61058 3.15025 5.24344 | 0.60989 3.24634 | 5.13588 | 0.61433
(0.39246) | (0.87749) | (0.07221) | (0.39047) | (0.89774) | (0.07088) | (0.36121) | (0.79265) | (0.07069)
100 3.08993 5.03247 | 0.60672 3.10297 5.08651 0.60650 3.15724 | 5.03233 0.60949
0.60 (0.29064) | (0.60012) | (0.05547) | (0.28877) | (0.60070) | (0.05486) | (0.27792) | (0.57548) | (0.05495)
’ 200 3.04246 | 5.00586 | 0.60520 3.04946 5.02996 | 0.60520 3.07901 5.00091 0.60696
(0.18793) | (0.39879) {(0.037693)| (0.18748) | (0.39936) | (0.03751) | (0.18526) | (0.39436) | (0.03773)
300 3.03024 | 5.01088 | 0.60319 3.03510 5.02623 0.60323 3.05520 5.00671 0.60444
(0.16077) | (0.30495) | (0.03100) | (0.16060) | (0.30547) | (0.03092) | (0.15972) | (0.30394) | (0.03110)

Bayes (Jeffreys), Bayes (Uniform) and Bayes (SRIG) means Bayes estimates assuming the Jeffreys, uniform and
square root inverted gamma priors respectively.

553
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Table 6
A comparison of Bayes (Uniform), Bayes (Jeffreys) and Bayes (Informative)
estimates of the Rayleigh mixture parameters using Mendenhall and Hader
mixture data.

Uniform Jeffreys Informative Prior

A A A A A A

1 L) E 1 ) E 1 L) E

245.080 | 335.653 | 0.3137 | 241.260 | 334.843 | 0.3130 | 225.369 | 331.071 | 0.310
(34.607) | (25.881) | (0.0265) | (33.802) | (25.666)| (0.4637) | (30.392) | (24.719)| (0.026)

6. CONCLUSION

The simulation study has displayed some interesting properties of the Bayes
estimates. The estimates of the first lifetime parameter and of the mixing proportion are
over-estimated while the estimates of the second lifetime parameter are observed to be
over-estimated or under-estimated. The standard errors of the estimates of the lifetime
parameters seem to be quite large (small) for the relatively larger (smaller) values of the
parameters. However, in each case the standard errors of estimates of lifetime parameters
are reduced as the sample size increases. Another interesting remark concerning the
standard errors of the estimates of the lifetime parameters is that increasing (decreasing)
the proportion of a component in the mixture reduces (increases) the standard errors of
the estimate of the corresponding lifetime parameter. The effect of increase in censoring
rate on the estimates of the first lifetime parameter is always observed in the form of an
increase in the extent of over-estimation while for the estimates of the second life time
parameter, a slight fall in the extent of over-estimation is observed with some rare
exceptions. On the other hand for the proportion parameter, an increase in the extent of
over-estimation is observed with an increase in the censoring rate while standard errors of
the mixing proportion estimates are increased as well like those of estimates of the
component density parameters. However increasing the sample size reduces the standard
errors of the mixing proportion estimates. The increase in proportion of a component in
the mixture does not guaranty the reduction in variance of estimate of the mixing
proportion parameter. On the other hand, the variance of the estimates of the mixing
proportion is either slightly increased (decreased) for larger (smaller) values of mixing
proportion parameter. The Bayes (Jeffreys), Bayes (Uniform) and Bayes (SRIG)
estimates of the component density parameters and those of the mixing proportion
parameters are over-estimated. The extent of over-estimation is slightly higher in case of
Bayes (SRIG) but with lesser standard errors of all the estimates of component density
parameters. So the Bayes component density estimates with informative (SRIG) prior
seem to be more efficient than their uninformative counterparts. The hyper parameters,
based on a better prior information, may further improve the efficiency of Bayes (SRIG)
estimates.
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