
© 2010 Pakistan Journal of Statistics 539

Pak. J. Statist.
2010 Vol. 26(3), 539-546

A NEW VARIABLES SAMPLING PLAN FOR LIFE TESTING IN A 
CONTINUOUS PROCESS UNDER WEIBULL DISTRIBUTION

Muhammad Aslam1, Saminathan Balamurali2, Chi-Hyuck Jun3

and Munir Ahmad4

1 Department of Statistics, Forman Christian College University, 
Lahore, Pakistan. Email: aslam_ravian@hotmail.com 

2 Department of Mathematics, Kalasalingam University, 
Krishnankoil 626190, TN, India. Email: sbmurali@rediffmail.com

3 Department of Industrial and Management Engineering, POSTECH, 
Pohang 790-784, Republic of Korea. Email: chjun@postech.ac.kr

4 National College of Business Administration and Economics,
Lahore, Pakistan. Email: drmunir@ncbae.edu.pk

ABSTRACT

A new conditional variables sampling plan called multiple dependent state 
(or deferred state) sampling plan, is proposed for a failure-censored life testing when the 
lifetime follows a Weibull distribution with known shape parameter. In the proposed 
sampling plan, acceptance or rejection of a lot is based not only on the sample from that 
lot, but also on sample results from past lots or from future lots. The design parameters of 
the proposed sampling plan are determined by the two-point approach considering the 
consumer’s and the producer’s risks at the specified acceptable reliability level and the 
lot tolerance reliability level, respectively. It was found that the proposed plan reduces 
the sample size required when compared with a variables single sampling plan.
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1. INTRODUCTION

A manufacturer of products performs a life testing whether the quality level of their 
products meets the customer’s requirements such as the minimum lifetime or reliability. 
In most life testing a common restriction is the duration of the total time spent on testing. 
In order to reduce the test time of the experiment, many types of censoring schemes such 
as type-I (or time-censored), type-II (or failure-censored), mixed of type-I and type-II,
and progressive censoring are usually adopted. 

Although various sampling plans including single, double and sequential plans are 
available for normally distributed quality characteristics (see Schilling, 1982), most of 
plans for a life testing are based on the single sampling plan. A single sampling plan 
based on a failure censored (type-II) or a time censored (type-I) scheme has been usually 
adopted for a life testing. Fertig and Mann (1980) and Schneider (1989) developed 
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failure-censored sampling plans under a Weibull distribution having unknown shape 
parameter. Their approach is to utilize the extreme value distribution and the maximum 
likelihood estimation. As a result, designing a sampling plan is quite complicated for 
being used in practice. Jun et al. (2006) proposed the single and double sampling plans 
for a Weibull distribution with known shape parameter under a sudden death testing. 

In this study, we propose a new conditional variables sampling plan for a failure
censoring scheme under a Weibull distribution having known shape parameter. Weibull 
distributions are popularly adopted as a life distribution since the real failure data are 
known to fit these distributions quite well. The assumption of known shape parameter in 
a Weibull distribution sometimes makes theoretical statisticians uncomfortable but it 
enables us to design various more efficient sampling plans. This assumption is not
unrealistic because an estimate of the shape parameter can be readily available in practice 
from the past failure data and engineering experience. 

The concept of multiple dependent (or deferred) state (MDS) sampling was 
introduced by Wortham and Baker (1976). The MDS plan is applicable to a continuous 
process where lots are submitted for inspection serially in the order of production. In this 
procedure, acceptance or rejection of a lot is based not only on the sample from that lot, 
but also on sample results from past lots (in the case of dependent state sampling) or from 
future lots (in the case of deferred state sampling). So, the MDS plan has an advantage 
over the ordinary sampling plan in terms of the minimum sample size. The operating
procedure and characteristics of the attributes MDS sampling plan can be found in 
Wortham and Baker (1976), Vaerst (1982), Soundararajan and Vijayaraghavan (1990), 
and Balamurali and Kalyanasundaram (1999). More recently, Balamurali and Jun (2007) 
developed a variables MDS plan for normal distributions with known or unknown 
standard deviation. The basic advantage of a variables sampling plan is that the same 
operating characteristic curve can be obtained with a smaller sample size as compared to 
an attributes sampling plan. Therefore variables sampling plans are more economical than 
attributes sampling plans in terms of the cost and time. However, there are no studies on 
variables MDS plans for a reliability testing. 

In this paper, a variables MDS sampling plan will be proposed for a failure-censored 
life testing under a Weibull distribution. The sampling plan will be described in Section 2 
and the method of determining the design parameters will be explained in Section 3. 
Some comparisons are made in Section 4 and Section 5 concludes with remarks. 

2. VARIABLES MDS SAMPLING PLAN

Suppose that the quality characteristic of interest is the time to a failure and that it
follows a Weibull distribution with known shape parameter m and scale parameter �Osuch 
that the cumulative distribution function is given by

�� �� �� ���� ��1 exp , 0
m

F x x x� �� �� �O �t (2.1)

Also, it is assumed that there is a lower specification L so that an item having the 
life smaller than L is regarded as non-conforming. The fraction non-conforming 
(or unreliability at time L) is obtained by
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�� ���� ��1 exp
m

p L� �� �� �O (2.2)

As mentioned in Balamurali and Jun (2007), the following assumptions are valid for 
the proposed MDS plan:

i) Lots are submitted for inspection serially in the order of production from a process 
having a constant proportion non-conforming.

ii) The consumer has confidence in the supplier and there should be no reason to 
believe that a particular lot is poorer than the preceding lots.

Let us consider the following procedure for multiple dependent state (MDS) sampling 
plan:

1) Draw a random sample of size n from a lot. 

2) Put n items on test and perform testing until r ( )n�d failures are observed by

recording ( )iX , the i-th failure time (i=1,…,r).

3) Calculate the quantity

( ) ( )
1

( ) .
r

m m
i r

i
v X n r X

� 
� �� ���¦ (2.3) 

4) Accept the lot if m
av k L�t and reject the lot if m

rv k L�� . If m m
r ak L v k L�d �� , then 

accept the current lot provided that the preceding g lots were accepted on the 

condition that m
av k L�t but reject the lot, otherwise. 

In the above plan, ak and rk are parameters related to the lot acceptance and 

rejection, respectively, whereas mL is constant. We use the acceptance constant in the 

form of m
ak L for the mathematical convenience when deriving the lot acceptance 

probability. Thus, the proposed MDS plan is characterized by three parameters, namely 
r , ak and rk when g is specified. The value of g can be chosen by considering the data 

availability. If a rk k� , then the proposed plan is reduced to an ordinary variables single 

sampling plan. The sample size n can be chosen from the parameter r by considering 
the degree of censoring (Schneider, 1989) and the test time. In general, the test time 
decreases as the sample size increases. In a multiple deferred state sampling, the 
forthcoming g lots will be considered for acceptance of the current lot, so accept or reject 
decision is effectively postponed. But the mechanism is same as the proposed MDS 
sampling plan.

3. DETERMINATION OF DESIGN PARAMETERS

The design parameters of the proposed sampling plan can be determined by the 
two-point approach as in Fertig and Mann (1980). In this approach, its operating 
characteristics (OC) curve passes through two points �� ��1,1p �� �D and �� ��2 ,p �E , where 1p

is the acceptable reliability level (ARL), 2p is the lot tolerance reliability level (LTRL), 
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�D is the producer’s risk and �E is the consumer’s risk. A producer wants that the 

probability of acceptance of a lot should be at least �� ��1 �� �D when the fraction non-

conforming is at ARL and a consumer demands that this probability should not be greater
than �Ewhen the fraction non-conforming is at LTRL. 

Now, the OC function of the variables MDS sampling plan for a given lot quality p is 
obtained by

�� �� �^ �` �^ �` �^ �`
g

m m m m
a r a aL p P v k L P k L v k L P v k L�ª �º� �t �� �d �� �t

�¬ �¼
(3.1)

Note that v follows a Gamma distribution with parameters �� ��, mr �O and that the 

quantity 2 mv�O follows a chi-square distribution with degree of freedom 2r (Jun et al.
2006). So, (3.1) can be rewritten by

�� ���^ �` �� �� �� ���^ �` �� ���^ �` 1
2 2 2 2( ) 1 2 1 2 2 1 2

g
r a r a r r r aL p G k w G k w G k w G k w

���ª �º� �� �� �� ���« �»�¬ �¼
(3.2)

where G�M is the distribution function of a Chi-square random variable with degree of 

freedom �I and w is given by

�� �� �� ��ln 1
m

w L p� �O � �� �� (3.3)

We will determine the design parameters ( r , ak , rk ) by the two-point approach 

described earlier when g is specified. Several values of g were considered when 

constructing the tables. So, the following two inequalities should be considered:

�� ��1 1L p �t �� �D (3.4)

�� ��2L p �d �E (3.5)

or

�� ���^ �` �� �� �� ���^ �` �� ���^ �` 1
2 1 2 1 2 1 2 11 2 1 2 2 1 2

g
r a r a r r r aG k w G k w G k w G k w

���ª �º�� �� �� ���« �»�¬ �¼
1�t �� �D

(3.6)

�� ���^ �` �� �� �� ���^ �` �� ���^ �` 1
2 2 2 2 2 2 2 21 2 1 2 2 1 2

g
r a r a r r r aG k w G k w G k w G k w

���ª �º�� �� �� �� �d�E�« �»�¬ �¼
(3.7)

Values of parameters �� ��, ,a rr k k can be determined by a simple search in an Excel 

sheet for given values of �� ��1 2, ,g p p . These design parameters for variables MDS plans

are presented in Table 1 for g=1, 2, 3 according to different combinations of ARL �� ��1p

and LTRL �� ��2p when �D=0.05 and �E=0.10. The values of 2p were chosen as 2 1p , 

5 1p , 10 1p , 15 1p , 20 1p and 30 1p until reaching 0.5 at maximum. 
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Table 1
Variables MDS sampling plans indexed by ARL and LTRL

1p
(ARL)

2p
(LTRL)

g=1 g=2 g=3
r ak rk r ak rk r ak rk

0.001 0.002 11 8249 4570 11 7778 3699 12 8301 4700

0.005 3 1107 777 3 1067 750 3 1063 712

0.010 2 392 352 2 388 351 2 388 348

0.015 1 184 26 1 157 14 2 258 257

0.020 1 130 40 1 116 35 1 115 26

0.030 1 81 48 1 77 47 1 76 45

0.005 0.010 11 1635 959 11 1549 800 12 1653 988

0.025 3 219 155 3 212 150 3 211 143

0.050 2 77 70 2 76 70 2 76 69

0.100 1 25 8 1 23 7 1 22 5

0.150 1 15 9 1 15 9 1 15 9

0.010 0.020 11 830 360 11 770 428 12 823 505

0.050 3 108 77 3 105 75 3 104 72

0.100 2 38 35 2 37 35 2 37 35

0.200 1 12 4 1 11 3 1 11 1

0.300 1 7 4 1 7 4 1 7 4

0.050 0.100 11 153 107 11 149 45 12 158 114

0.250 2 17 1 2 14 1 3 19 15

0.500 2 7 6 2 6 5 2 6 5

0.100 0.200 10 68 43 10 65 38 11 70 45

0.500 2 7 1 2 6 2 2 6 1

It is seen that for a fixed value of ARL, the values of r and ak decrease as LTRL

increases, but there is no specific trends in values of rk . It is also observed that design 

parameters remain similar according to a different value of g when LTRL>>ARL. It 

should be noted that the above table can be utilized independently of the shape parameter 
of a Weibull distribution. 

Example 1:
Suppose that a certain type of bearing is regarded as conforming if its lifetime is 

greater than 10 (thousand cycles). For the decision of a lot acceptance the manufacturer 
wants to use the MDS sampling plan with g =1. The lifetime of a bearing is known to 

follow a Weibull distribution with m=2. The ARL is selected as 0.01 at which the 
producer’s risk is 5 percent and the LTRL is selected as 0.05 at which the consumer’s 



A new variables sampling plan for life testing……544

risk is 10 percent. The design parameters for this example are obtained from Table 1 as 
3r � , ak =108 and rk =77. The MDS sampling plan operates as follows. When the 

degree of censoring is chosen as 0.5, six bearings out of a lot will be put on test initially 
and three failures will be observed. Suppose now that three failures were observed at 
12.7, 19.5, and 25.2. The test is terminated at the last failure. The quantity v in (2.3) is 
calculated by

�� �� �� �� �� �� �� ��2 2 2 2
12.7 19.5 25.2 3 25.2 3081.7v � �� �� �� � 

which is smaller than �� ��277 10 7700m
rk L � � . So, the lot will be rejected.

Example 2:
Consider Example 1 again. Suppose now that the same three failure times were 

observed if 15 bearings had been put on test (In reality, the failure times should be 
different according to the sample size initially put on test). Then, the quantity v in (2.3) is 
calculated by

�� �� �� �� �� �� �� ��2 2 2 2
12.7 19.5 25.2 12 25.2 8797.06v � �� �� �� � 

which is larger than �� ��277 10 7700m
rk L � � but smaller than �� ��2108 10 10800m

ak L � � . 

So, the current lot will be accepted if the preceding one lot has been accepted but rejected 
otherwise.

4. COMPARISON OF PLANS

Under a failure censoring scheme, a plan requiring a smaller number of failures to be 
observed would be better if other conditions remain the same. So, it may be meaningful 
to compare with plans in terms of the number of failures to be observed. Table 2 
summarizes the number of failures to be observed under the MDS plan with different g
and under the variables single sampling plan. 
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Table 2
Comparison of number of failures in each plan

1p 2p MDS with 
g=1

MDS with
g=2

MDS with 
g=3

Variables single
sampling plan

0.001 0.002 11 11 12 19 (12437)

0.005 3 3 3 4 (1333)

0.010 2 2 2 3 (530)

0.015 1 1 2 2 (258)

0.020 1 1 1 2 (193)

0.030 1 1 1 2 (128)

0.005 0.010 11 11 12 19 (2464)

0.025 3 3 3 4 (264)

0.050 2 2 2 3 (104)

0.100 1 1 1 2 (37)

0.150 1 1 1 2 (24)

0.010 0.020 11 11 12 19 (1226)

0.050 3 3 3 4 (131)

0.100 2 2 2 2 (51)

0.200 1 1 1 2 (18)

0.300 1 1 1 2 (11)

0.050 0.100 11 11 12 18 (225)

0.250 2 2 3 4 (24)

0.500 2 2 2 2 (6)

0.100 0.200 10 10 11 17 (101)

0.500 2 2 2 4 (10)
(note) The number in parenthesis is the acceptance parameter of the variables 
single sampling plan.

It is seen that the number of failures for the MDS plan does not much vary according 
to the value of g and that it is smaller than that for the variables single sampling plan. 

Obviously, the number of failures decreases as the value of 2p increases. However, it 

seems that r does not depend on the value of 1p as long as the ratio of 2 1/p p remains 

the same. It is observed that r =1 when the ratio 2 1/ 20p p �t . It is interesting to see that 

r for the MDS plan with g =1 is same for that with g =2 and that ak for the MDS plan 

with g =1 is smaller than ak for the MDS plan with g =2. This may be interpreted as 

follows: the MDS plan with g =2 requires shorter failure times than the MDS plan with 

g =1 because the former considers one more preceding lot than the latter. 
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It was found that the operating characteristics of the MDS plans with three values of 
g considered here are quite similar to each other although the results were not included 

here. In this regard, the MDS plan with g =1 can be recommended for use in practice. It 

was also found that variables single sampling plans having the same r do not meet the 
producer’s risk at the ARL or consumer’s risk at the LTRL.

5. CONCLUDING REMARKS

A MDS sampling plan by variables was proposed for a failure-censored life testing 
when the lifetime of an item follows a Weibull distribution with known shape parameter. 
The design parameters were determined by the two-point approach considering the 
consumer’s and producer’s risk simultaneously, which are not dependent on the shape 
parameter as long as the ARL and the LTRL are specified. It was found that the MDS 
plans do not much differ by the number of preceding lots in terms of the number of 
failures to be observed and the operating characteristics. When compared with variables 
single sampling plans, the proposed MDS plan requires smaller number of failures to be 
observed. 
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