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ABSTRACT

This study consists of two main sections. Firstly, one change point problem in a
homogeneous Poisson process is considered. Assume that n events are observed in the
continuous time interval (0,T] and the occurrence rate @ switches to Q at an unknown

change point WO t T . Our inferences are about the estimators related with the
parameters W, and Q for the following three cases: @, Q are known, Q@ is known,

Q is unknown and @, Q are unknown. The estimators obtained which are based on

the maximum likelihood method are investigated with a simulation study, and also are
applied to the British coal mining disasters data; the results are compared with the
estimations in previous studies. In the second part of the study, the situation where there
are multiple change points in a homogeneous Poisson process is examined. The
estimations of change points are obtained for the earthquakes data set.
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1. INTRODUCTION

There are many studies on change point problem in a sequence of random variables.
Hinkley (1970) considered a sequence of independent continuous random variables
X1, X5, X, such that X; had the probability density function f(x, T), i 12, ,V,
and X; had the probability density function f(x, T), i W1, ,n where \is called
the change point. In Hinkley’s study, the maximum likelihood estimate Vv of V, was
derived for three cases: T and T, are known (T Zz,) but Visunknown; T is known
but T, and Vare unknown and T, T, and Vare unknown. In addition, an application
was given for a sequence of normal random variables. However, Hinkley noted that no
explicit form for 'V could be given in his study.

Many his further investigations are based on the work of Hinkley (1970). For
example, the change point problem in a sequence of binomial variables is studied by
Hinkley and Hinkley (1970); the change point in a sequences of exponential and Poisson
variables are investigated by Worsley (1986); Haccou, Meelis and Geer (1988);
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524 Estimation of change points in a homogeneous Poisson process...
Jandhyala and Fotopoulos (1999, 2001); Boudjelaba, MacGibbon and Sawyer (2001);
and Fotopoulos and Jandhyala (2001).

There are few studies on continuous time change point problem in a homogeneous
Poisson process. One of them was made by Akman and Raftery (1986). Akman and

. . W _ .
Raftery (1986) used an asymptotic approach under the assumption that T Tis a
constant when W 0 fand T o f where 0 W T to solve the continuous time change
point problem in the homogeneous Poisson process. In their study, ‘N;,t t0 s

considered as a homogeneous Poisson process and N; is the number of events occurred
in the time interval (0,t]. The estimations are based on the process
3(v) 3(c) 3(d) 3(v) ¥

Wvgd va vi" e % cdv d
vC 1 vcC é

where 0 dc & d dl, vc (v ¢/(d ¢ and 3(v) N, and W(vcd is the
normalized difference between the mean intensities on (CT, vT] and (VT, dT].

Assuming that there are known constants a and b such that 0 da d Thd 1, and
@ ! Lare known, the estimators were obtained

A - 1,
T inf @:W(v0,1) sup W(10,1) 3,
adi & é

Q Ny VW Q A NygT W
where ‘W 'T1 (Akman and Raftery, 1986).

West and Ogden (1997) considered the case when Y,,Y;, .Yy are observed over the
time interval (0,T], where Y, represents the number of events that occurred in the ith
time period. The random variables V,,Y,, ,Y; are assumed to be independent Poisson
random variables as given below

;Poisson Q@ i1, , W
Y, ~ @oisson G W O G W, O i @I
*Poisson Q iow@2, T,

where V is a change point in time interval 0,T , 2\ denotes the greatest integer
function of V, and @& )W  ®/. Using the model described above, the maximum

likelihood estimators were derived for the parameters @ and Q. If Vis known, the

maximum likelihood estimators of @ and Q are obtained as follows:
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However, if V is unknown, the above method is not applicable because of
discontinuities in the function @ )'and so the only approach to find the maximum

likelihood estimators of all three parameters is to compute the set of points, b( N Q( )\
and the likelihood for each V(West and Ogden, 1997).

There are a couple of more studies in Poisson change model: Raftery and Akman
(1986) used a Bayesian approach for the estimation of a change point in homogenous
Poisson process; and Loader (1992) considered the change point in non-homogenous
Poisson process.

Many studies have considered multiple change points in the literature. Henderson and
Matthews (1993) examined the situation where there are multiple change points in the
sequence of Poisson random variables. In their study, they used the binary segmentation
process to search for multiple changes. Chen and Gupta (1997) considered testing and
locating multiple variance change points in a sequence of independent Gaussian random
variables, and Chen and Gupta (2007) studied two change points model, consisting of a
smooth change followed by an abrupt change using Bayesian approach.

In Section 2 of this paper, a single change point model in the homogeneous Poisson
process is thoroughly examined. The estimators are obtained for @, Q and V.

Simulation results and the application to the classic British coal mining data of these
estimators are given. In Section 3, it is shown that the results introduced in Section 2
could be used to search for multiple change points in a homogeneous Poisson process and
an application on the earthquake data set is given.

2. POINTS ESTIMATION FOR ONE CHANGE POINT

Let ‘N,,t t0 bea homogeneous Poisson process and suppose that n events are

observed at times §,S, ,S, in the continuous time interval (0,T]. Let

S 0§ TadT § §, T, S S,..T, S, §, , present the inter arrival
times, so that T, T,, ,T, are independently exponentially distributed random variables.

Under the assumption that V is equal to the occurrence time of an event, the likelihood
function is taken as follows:

LW Gef3% @ e
ungSN\MSNWQeQSNV\ESNV\A Qeqsnsnl

Qe @ @G Nve T W @.1)

Q Wy
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where @ is the occurrence rate in the time interval (0, \\, Q is the occurrence rate in

the time interval (WT] and N is the number of events occurred in the time interval
(0, W\ (Raftery and Akman, 1986).

Note that the likelihood function given by (2.1) contains the random variable N,

Therefore it causes difficulty in obtaining the estimators using this likelihood function.
To overcome this difficulty, we assume that the conditional distribution of N, given that
n events have occurred in the time interval (0, T], is

P(Ny k| Ny n)

K n k
§ 8 QW - § QT W - .k 0.1..n 22)
& &R W, Wi & W,O Wi

—0, otherwise.

As seen above, the conditional distribution of N\ is a binomial distribution with

parameters '§n, p ___9W . Here, the expected value of N, is
Q W, Wi
ne w
E(Nw|Ny ) __new (2.3)
@ W,® W

2.1 Estimation when @ and Q are known

For this case, the estimator of V shall be obtained by using the likelihood function in
(2.1) and the conditional expected value of N in (2.3).

The expected value of the log-likelihood function is found as follows

ne w
Eipgh(‘MAmloog Q

8§ ne w -

m——F " logQ Q W, W (2.4)

© (@ 9 WTO ’
After maximizing equation (2. ZLWK UHVSHFW WR 2 WKH IROORZLQJ HTXDWI

Q W20 O°GTv Q O QT’ nQ Jlog §/ O 0.
(2.5)

If (2.5) is solved with respect to V, two possible solutions are found for the
estimator of V

2 3
QO 0°QT {n o 00 ke G O e
@ O

2
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2 3
Q 0°QT ynQ O Qg 9/ O
3 .
@ O
The expression given in (2.6a) is not the estimator of Vsince \W 0 when @ ! £,
and W T when @ £ But the expression in (2.6b) is the estimator of V since

0 W Twhen @ !Land @ L

2

(2.6b)

2.2 Estimation when Q@ is known and Q is unknown

We may consider that the likelihood function given in (2.1) is obtained from two
independent samples, namely before and after V. Thus, the likelihood function of the
sample after Vshall be as follows:

L, W,0=QMe T W

Here, assuming that the expected value of Ny is @YV, the expected value of the
log-likelihood function is obtained as:

E 3ogl, W,0, n Q Wg Q QT W 2.7
The following equation is obtained by maximizing (2.7) with respect to &
QT Wn ,0W (2.8)
If Q is solved from (2.8) and substituted into (2.5), then the maximum likelihood
estimators of Vand Q are found to be

~ n Q2
S N

2.9)
8GT Q2:
Qn Q?Tlog@n 02 1 QTn 0.

While the equation containing the estimator of V given (2.9) does not have an explicit
form, its numerical value can be calculated easily using computing software.

2.3 Estimation when @ and Q are unknown
There are no analytic forms for the estimators of @, Q and Vwhen @ and Q

are unknown. We assumed that V is equal to the occurrence time of an event;
therefore, §,S, ,S, are possible values of V. For §,s, ,S,, the estimations

q , Ql , Q , Qz , q , Qn are found from the following:

, 012, ,n 1 (2.10)
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Then these estimations are substituted into (2.4). One of AQ, AQi,s , 1 1,2, ,n,

gives the maximum of this function, say b, AQ,A. Hence b, Q and '\ are the
maximum likelihood estimators for @, Q and V. We note that the maximum log

likelihood function in (2.1) and the maximum expected value of log likelihood function
in (2.4) might give the same results in applications.

2.4 Simulation
To investigate the validity of the estimators obtained in Subsection 2.1, 2.2 and 2.3,
we simulated the random samples T,, i 1,2,..,n, from the exponential distribution,

with sample sizes n 30, 80 for the cases of the true change point being located at the

th

occurrence time of 40% n™ event, at the occurrence time of 50% ni" event, and at the

occurrence time of 60% nt"

are chosen arbitrarily, where @, £ = (0.5, 1.5), (1.5, 0.5), (1, 2), (2, 1), (1, 3), (3, 1).

The number of iterations is taken to be 1000 times for each sample size. The results are
reported in Table 1-3 respectively for three cases: @, Q are known; Q@ is known, Q is

unknown, and @, Q are unknown.

event. For each sample, the values of parameters @ and Q
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Table 1
Estimations of Vwhen Q and Q are known

Ny

v

v

v

Vy

,_\/V_

0.5

1.5

30
80
30
80
30
80

12
24
15
40
18
48

24.0049
65.5411
28.8208
76.4310
33.5000
88.2504

23.7222
64.8412
30.1834
80.0242
36.1796
95.9338

8.0940
14.1163
9.2771
14.5443
10.4343
15.8195

6.9474
12.0725
8.0078
12.2891
8.8836
13.5470

0.2827
0.6999
-1.3626
-3.5932
-2.6796
-7.6834

0.6645
0.6696
0.7530
0.7494
0.8173
0.8174

1.5

0.5

30
80
30
80
30
80

12
24
15
40
18
48

10.8295
29.0985
11.2825
30.4067
11.6627
31.3501

8.0031
21.3531
10.0508
26.4248
12.1086
32.1610

1.1849
1.7958
0.9046
1.4146
0.7259
1.0541

2.3737
3.7925
2.6722
4.1198
2.7298
4.6644

2.8264
7.7454
1.2316
3.9819
-0.4458
-0.8109

0.1826
0.1817
0.2512
0.2487
0.3363
0.3331

30
80
30
80
30
80

12
24
15
40
18
48

12.5754
33.4969
14.2184
38.3617
16.1437
44.2525

11.9670
32.2596
14.7940
39.9361
17.7291
48.1871

5.1270
8.8351
5.7434
8.9753
5.7102
10.1287

3.3788
5.9196
3.8586
6.2184
3.9905
7.0114

0.6084
1.2373
-0.5757
-1.5744
-1.5854
-3.9345

0.5699
0.5748
0.6650
0.6673
0.7478
0.7498

30
80
30
80
30
80

12
24
15
40
18
48

7.5025
19.9481
7.9245
1.3741
8.3669
22.6487

6.0001
16.0246
7.4487
19.9711
9.1605
23.8786

1.5302
2.7142
1.4191
2.2685
1.2630
2.0033

1.7723
2.8282
1.8968
3.1980
2.2077
3.4110

1.5024
3.9236
0.4759

1.4031
-0.7936
-1.2299

0.2515
0.2487
0.3299
0.3318
0.4330
0.4259

30
80
30
80
30
80

12
24
15
40
18
48

12.1620
32.3658
14.4540
38.0477
16.6051
44.1858

11.9836
31.8965
15.0038
39.9513
18.1043
48.0597

4.1114
6.7311
4.7397
7.2264
4.8328
8.0803

3.4952
5.7580
3.9958
6.2243
4.1756
6.8669

0.1784
0.4692
-0.5498
-1.9036
-1.4992
-3.8739

0.6658
0.6638
0.7472
0.7504
0.8223
0.8183

30
80
30
80
30
80

12
24
15
40
18
48

5.3866
14.5501
5.6559
15.1774
5.8199
15.6978

4.0945
10.6476
5.0006
13.3651
5.9996
15.9997

0.5730
0.8875
0.4523
0.7488
0.3644
0.5461

1.1729
1.9442
1.3125
2.1027
1.4626
2.2661

1.2921

3.9026
0.6553

1.8122
-0.1798
-0.3019

0.1846
0.1812
0.2511
0.2507
0.3294
0.3339

529
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Table 2
Estimations when Q is known Q is unknown

v

v

v

Vy

,_\/V_

WT

0.5

30
80
30
80
30
80

12
24
15
40
18
48

24.2129
64.9150
25.4191
68.1582
26.3525
71.0939

239116
63.8119
30.1665
79.8395
35.6002
96.1539

2.3106
4.0226
2.4048
3.6447
2.2263
3.6726

6.7538
11.6344
8.1477
12.2745
8.5760
14.4389

0.3014
1.1031
-4.7474
-11.6813
-9.2477
-25.0600

0.6639
0.6660
0.7512
0.7500
0.8171
0.8176

1.8937
1.6856
1.4813
1.2870
1.1765
1.0238

1.1036
0.5693
0.9758
0.3870
0.6178
0.3062

1.5

0.5

30
80
30
80
30
80

12
24
15
40
18
48

12.1939
32.6720
11.9656
32.0441
11.6755
31.2408

7.9876
21.2283
9.9346
26.9465
11.9718
31.8470

0.4981
0.8210
0.5409
0.8258
0.5605
0.9019

2.3402
3.7286
2.5804
4.3238
2.8668
4.5880

4.2063
11.4437
2.0311
5.0976
-0.2963
-0.6063

0.1829
0.1810
0.2483
0.2525
0.3339
0.3343

0.4055
0.3787
0.4748
0.4416
0.5724
0.5372

0.1426
0.0783
0.1895
0.0908
0.2240
0.1193

30
80
30
80
30
80

12
24
15
40
18
48

13.0491
34.8553
13.3474
35.7857
13.6803
36.7296

12.2609
32.1719
15.0354
39.7071
17.9352
47.7844

1.0924
1.7884
1.1538
1.7056
1.1355
1.7732

3.5142
5.8511
3.9616
6.3094
4.3264
7.1065

0.7882
2.6834
-1.6880
-3.9214
-4.2549
-11.0548

0.5769
0.5738
0.6684
0.6652
0.7500
0.7491

2.4803
2.2744
2.1697
1.9623
1.8834
1.7022

1.3361
0.6621
1.1285
0.5492
0.9781
0.4888

30
80
30
80
30
80

12
24
15
40
18
48

8.5090
22.8616
8.3725
22.5155
8.2543
22.0734

6.0352
16.0390
7.4870
19.9267
9.0670
24.1980

0.5805
0.6676
0.5510
0.6783
0.4442
0.7223

1.8066
2.8890
1.9991
3.2456
2.1363
3.4779

2.4738
6.8226
0.8855
2.5887
-0.8128
-2.1246

0.2514
0.2492
0.3323
0.3291
0.4279
0.4308

0.9210
0.8557
1.0436
0.9531
1.1639
1.0947

0.3528
0.1855
0.4133
0.2071
0.4714
0.2524

30
80
30
80
30
80

12
24
15
40
18
48

12.1003
32.5120
12.6889
34.0875
13.2622
35.5511

12.0351
32.0478
15.0374
40.0355
18.1842
48.1131

1.1999
2.0192
1.1988
1.8280
1.1882
1.7753

3.4669
5.9165
3.9163
6.1604
4.3276
6.7114

0.0652
0.4642
-2.3485
-5.9480
-4.9220
12.5620

0.6680
0.6666
0.7521
0.7517
0.8196
0.8185

3.8852
3.3477
3.0025
2.5713
2.2689
2.0412

2.6663
1.1754
2.0709
0.7773
1.2302
0.5966

30
80
30
80
30
80

12
24
15
40
18
48

6.1050
16.3634
5.9949
16.0537
5.8445
15.6160

3.9987
10.6812
4.9829
13.3618
6.0429
15.9400

0.2431
0.4062
0.2665
0.4088
0.3302
0.4636

1.1202
1.9518
1.3017
2.0595
1.4544
2.2827

2.1063
5.6822
1.0120
2.6919
-0.1983
-0.3241

0.1821
0.1807
0.2468
0.2481
0.3333
0.3348

0.8007
0.7471
0.9321
0.8696
1.1350
1.0779

0.2742
0.1556
0.3485
0.1788
0.4528
0.2458
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Table 3
Estimations when @ and Q are unknown

531

v

v

v

W

TVV_

WT

@

Vo

A

Q

Vo

0.5

15

3(
80
30
80
30
80

1z
24
15
40
18
48

24.848

63.6608
30.6881
79.4799
35.7485
95.5593

24.241
64.050
30.590
79.576
36.335
96.060

7.813

39.1936

79.9585

12.935011.372

113.168912.249

?15.743214.109

7.280

8.0165

8.3864

0.607
D-0.390
0.0978§
5-0.096
-0.587
P-0.500

0.672

10.668(
0.7553
50.7494
20.8227
D0.818]

0.524

0.503(
0.505¢
10.503
0.5097
0.4991

0.255

0.199(¢

20.249¢
10.0764

0.20211.580¢

0.08521.5977

1.849

1.880(

1.918]

0.830
0.3001

20.351(

15

0.5

3(
80
30
80
30
80

1z
24
15
40
18
48

8.762
22.0318
9.8050
27.05572
11.0318
32.4398

7.943

21.480
9.8892
26.614
11.823
32.249

5.559

57.6849
4.5082
P7.5920
r4.3753
17.4477

2.138

3.9876
2.4819
4.1965
2.6609
4.6663

0.819

0.5513
-0.084
0.4409
-0.791
0.1907

0.179

0.1824
00.243(
0.2491
80.327(
0.334¢

1.890

1.6131
1.8421
1.589]
1.874]
1.5717

0.990

10.9583
10.315]
11.1827
10.4948

0.47320.4997

0.503

0.502¢
0.497(
10.5163
0.497]

0.226

20.0784
0.1911
0.0844
0.2138

3C
80
30
80
30
80

1z
24
15
40
18
48

13.801

33.5217
15.5568
40.1104
17.6025
46.816(0

12.720
32.452
15.520
40.338
18.375
48.076

4.795
D9.0860
D5.5055

V6.2424
311.451

110.08136.4907

3.346
5.6942
3.8734

4.2894
?6.7879

1.081

1.0683
0.0364§
-0.227
-0.773
-1.260

0.590

0.5763
0.6864
50.6705
20.759(
80.7516

1.030

0.9771
11.1211
0.9785
1.0574
0.999¢

0.746

10.2697
1.3383
0.3073

10.637¢
0.4443

2.692

[2.2807
2.7671
2.313¢4

)2.7587
2.325]

1.489

11.449¢
1.4314

(0.943§

1.111%

(0.950%
1.62180.4412

(0.094%

(0.887%

(1.6872

L

3C
80
30
80
30
80

1z
24
15
40
18
48

6.436
16.923(
6.6941
20.5314
7.6566
22.9143

5.658

16.000
7.1419
19.876
8.8287
23.965

4.684
39.4671)
4.0029
D9.0284
3.8408
58.1217

1.608
2.6634
1.8497
3.0654
2.0991
3.3757

0.778
0.9227
-0.447
0.6545
-1.172
-1.051

0.235
0.2493
80.3153
0.3284
00.4123
00.4234

2.712
2.2754
2.9495
12.246¢
2.728¢
2.2827

1.320
)0.7444
2.266%
0.809¢
1.5273
21.044(

1.063
11.001¢
0.9943
1.0111
1.0311
1.0107

0.696

0.4243
0.580(
10.6431

0.3782

(0.6732

3

L

3(
80
30
80
30
80

1z
24
15
40
18
48

12.630
32.2823
15.2715
39.97672
17.7498
47.6688

12.302
32.293
15.309
40.136
18.120
48.029

3.574
36.4432
14.5976
57.1485
54.9309
08.0979

3.362
5.7680
4.0808
6.4073
4.1891
7.1497

0.328
-0.011
-0.037
-0.160
-0.370
-0.361

0.676
D0.668]
50.756¢
80.750(
80.822¢
10.8173

1.009
0.992¢
1.025]
0.995¢
0.999¢
1.0147

0.335
0.193¢
10.593]
)0.170(
)0.3753
10.5604

3.718

1.675

3.149
(3.639
3.161
3.785
13.196

0.833¢
1.4214
0.612¢
1.790¢
0.730(¢

)

3(
80
30
80
30
80

1z
24
15
40
18
48

4.298
11.0839
4.8984
13.5641
5.4845

15.9914

3.974

10.709
4.8972
13.360
5.7808

2.840
53.8393
2.6086
53.8517
2.1319

16.091

D3.7525

1.147
1.8761
1.2474
2.0919
1.3037

0.324
0.37472
0.0013
0.2035
-0.296

2.2955

0.178
0.1825
0.240¢
0.2493
80.3217

0.0997

3.822
3.220¢
3.8221
3.1917
3.714¢

0.3337

2.331
)0.9583
1.952¢
11.0494
)1.525]

3.1824

10.9984

1.007
0.996
1.043
10.991
(1.041
10.996

0.421

0.157%
0.755%

0.1674

0.553%

0.198¢
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As it seen from Table 1-3, the estimations computed from (2.6b), (2.9) and (2.10) are
close actual value of the parameters. It is seen that the success of the estimators depends

on the ratio __I_—_v , when the ratio -}:V close to the edge of the interval %,% ;, we see that

the estimations from (2.6b), (2.9) and (2.10) are far away from the actual values of the
parameters.

2.5 British coal mining disasters

To illustrate an application of the results obtained, a popularly used data, the British
coal mining disasters data (Jarrett, 1979), is used. This data set consists of 190 time
intervals in days between disasters from 15 March 1851 to 22 March 1962. The sum of
these time intervals is 40549, thatis T 40549. @ =0.0085 when the time expressed in

days ( @=3.1025 when the time expressed in years) and Q=0.0025 when the time
expressed in days ( Q=0.9125 when the time expressed in years) are taken as the average
of estimations which are given in the previous studies. In the case where @ and Q are
known, the estimate of V obtained from (2.6b) is given in Table 3; in case only Q@ is
known, the estimates of Q and V obtained from (2.9) are given in Table 4; in case Q
and Q are unknown, the estimates of @, Q and V obtained from (2.10) are given in

Table 5. The estimations which are found for the same data in the previous studies (West
and Ogden, 1997) are given in Table 7.

Table 4
Estimate of Vwhen Q and Q are known for British coal mining disasters data

©=0.0085"(3.1025), Q =0.0025" (0.9125"), n= 190, T = 40549 days

v
13560.4057 days
January 18, 1889
* when the time expressed in days
+ when the time expressed in years

Table 5
Estimates of Q and \when Q@ is known for British coal mining disasters data

Q= 0.0085", n =190, T =40549 days
v Q
13172.3247 days 0.0028"
May 28, 1887 1.0220"
* when the time expressed in days
+ when the time expressed in years
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Table 6
Estimates of @, Q and Vwhen @ and Q are unknown

for British coal mining disasters data
n 190, T 40549 days

A A

@ v Q
0.0087" 14240 days 0.0025"
3.1755" March 10, 1890 0.9125"

* when the time expressed in days
+ when the time expressed in years

Table 7
Point and interval estimates of V
Method v Lower Limit Upper Limit
Loader (1992) March 10, 1890 8.08 years
Akman and Raftery (1986) | March 10, 1890 Oct. 6, 1886 Dec. 17, 1898
Raftery and Akman (1986) | August 27, 1890 May 15, 1887 Aug. 3, 1895
Worsley (1986) 1890 1884 1895

(West and Ogden, 1997)

In Table 4, "W 13560.4057 corresponds to the observation of 120" disaster;
"W 13172.3247 in Table 5, corresponds to the observation of 1 18" disaster; "W 14240 in
Table 6 corresponds to the observation of 124" disaster. The estimates obtained using our
results are in the confidence interval of the estimates given in Table 7.

3. POINT ESTIMATIONS FOR MULTIPLE CHANGE POINTS

Let 'N;,t t0 bea homogeneous Poisson process and n events be observed at
times §,S, ,S, in the continuous time interval (0,T]. Let § 0,S5, T and
T § § T, S S....T, S §,, show inter arrival times, so T,,T,, ,T, are
independent exponentially distributed random variables. Assume that for i 1,2, ,k,

@ switches to @, at an unknown time . When it is given that n events have

occurred in the time interval (0,T], the joint distribution of NNy w ,Ny \y has

multinomial and thus the conditional expected value of N wow is as follows

ne(W,; W
QW,a W QT w’

Then the log likelihood function is easily found as in (2.4)

E Ny wNr n i 1,2, .k, W o.
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E(logL(W , W, W n_?l\%g(z%i n Q( k\\N kl\NIOgiﬁ? i
1

Q@ PW (Q, Q WnlgQ, Q,T @I

where \ isequalto QW ,(Q W W Q (T \M. Similarly as in Section 2, the
assumption is that \W , W, \V are equal to the occurrence times of events. By using

(3.1), the parameters are estimated as follows: First, we use kK 1 in (3.1) and 'V Al are
estimated by using the estimators given in Subsection 2.3 and then we use k 2 in (3.1)
and by using the same way, "W Q are estimated by using the estimators given in
Subsection 2.3 and the method is continued until @ close to Q. Thus only single
change point is considered at each stage.

3.1 Application to earthquakes data

The method explained above is applied to the detection of multiple change points in
an earthquake data set. The data set which is taken from the worldwide earthquakes
during the period from October 9, 1900 to December 26, 2006 on the web page of U.S.
Geological Survey (2007). The data in Table 8 consist of 506 intervals between
earthquakes of magnitude 5.0 or above, and the sum of these time intervals is 38,794
days. It is assumed that the earthquakes occur according to the homogeneous Poisson
process. The earthquakes are observed at times S,S,, ,S, in the continuous time

interval (0,T]. For the earthquakes data, starting point S, is October 9, 1900 and ending
point s, is December 26, 2006, that is s, T 38794. The method in Section 3 is

applied to the earthquake data set and the results are given in Table 9. Figure 1 shows that
there are at least two change points in the data.



<L+LWHU DQG QDO

Table 8
Time intervals in days (T;, i =1, 2, ..., 506) between the earthquakes,

from October 9, 1900 to December 26, 2006 (to be read down columns)

435
13
109
241
133
30
298
143
16
220
96
61
145
44
33
85
36
90
60
280
207
227
26
113
10
124
219
93
35
116
46
505
33
785
102

161
102
141
240
285
198
67
173
56
641
100
411
284
72
12
49
62
99
547
15
104

616
76
155
11
393
96
55
25
133
43
169
78
194

57
27
105

295
198

67

167
87
56
15
41
53

351
40
47
88

12

62
38
34
147
229
99
65
98

307
502

2

2

6
97
5
155

115
94
119
257
28

195
82

832
328

79
167

80
233
54
30
269
43
15
138
12
59
285
11
123
265

70
111
147

69

94

83

64

24

37
193

92

10
324
111
146
124
379
146

86

36

26
120

59
84
67
92
50
32
20
100
100
264
297

165
81
148
101
3
112
70
75
29
15
200
47
503
140
158
21

17
160
277
236

95

39

96

62

94
147

96
113

51

97
167

97
12
244
71
245
26
347
113
189
64
66
101
239
44

110
143
221
18
113
380
334
11
49
79
18
52
30
26

38
42

27
48

18
52
122
12
93
6
30
26
37
3
18
13
10
16
27
205
14
110
41
0

1
45
12
13
0
18
15
115
14
179

20
6
20
6
19
33
1
0
4
6
52
0
17
1
2
14

15
6
45

[

W
N PRV W == O~ O 0N

— — — [\)
N D 3 — — O\ W
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21
8
2
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41
28
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1
12
5
13
3
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Table 9
Estimated parameters for the earthquakes data set
n =506, T= 38794 days
Q@ W Q W Q W Q
0.0060" | 10280 days | 0.0086" | 35277 days |0.0254" | 37007 days | 0.1030"
2.1900" | Dec. 01, 1928 3.1390" | May 10, 1997 | 9.2710" | Feb. 03, 2002| 37.5950"

* when the time expressed in days
+ when the time expressed in years

-2450

-2500

-2550

-2600

Ellogliz)]

-2650

2700

1 1
045 1 15 2 25 3 34 4
Ti=si, i=1,2,... 506 y 104
Figure 1: The values of the expected log likelihood function

-2780 ' ,
0

4. CONCLUSION

The numerous simulation studies on various values of @, Q, V, n and T showed

to us that the values of a and b in 0 da d_Fde d mentioned in Akman and Raftery

1 . o .
(1986) are —, 3 respectively. We see from Table 1-3 that the estimations obtained from

(2.6b), (2.9) and (2.10) are generally close to actual values under the condition

of l —W é If the ratio ?\ﬁ is out of the interval §l,§ ', it can be said that there is not

@ 61
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considerable change in the occurrence rates of the Poisson process. Because if V is

ST . .
greater than? , the occurrence rate @ is constant through the process and whereas if

. T .
is less than rE the occurrence rate Q will be constant through the process.

In many studies, it is emphasized that there is a serious concern about the impact of
climate change on the frequencies of hazardous events (Peduzzi, 2005, Lindsey, 2007
Mandewille, 2007 etc.). In Peduzzi’s study (2005), it was indicated that the increasing
number of earthquakes especially affected human settlements. It was also reported that
there was increase the percentage of earthquakes affecting of human settlements after
1980.

For the data in Table 8, we identified three change points and they are estimated as on
December 1, 1928; May 10, 1997 and February 3, 2002. These results show that the
frequencies of worldwide earthquakes have increased considerably.
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