
© 2010 Pakistan Journal of Statistics 517

Pak. J. Statist.
2010 Vol. 26(3), 517-522

CHARACTERIZATION OF THE WEIBULL DISTRIBUTION BY 
CONDITIONAL VARIANCE OF GENERALIZED ORDER STATISTICS

Ziaul Haque and Mohd. Faizan
Department of Statistics and Operations Research
Aligarh Muslim University, Aligarh-202002. India

Email: ziaulstats@gmail.com

ABSTRACT

In this paper we have shown that the conditional variance of ( 1, , , )pX r n m k�� given 

( , , , )X r n m k x� is independent of x if and only if the distribution is Weibull, where 

( , , , )X r n m k is the r-th generalized order statistic from a sample of n . Some of its 

important deductions for order statistics and record values have also been discussed.
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1. INTRODUCTION

The concept of generalized order statistics (gos) have been introduced and extensively 
studied by Kamps (1995). 

Let 2n �t be a given integer and 1
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Then (1, , , ), (2, , , ), , ( , , , )X n m k X n m k X n n m k�� �� ���� are called generalized order statistics 

from a continuous population with the distribution function (df) ( )F x and the probability 

density function (pdf) ( )f x if their joint pdf has the form
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on the cone 1 1
1 2(0 ) ... (1)nF x x x F�� ���� �� �d �d �d �� of n�ƒ .
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The model of generalized order statistics contains special cases such as ordinary 

order statistics 1 2 1( 1; 1, 2,..., i.e. ... 0, 1),i nn i i n m m m k���J � �� �� � � � � � � thk �� record 

values 1 2 1( i.e. ... 1, ),i nk m m m k N���J � � � � � �� �• sequential order statistics 

1 2( ( 1) ; , ,..., 0),i i nn i�J � �� �� �D �D �D �D �! order statistics with non-integral sample size 

( 1; 0),i i�J � �D �� �� �D �! Pfeifer’s record values 1 2( ; , ,..., 0)i i n�J � �E �E �E �E �! and progressive 

type II censored order statistics ( , )im N k N�• �• [Kamps (1995), Kamps and Cramer 

(2001)].

For simplicity we shall assume 1 1nm m m��� � � ��

The pdf of ( , , , )X r n m k is given by (Kamps, 1995)
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and the joint pdf of ( , , , )X r n m k and ( , , , )X s n m k , 1 r s n�d �� �d , is given by 

(Kamps, 1995).
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The conditional pdf of ( , , , )X s n m k given ( , , , )X r n m k x� , 1 r s n�d �� �d is 

given by 
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Khan and Beg (1987) have shown that the conditional variance of 1:
p
r nX �� given 

:r nX x� does not depend on x if and only if X has Weibull distribution, where :r nX is 

the r th�� order statistic from a sample of size n . We, in the present paper have 
characterized Weibull distribution by considering conditional variance of generalized 
order statistics.

2. THE CHARACTERIZATION THEOREM

Before coming to the main result, we shall prove the following lemma.

Lemma 2.1: 
Let ( )F x be a df such that (0) 0F � and has a continuous second order derivative on 

(0, )�f with ( ) 0F x�c �! for all 0x �! (so that ( ) 1F x �� for all x , in particular). If it 

satisfies the differential equation
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Then ( )
pxF x e���T� for all 0x �! where 1, , rp ���T �J are all positive constants.

Proof: 
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121

1

p
r xr

r

t
A e

t
���J �T��

��

�J �� �T
� 

�J �� �T
, 

where A is the constant of integration.
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Thus,
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where A and B are constants to be determined. Since ( )F x is bounded, 

hence ( )
pxF x e���T� , in view of the initial conditions on x .

Theorem 2.1: 
Let X be a continuous random variable with the df ( )F x and the pdf ( )f x over the 

support (0, )�f . Let 0 p�� �� �f and ( )F x has moment of order 2 p then for 0 r n�� �� ,
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Thus, for the Weibull distribution 
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This proves the necessary part.

For sufficiency part, we have
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Differentiating (2.5) w.r.t. x and solving , we get
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Differentiate (2.6) again w.r.t. x , to get
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Hence ( )
pxF x e���T� , in view of the Lemma 2.1.

At 1p � , this theorem gives the result for exponential distribution.

Remark 2.1: 
At 0, 1m k� � and 1r n r�J � �� �� , Theorem 2.1 reduces for order statistics as 

obtained by Khan and Beg (1987).
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Remark 2.2: 

At 1m � �� and r k�J � , Theorem 2.1 reduces for thk record statistics.
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