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ABSTRACT

(M, S)-Optimality criterion is used for classification of nonregular fractional factorial 

designs. Some properties of trace �� ��dC and trace �� ��2
dC are used and studied in selecting 

and projecting nonregular designs. The proposed (M, S) criterion is easier to compute and 
it is also independent of the choice of orthonormal contrasts.  The criterion is applied to 
study the projective properties of nonregular designs when only 24 runs are used for 23 
factors. It can also be applied to two-level as well as multi-level fractional factorial 
designs. (M, S) criterion applied to examine designs constructed from 60 Hadamard 
matrices of order 24 and obtain lists of designs that attain the maximum or high 
Estimation Capacity (EC) for various dimensions.
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1. INTRODUCTION

Fractional factorial designs (FFDs), a subset or fraction of full factorial designs, are 
commonly used in designing experiments. FFDs can be broadly classified into two 
categories: regular designs and nonregular designs. For regular designs, any two factorial 
effects are either orthogonal or fully aliased and the run size is either a power of 2 or a 

power of s in general because they are fractions of 2k or ks full factorial designs. The 

gaps between possible run sizes in 2k p�� or k ps �� are getting bigger as the number of 
factors increases. Nonregular factorial designs are getting more attention due to its run 
size economy and flexibility of accommodating various combinations of factors with
different numbers of levels. These designs are commonly obtained from Plackett-Burman 
(PB) designs or Hadamard matrices. Unlike regular designs, nonregular designs exhibit 
some complex aliasing structure effects are neither orthogonal nor fully aliased. 
Consequently, Resolution and Minimum Aberration (MA) criteria cannot assess, 
compare and rank nonregular factorial designs systematically.
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Recently, numerous authors studied the projection properties of two-level 
nonregular designs. Deng and Tang (1999 & 2002) proposed Generalized Resolution and 
Generalized Minimum Aberration (GMA) for ranking nonregular two-level designs 
in a systematic way. Thereafter, Cheng, et al. (2004) studied optimal blocking 
schemes for nonregular designs with two levels. The (M, S) procedure has been widely 
used and advocated in optimal designs literature, (Eccleston and Hedayat, 1974). 
Shah and Sinha (1989) have also discussed the theoretical background and applications of 
(M, S)-optimality.

We can get nonregular factorial designs from Plackett-Burman or Hadamard matrices 
by choosing a subset of the columns, which forms a projection. Nonregular fractional 
factorial designs rely on normalized Hadamard matrices. As given a n n�u Hadamard 
matrix nH has all elements equal to 1�r and satisfies   n n n n nH H H H nI�c �c� � . Hadamard 

matrix is normalized if all elements in the first row and first column equal +1. The first 
factor column of the matrix thus represents the overall mean and the other factor columns 
are contrasts. Hadamard matrices only exist if n equals to 1, 2 or a multiple of 4. 
Other widely used nonregular designs are three-level and mixed-level Orthogonal Arrays 
(OAs,) as described by Dey and Mukerjee (1999), Hedayat et al. (1999), and Wu and
Hamada (2002). 

Nonregular factorial designs on the one hand, makes the estimation of effects more 
complicated, on the other hand, the partially aliased effects are estimated simultaneously, 
which was first illustrated by Wu and Hamada (2002) with some real examples. By 
investigating the relationship between the runs instead of the factors, Xu and Deng (2005) 
proposed Moment Aberration Projection (MAP), extending the ranking and classification 
of nonregular designs to multi-level designs. The main disadvantage of nonregular 
designs is that they do not generally have the favorable orthogonal properties. 

A large collection of Orthogonal Arrays OA �� ��1,  2NN �� was given in Plackett-

Burman designs (1946) for 4N k� but not power of 2. In statistical literature, they are 
often referred to as the Plackett-Burman (PB) designs. The smallest among them are the 
12, 16, 20, and 24 runs. These designs can be generated from the first row by cyclic 
arrangement. The second row is generated from the first row by moving the entries of the 
first row one position to the right and placing the last entry in the first position. The third 
row from the second row by using the same method and the process continues until 1N ��
rows are generated. A row of –1’s is then added as the last row, completing the design. 
The method of cyclic generation can also be applied column wise. Hadamard matrices 
can be found in Hedayat and Wallis (1978).

An integer N is a Hadamard number if a NH exists. For any Hadamard number 

2,  NN H can be constructed as follows:

2
N N

N
N N

H H
H

H H

�§ �·
� �¨ �¸���© �¹

(1.1)

It is straightforward to verify that the matrix in (1.1) is indeed a Hadamard matrix. 
(Wu and Hamada, 2002).
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2. METHODOLOGY

(M, S)-Optimal designs usually have large estimation capacity. It accommodates large 
numbers of factors containing all the main effects and a certain number of two-factor 
interactions ( 2 fi ’s). In addition to the ease of computation, the (M, S) criterion can be 

naturally carried over from regular designs to nonregular designs. (M, S) criterion has 
also technique to maximizing the first two components of the maximum estimation 
capacity, i.e., �� ��1E d and �� ��2E d , in Cheng et al.(1999). 

Recently Qu et al. (2008) used (M, S) criterion on Hadamard matrices of order 
12, 16 and 20 of Plackett-Burman designs and (M, S) criterion was compared with the 
Minimum Aberration (MA) and Generalized Minimum Aberration (GMA) criterion. 
Generally (M, S) optimal designs are not MA designs, but all MA designs up to 64 runs
are (M, S)- Optimal designs. The difference between (M,S) and GMA criteria lies in the 
fact that the confounding frequency vector CFV in GMA only uses �� ��kJ s to order ’kjf s

and doesn’t take the magnitude of �� ��kJ s into consideration. Besides, the (M, S) criterion 

considers both the magnitude and frequency of �� ��kJ s . For Hadamard matrices with 

�� �� �� ��4 , 4 1kN t J s t j� � �� �� and trace �� �� �� �� �� �� 2
2 314 4 1n t

d jjC t f t j� �ª �º� �� �� ���¬ �¼�¦ (Qu et al. 

2008). The proposed (M, S) criterion is easier to compute and it is also independent of the 
choice of orthonormal contrasts, although main effects and 2 fi ’s are focused. The (M, S) 

criterion can easily be applied when higher-order interactions are also of interest.

In this paper, the (M, S)-Optimality was used for selecting and classifying on 
nonregular designs of order 24 runs upto 23 factors. According to Kimura (1989), there 
are exactly 60 nonisomorphic Hadamard matrices of order 24. Plackett-Burman designs 
are very efficient screening designs when only main effects are of interest. Plackett-
Burman designs are used for screening experiments because, one can run a screening 
experiment for upto 23 factors in a 24 runs designs. Projections were classified by their 

trace �� ��dC ’s and trace �� ��2
dC ’s (called (M, S) classifier, hereafter). We have performed a 

complete search for all classes by applying (M, S)- classifier to all of the 60 Hadamard 
matrices. The number of classes identified by (M, S)- classifier are m � 3, 4, 5, 6,…, 22.
For each 3 22m�d �d , we use (M, S)- classifier to rank and classify all nonequivalent 
designs from the 60 Hadamard matrices by searching over all m-factor projections. 
R-project program codes were used, and results were collected for all 60 designs of 
factors m � 3, 4,…, 22. The (M, S) criterion first identifies a subclass of designs that 

maximize trace �� ��dC and then finds designs within that subclass that minimize trace 

�� ��2
dC . If a design has the maximum trace �� ��dC and minimum trace �� ��2

dC within a class 

of designs D , it is called an (M, S)-Optimal design in D . All 23 factors identified in 
Table-1 lists all these designs. 
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Table 1: Trace dC and trace 2
dC of all non-isomorphic Hadamard 

matrices of order 24 runs upto 22 factors
Hadamard
Designs 24

Factors 3 Factors 4 Factors 5 Factors 6

max dC min 2
dC max dC min 2

dC max dC min 2
dC max dC min 2

dC
24.1 72 1728 144 3840 240 7680 360 14400
24.2 72 1728 144 3840 240 7680 360 14400
24.3 72 1728 144 3840 240 7680 360 14400
24.4 72 1728 144 3840 240 7680 360 14400
24.5 72 1728 144 3840 240 7680 360 14400
24.6 72 1728 144 3840 240 7680 360 14400
24.7 72 1728 144 3840 240 7680 360 14400
24.8 72 1728 144 3840 240 7680 360 14400
24.9 72 1728 144 3840 240 7680 360 14400
24.1 72 1728 144 3840 240 7680 360 14400
24.11 72 1728 144 3840 240 7680 360 14400
24.12 72 1728 144 3840 240 7680 360 14400
24.13 72 1728 144 3840 240 7680 360 14400
24.14 72 1728 144 3840 240 7680 360 14400
24.15 72 1728 144 3840 240 7680 360 14400
24.16 72 1728 144 3840 240 7680 360 14400
24.17 72 1728 144 3840 240 7680 360 14400
24.18 72 1728 144 3840 240 7680 360 14400
24.19 72 1728 144 3840 240 7680 360 14400
24.20 72 1728 144 3840 240 7680 360 14400
24.21 72 1728 144 3840 240 7680 360 14400
24.22 72 1728 144 3840 240 7680 360 14400
24.23 72 1728 144 3840 240 7680 360 14400
24.24 72 1728 144 3840 240 7680 360 14400
24.25 72 1728 144 3840 240 7680 360 14400
24.26 72 1728 144 3840 240 7680 360 14400
24.27 72 1728 144 3840 240 7680 360 14400
24.28 72 1728 144 3840 240 7680 360 14400
24.29 72 1728 144 3840 240 7680 360 14400
24.30 72 1728 144 3840 240 7680 360 14400
24.31 72 1728 144 3840 240 7680 360 14400
24.32 72 1728 144 3840 240 7680 360 14400
24.33 72 1728 144 3840 240 7680 360 14400
24.34 72 1728 144 3840 240 7680 360 14400
24.35 72 1728 144 3840 240 7680 360 14400
24.36 72 1728 144 3840 240 7680 360 14400
24.37 72 1728 144 3840 240 7680 360 14400
24.38 72 1728 144 3840 240 7680 360 14400
24.39 72 1728 144 3840 240 7680 360 14400
24.40 72 1728 144 3840 240 7680 360 14400
24.41 72 1728 144 3840 240 7680 360 14400
24.42 72 1728 144 3840 240 7680 360 14400
24.43 72 1728 144 3840 240 7680 360 14400
24.44 72 1728 144 3840 240 7680 360 14400
24.45 72 1728 144 3840 240 7680 360 14400
24.46 72 1728 144 3840 240 7680 360 14400
24.47 72 1728 144 3840 240 7680 360 14400
24.48 72 1728 144 3840 240 7680 360 14400
24.49 72 1728 144 3840 240 7680 360 14400
24.50 72 1728 144 3840 240 7680 360 14400
24.51 72 1728 144 3840 240 7680 360 14400
24.52 72 1728 144 3840 240 7680 360 14400
24.53 72 1728 144 3840 240 7680 360 14400
24.54 72 1728 144 3840 240 7680 360 14400
24.55 72 1728 144 3840 240 7680 360 14400
24.56 72 1728 144 3840 240 7680 360 14400
24.57 72 1728 144 3840 240 7680 360 14400
24.58 72 1728 144 3840 240 7680 360 14400
24.59 72 1728 144 3840 240 7680 360 14400
24.60 72 1728 144 3840 232 6549.33 328 10730.66
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Table 1 (continued)
Hadamard
Designs 24

Factors 7 Factors 8 Factors 9 Factors 10

max dC min 2
dC max dC min 2

dC max dC max dC min 2
dC max dC

24.1 504 25536 672 43008 864 69120 1080 106560
24.2 504 25536 672 43008 864 69120 968 84117.33
24.3 504 25536 672 43008 784 54442.66 920 76864
24.4 504 25536 672 43008 752 47928.88 872 65443.55
24.5 504 25536 672 43008 864 69120 1080 106560
24.6 504 25536 672 43008 784 54442.66 904 72028.44
24.7 504 25536 608 32597.33 768 51200 904 71146.66
24.8 472 20330.66 608 32597.33 768 51200 856 65031.11
24.9 504 25536 672 43008 864 69120 1080 106560
24.1 504 25536 672 43008 864 69120 1080 106560

24.11 504 25536 672 43008 784 54442.66 920 76864
24.12 504 25536 672 43008 784 54442.66 920 76864
24.13 504 25536 608 32597.33 752 50716.44 856 64021.33
24.14 504 25536 672 43008 864 69120 968 84117.33
24.15 504 25536 672 43008 784 54442.66 904 72028.44
24.16 504 25536 616 33927.11 744 47495.11 872 65443.55
24.17 504 25536 672 43008 864 69120 1080 106560
24.18 472 19790.22 608 34133.33 728 48021.33 856 69525.33
24.19 472 19790.22 608 34133.33 736 44999.11 856 69525.33
24.20 504 25536 672 43008 784 54442.66 904 75498.66
24.21 504 25536 608 34133.33 736 45724.44 840 59157.33
24.22 504 25536 672 43008 784 54442.66 920 76864
24.23 472 21098.66 608 34133.33 720 45198.22 840 63381.33
24.24 472 21098.66 592 31288.88 704 42936.88 824 59754.66
24.25 504 25536 672 43008 784 54442.66 920 76864
24.26 504 25536 672 43008 784 54442.66 904 72028.44
24.27 472 19050.66 608 34133.33 728 48021.33 856 69525.33
24.28 504 25536 616 33927.11 752 50716.44 856 65514.66
24.29 472 19050.66 592 30819.55 720 45198.22 840 61930.66
24.30 472 19050.66 592 29724.44 704 43036.44 824 60892.44
24.31 472 19050.66 592 30819.55 688 38784 808 56156.44
24.32 472 19050.66 592 29724.44 712 42688 824 59726.22
24.33 472 19050.66 608 32597.33 720 44316.44 856 65031.11
24.34 504 25536 672 43008 864 69120 1080 106560
24.35 504 25536 672 43008 864 69120 1080 106560
24.36 472 21098.66 608 34133.33 728 48021.33 856 69525.33
24.37 472 21098.66 608 34133.33 728 48021.33 856 69525.33
24.38 504 25536 672 43008 784 54442.66 920 76864
24.39 504 25536 672 43008 784 54442.66 920 76864
24.40 504 25536 672 43008 784 54442.66 920 76864
24.41 472 19050.66 608 34133.33 720 45340.44 840 64291.55
24.42 472 19050.66 608 34133.33 720 45340.44 840 64291.55
24.43 504 25536 608 34133.33 768 51200 904 71146.66
24.44 504 25536 672 43008 864 69120 968 84117.33
24.45 504 25536 672 43008 864 69120 968 84117.33
24.46 472 19050.66 608 34133.33 864 69120 824 59726.22
24.47 472 19050.66 592 30108.44 704 41685.33 808 55914.66
24.48 472 19050.66 608 34133.33 720 43235.55 840 61276.44
24.49 504 25536 672 43008 864 69120 1080 106560
24.50 504 25536 672 43008 864 69120 1080 106560
24.51 472 19790.22 608 34133.33 728 48021.33 1080 106560
24.52 472 21098.66 608 34133.33 728 48021.33 856 69525.33
24.53 504 25536 672 43008 784 54442.66 920 76864
24.54 504 25536 672 43008 784 54442.66 920 76864
24.55 504 25536 672 43008 784 54442.66 920 76864
24.56 472 19050.66 608 32597.33 720 44136.44 856 65031.11
24.57 472 19050.66 608 32597.33 720 44316.44 856 64718.22
24.58 504 25536 672 43008 864 69120 1080 106560
24.59 472 19050.66 608 34133.33 720 43491.55 840 63381.33
24.60 432 15715.55 536 22535.11 648 33827.55 744 45802.66
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Table 1 (continued)
Hadamard
Designs 24

Factors 11 Factors 12 Factors 13 Factors 14

max dC min 2
dC max dC min 2

dC max dC max dC min 2
dC max dC

24.1 1320 158400 1584 228096 1440 207360 1320 194112
24.2 1064 103459.55 1152 129578.66 1184 143971.55 1208 163989.33
24.3 1064 101966.22 1200 140032 1184 143416.88 1160 153152
24.4 1000 90531.55 1104 116593.77 1120 128568.88 1112 138659.55
24.5 1000 90531.55 1296 163584 1296 170496 1320 194112
24.6 1000 90929.77 1104 117048.88 1120 128853.33 1144 147292.44
24.7 1032 95893.33 1152 127530.66 1152 135722.66 1144 147264
24.8 1000 91911.11 1144 126016 1120 129351.11 1096 135687.11
24.9 1320 158400 1584 228096 1440 207360 1320 194112
24.1 1176 126144 1296 163584 1296 170496 1320 194112

24.11 1064 101966.22 1200 140032 1184 143416.88 1160 153152
24.12 1048 101568 1200 140032 1184 143416.88 1160 153152
24.13 984 90119.11 1088 117745.77 1120 129464.88 1144 147264
24.14 1064 103459.55 1152 129578.66 1184 143971.55 1208 163989.33
24.15 1000 90645.33 1104 117048.88 1120 128853.33 1144 147292.44
24.16 1000 90531.55 1096 113173.33 1120 128568.88 1112 139299.55
24.17 1320 158400 1584 228096 1440 207360 1320 194112
24.18 984 98496 1104 135936 1104 133632 1096 138645.33
24.19 984 98496 1104 135936 1104 133632 1096 133696
24.20 1016 97472 1136 129792 1136 134940.44 1160 153152
24.21 968 88213.33 1088 117745.77 1120 129464.88 1144 147264
24.22 1048 101568 1200 140032 1184 143416.88 1160 153152
24.23 936 80120.88 1040 106353.77 1088 119580.44 1128 143480.88
24.24 920 77916.44 1024 103694.22 1056 114958.22 1096 133696
24.25 1064 101966.22 1200 140032 1440 207360 1160 153152
24.26 1000 90645.33 1104 117048.88 1120 128853.33 1144 147292.44
24.27 968 90474.66 1072 118869.33 1088 126122.66 1096 135360
24.28 968 87246.22 1056 112967.11 1088 123832.88 1096 136625.77
24.29 936 80860.44 1008 101006.22 1056 115598.22 1080 132245.33
24.30 920 79864.88 1040 109937.77 1072 120120.88 1096 136028.44
24.31 904 75541.33 1008 101120 1040 112384 1064 127779.55
24.32 936 82126.22 1024 107619.55 1056 115683.55 1080 131790.22
24.33 952 86492.44 1072 118869.33 1088 125098.66 1096 136028.44
24.34 1320 158400 1584 228096 1440 207360 1320 194112
24.35 1320 158400 1584 228096 1440 207360 1320 194112
24.36 984 98496 1104 135936 1104 133632 1096 138645.33
24.37 984 98496 1104 135936 1104 133632 1096 138645.33
24.38 1048 101568 1200 140032 1184 143416.88 1160 153152
24.39 904 74659.55 1200 140032 1184 143416.88 1160 153152
24.40 1016 96561.77 1136 129450.66 1136 134940.44 1160 153152
24.41 952 86492.44 1072 118869.33 1088 125098.66 1096 136028.44
24.42 952 86492.44 1072 118869.33 1088 125098.66 1096 136028.44
24.43 1032 95893.33 1152 127530.66 1152 135722.66 1144 147264
24.44 1064 103459.55 1152 129578.66 1184 143971.55 1208 163989.33
24.45 1064 103459.55 1152 129578.66 1184 143971.55 1208 163989.33
24.46 936 82126.22 1040 109710.22 1072 119950.22 1080 131605.33
24.47 904 74659.55 1008 101006.22 1056 115598.22 1080 131790.22
24.48 936 82282.66 1040 109710.22 1072 119950.22 1080 131605.33
24.49 1320 158400 1584 228096 1440 207360 1320 194112
24.50 1320 158400 1584 228096 1440 207360 1320 194112
24.51 984 98496 1104 135936 1104 133632 1096 138645.33
24.52 984 98496 1104 135936 1104 133632 1096 138645.33
24.53 1064 101966.22 1200 140032 1184 143416.88 1160 153152
24.54 1064 101966.22 1016 98439.11 1184 143416.88 1160 153152
24.55 1016 96675.55 1136 129450.66 1136 134940.44 1160 153152
24.56 952 86492.44 1072 118869.33 1088 125098.66 1096 136028.44
24.57 952 84202.66 1056 112398.22 1072 120163.55 1096 136028.44
24.58 1320 158400 1584 228096 1040 112071.11 1320 194112
24.59 968 83249.77 1040 106353.77 1088 119580.44 1128 143480.88
24.60 824 60522.66 904 75882.66 960 93098.666 1000 112049.77
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Table 1 (continued)
Hadamard
Designs 24

Factors 15 Factors 16 Factors 17 Factors 18

max dC min 2
dC max dC min 2

dC max dC max dC min 2
dC max dC

24.1 1216 185685.33 1120 180053.33 1024 175331.55 1024 175331.55
24.2 1216 185685.33 1120 180053.33 1024 175331.55 984 194112
24.3 1136 162332.44 1120 180053.33 1024 175331.55 984 194112
24.4 1104 152775.11 1088 170666.66 1024 175331.55 984 194112
24.5 1216 185685.33 1120 180053.33 1024 175331.55 984 194112
24.6 1136 162332.44 1120 180053.33 1024 175331.55 984 194112
24.7 1120 158720 1088 170666.66 1024 175331.55 984 194112
24.8 1072 144327.11 1088 170666.66 1024 175672.88 984 194112
24.9 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.1 1216 185685.33 1120 180053.33 1024 174762.66 984 194112

24.11 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.12 1096 151402.66 1120 180053.33 1024 174762.66 984 194112
24.13 1120 158720 1088 170666.66 1024 174762.66 984 194112
24.14 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.15 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.16 1096 151402.66 1088 170666.66 1024 174762.66 984 194112
24.17 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.18 1088 148821.33 1088 170666.66 1024 175217.77 984 194112
24.19 1088 149048.88 1088 170666.66 1024 174762.66 984 194112
24.20 1136 162332.44 1120 180053.33 1024 175217.77 984 194112
24.21 1120 158720 1088 170666.66 1024 175616 984 194112
24.22 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.23 1088 149276.44 1088 170666.66 1024 175672.88 984 194112
24.24 1136 162332.44 1088 170666.66 1024 175672.88 984 194112
24.25 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.26 1088 148821.33 1120 180053.33 1024 174762.66 984 194112
24.27 1104 154652.44 1088 170666.66 1024 175217.77 984 194112
24.28 1104 154652.44 1088 170666.66 1024 175217.77 984 194112
24.29 1080 146538.66 1088 170666.66 1024 175672.88 984 194112
24.30 1096 150464 1088 170666.66 1024 175672.88 984 194112
24.31 1080 146538.66 1088 170666.66 1024 175672.88 984 194112
24.32 1080 147107.55 1088 170666.66 1024 175672.88 984 194112
24.33 1096 150464 1088 170666.66 1024 175672.88 984 194112
24.34 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.35 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.36 1088 148821.33 1064 162524.44 1024 175217.77 984 194112
24.37 1088 149048.88 1064 162524.44 1024 175217.77 984 194112
24.38 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.39 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.40 1136 162332.44 1120 180053.33 1024 174762.66 984 194112
24.41 1096 150464 1064 162865.77 1024 175217.77 984 194112
24.42 1088 148821.33 1056 160142.22 1024 175672.88 984 194112
24.43 1120 158720 1072 164522.66 1024 174762.66 984 194112
24.44 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.45 1216 185685.33 1120 180053.33 1024 174762.66 984 194112
24.46 1088 148821.33 1064 162865.77 1024 175217.77 984 194112
24.47 1080 146652.44 1064 162524.44 1024 175672.88 984 194112
24.48 1080 146652.44 1064 162524.44 1024 175217.77 984 194112
24.49 1216 185685.33 1120 180053.33 1024 174762.66 952 181653.33
24.50 1216 185685.33 1120 180053.33 1024 174762.66 952 181653.33
24.51 1088 149504 1088 169756.44 1024 174762.66 952 181653.33
24.52 1088 148821.33 1064 162524.44 1024 175217.77 952 181653.33
24.53 1088 148821.33 1120 180053.33 1024 175672.88 952 181653.33
24.54 1136 162332.44 1120 180053.33 1024 174762.66 952 181653.33
24.55 1136 162332.44 1120 180053.33 1024 174762.66 952 181653.33
24.56 1096 150464 1056 159687.11 1024 174762.66 952 181653.33
24.57 1088 148821.33 1056 160483.55 1008 169927.11 952 181653.33
24.58 1216 185685.33 1120 180053.33 1024 175331.55 920 169422.22
24.59 1088 149504 1088 169756.44 1024 174762.66 952 181653.33
24.60 1008 128227.55 1000 143082.66 968 156394.66 896 160696.88



Projective properties of non-regular fractional factorial designs500

Table 1 (continued)
Hadamard
Designs 24

Factors 19 Factors 20 Factors 21 Factors 22

max dC min 2
dC max dC min 2

dC max dC max dC min 2
dC max dC

24.1 840 176832 720 172800 480 115200 264 69696
24.2 840 176832 720 172800 480 115200 264 69696
24.3 840 176832 720 172800 480 115200 264 69696
24.4 840 176832 720 172800 480 115200 264 69696
24.5 840 176832 720 172800 480 115200 264 69696
24.6 840 176832 720 172800 480 115200 264 69696
24.7 840 176832 720 172800 480 115200 264 69696
24.8 840 176832 720 172800 480 115200 264 69696
24.9 840 176832 720 172800 480 115200 264 69696
24.1 840 176832 720 172800 480 115200 264 69696

24.11 840 176832 720 172800 480 115200 264 69696
24.12 840 176832 720 172800 480 115200 264 69696
24.13 840 176832 720 172800 480 115200 264 69696
24.14 840 176832 720 172800 480 115200 264 69696
24.15 840 176832 720 172800 480 115200 264 69696
24.16 840 176832 720 172800 480 115200 264 69696
24.17 840 176832 720 172800 480 115200 264 69696
24.18 840 176832 720 172800 480 115200 264 69696
24.19 840 176832 720 172800 480 115200 264 69696
24.20 840 176832 720 172800 480 115200 264 69696
24.21 840 176832 720 172800 480 115200 264 69696
24.22 840 176832 720 172800 480 115200 264 69696
24.23 840 176832 720 172800 480 115200 264 69696
24.24 840 176832 720 172800 480 115200 264 69696
24.25 840 176832 720 172800 480 115200 264 69696
24.26 840 176832 720 172800 480 115200 264 69696
24.27 840 176832 720 172800 480 115200 264 69696
24.28 840 176832 720 172800 480 115200 264 69696
24.29 840 176832 720 172800 480 115200 264 69696
24.30 840 176832 720 172800 480 115200 264 69696
24.31 840 176832 720 172800 480 115200 264 69696
24.32 840 176832 720 172800 480 115200 264 69696
24.33 840 176832 720 172800 480 115200 264 69696
24.34 840 176832 720 172800 480 115200 264 69696
24.35 840 176832 720 172800 480 115200 264 69696
24.36 840 176832 720 172800 480 115200 264 69696
24.37 840 176832 720 172800 480 115200 264 69696
24.38 840 176832 720 172800 480 115200 264 69696
24.39 840 176832 720 172800 480 115200 264 69696
24.40 840 176832 720 172800 480 115200 264 69696
24.41 840 176832 720 172800 480 115200 264 69696
24.42 840 176832 720 172800 480 115200 264 69696
24.43 840 176832 720 172800 480 115200 264 69696
24.44 840 176832 720 172800 480 115200 264 69696
24.45 840 176832 720 172800 480 115200 264 69696
24.46 840 176832 720 172800 480 115200 264 69696
24.47 840 176832 720 172800 480 115200 264 69696
24.48 840 176832 720 172800 480 115200 264 69696
24.49 840 176832 720 172800 480 115200 264 69696
24.50 840 176832 720 172800 480 115200 264 69696
24.51 840 176832 720 172800 480 115200 264 69696
24.52 840 176832 720 172800 480 115200 264 69696
24.53 840 176832 720 172800 480 115200 264 69696
24.54 840 176832 720 172800 480 115200 264 69696
24.55 840 176832 720 172800 480 115200 264 69696
24.56 840 176832 720 172800 480 115200 264 69696
24.57 840 176832 720 172800 480 115200 264 69696
24.58 808 163349.33 680 154133.33 480 115200 264 69696
24.59 840 176832 720 172800 480 115200 264 69696
24.60 792 156864 656 143445.33 480 115200 264 69696
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Some properties of trace �� ��dC and trace �� ��2
dC were used in selecting non- regular 

designs. For a design D of N runs with n factors, where each row of the design matrix 

corresponds to a run and each column to a factor, let �^ �`1... kvs c c� be any k -subset with 

1 k n�d �d , define �� �� �� �� �� ��1 
1

··· ,   
N

k i ik k k
i

j s c c J s j s
� 

� � �¦ where ijc is the i th component of 

column jc . The �� ��kJ s values are called the J -characteristics of a design in Tang and 

Deng (1999). For an orthogonal design �� �� �� ��1 2 0J s J s� � . A design is regular if and 

only if �� �� 0kJ s � or N for all k . If �� ��kJ s N� , the k columns in s form a word of 

length k in the defining relation of regular designs. For nonregular designs

�� ��0 kJ s N�d �d . 

Deng and Tang (1999) introduced a generalized minimum aberration (GMA) criterion 
based on the confounding frequency vector (CFV) that consists of the frequencies of 

�� ��kJ s . Let kjf be the frequency of k column combinations that give 

�� �� �� ��4 1kJ s t j� �� �� for 1, , j t� �} in a Hadamard matrices with 4N t� runs. Then the 

CFV is �� �� �� �� �� ��31 3 41 4 1, ,  , , ,  ,..., , ,  t t n ntCFV f f f f f f�ª �º� �} �} �}�¬ �¼. The GMA criterion 

minimizes the components of CFV sequentially, i.e, a GMA design has the lowest 
frequency of the largest �� ��kJ s values. They proved that �� ��kJ s must be a multiple of 4 

for orthogonal first-order designs. The quantity �� ��kJ s N could be interpreted as the 

extent of aliasing among k columns. In particular, �� ��3 0J s N � �� ���� ��3or 1J s N � 

suggests that there is no (or complete) aliasing between the main effect of one factor in s

and the 2 fi’s of two other factors; �� �� �� ���� ��4   0 or 4 1J s N J s N� � indicates that there is 

no (or complete) aliasing between two 2 fi ’s of the four factors in s . The values of 

�� ��3J s and �� ��4J s are closely related to N . For example, Deng and Tang (2002) pointed 

out that if N is a multiple of 8, so are �� ��3J s and �� ��4J s . As with regular designs where 

trace �� ��dC and trace �� ��2
dC depend on �� ��3W d and �� ��4W d , Qu et al. (2008) proved the 

following formulae for trace �� ��dC and trace �� ��2
dC which are determined by  �� ��3j s and  

�� ��4j s . For any two-level orthogonal design D with N runs and n factors, trace 

�� �� �� �� 23
2 31 ( )n

d i k li k l nNC N j c c c�d �� �� �d� �� �¦

trace �� �� 22 21
31 1 , , ( )d i k hi k n i k n h i kNC N j c c c�d �� �d �d �� �d �z

�ª �º���¬ �¼�¦ �¦
2

4 3 3
1 ,1 ;( , ) ( , ) , , ,

1
( ) ( ) ( )i k l m i k h l m h

i k n l m n i k l m h i k l m
j c c c c j c c c j c c c

N�d �� �d �d �� �d �z �z

�ª �º
�� ���« �»

�¬ �¼
�¦ �¦ (2.1)
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Table 2: Frequencies of non-isomorphic Hadamard 
matrices of order 24 runs upto 23 factors

Hadamard
60 designs

Columns
3 4 5 6 7 8 9 10 11 12

24.1 1100 990 792 924 792 495 220 66 12 1
24.2 1100 990 414 112 36 9 1 0 0 0
24.3 1100 900 400 84 16 2 0 0 0 0
24.4 1100 990 392 69 7 0 0 0 0 0
24.5 1100 990 468 222 120 42 10 1 0 0
24.6 1110 990 398 82 16 2 0 0 0 0
24.7 1100 990 393 70 7 0 0 0 0 0
24.8 1100 990 385 55 0 0 0 0 0 0
24.9 1160 1080 792 924 792 495 220 66 12 1
24.1 1124 1044 396 222 120 45 10 1 0 0

24.11 1112 1032 304 72 16 2 0 0 0 0
24.12 1100 972 280 68 16 2 0 0 0 0
24.13 1080 906 209 30 3 0 0 0 0 0
24.14 1106 1026 288 94 36 9 1 0 0 0
24.15 1088 960 238 58 16 2 0 0 0 0
24.16 1082 930 198 19 1 0 0 0 0 0
24.17 1080 1110 792 924 792 495 220 66 0 0
24.18 1084 822 200 30 0 0 0 0 0 0
24.19 1084 822 216 30 0 0 0 0 0 0
24.20 1084 894 188 41 8 1 0 0 0 0
24.21 1072 858 151 18 1 0 0 0 0 0
24.22 1096 930 240 68 16 2 0 0 0 0
24.23 1060 846 122 8 0 0 0 0 0 0
24.24 1060 798 134 12 0 0 0 0 0 0
24.25 1084 918 224 68 16 2 0 0 0 0
24.26 1084 918 198 58 16 2 0 0 0 0
24.27 1078 876 155 16 0 0 0 0 0 0
24.28 1072 882 138 15 1 0 0 0 0 0
24.29 1066 888 118 5 0 0 0 0 0 0
24.30 1066 864 120 8 0 0 0 0 0 0
24.31 1060 870 102 4 20 0 0 0 0 0
24.32 1066 864 116 8 20 0 0 0 0 0
24.33 1084 918 164 16 20 0 0 0 0 0
24.34 1090 1125 792 924 792 495 220 66 12 1
24.35 1090 1125 792 924 792 495 220 66 12 1
24.36 1082 801 192 30 0 0 0 0 0 0
24.37 1082 801 198 30 0 0 0 0 0 0
24.38 1106 993 232 68 16 2 0 0 0 0
24.39 1106 993 232 68 16 2 0 0 0 0
24.40 1088 927 182 41 8 1 0 0 0 0
24.41 1082 909 145 15 0 0 0 0 0 0
24.42 1076 879 137 16 0 0 0 0 0 0
24.43 1091 954 177 22 1 1 0 0 0 0
24.44 1091 954 197 85 36 9 1 0 0 0
24.45 1091 954 195 85 36 9 1 0 0 0
24.46 1067 858 112 9 0 0 1 0 0 0
24.47 1088 861 88 5 0 0 0 0 0 0
24.48 1076 909 123 9 0 0 0 0 0 0
24.49 1200 1140        792 924 792 495 220 66 12 1
24.50 1200 1140 792 924 792 495 220 66 12 1
24.51 1080 780 192 30 0 0 0 66 0 0
24.52 1080 780 185 30 0 0 0 0 0 0
24.53 1104 996 208 68 16 2 0 0 0 0
24.54 1104 948 224 68 16 2 0 0 0 0
24.55 1086 918 162 41 8 1 0 0 0 0
24.56 1080 900 130 16 0 0 0 0 0 0
24.57 1068 876 102 10 0 0 0 0 0 0
24.58 1210 1155 792 924 792 495 220 66 12 1
24.59 1056 852 90 8 0 0 0 0 0 0
24.60 1012 759 0 0 0 0 0 0 0 0



Lakho, Qu and Qadir 503

Table 2 (continued)
Hadamard
60 designs

Columns
13 14 15 16 17 18 19 20 21 22

24.1 11 55 165 330 0 55 220 11 253 23
24.2 0 0 1 8 0 55 220 11 253 23
24.3 0 0 0 2 0 55 220 11 253 23
24.4 0 0 0 0 0 55 220 11 253 23
24.5 0 1 9 36 0 55 220 11 253 23
24.6 0 0 0 2 0 55 220 11 253 23
24.7 0 0 0 0 0 55 220 11 253 23
24.8 0 0 0 0 0 55 220 11 253 23
24.9 11 55 165 330 15 10 100 5 253 23
24.1 0 1 9 36 9 10 100 5 253 23

24.11 0 0 0 2 7 10 100 5 253 23
24.12 0 0 0 2 5 10 100 5 253 23
24.13 0 0 0 0 2 10 100 5 253 23
24.14 0 0 0 8 6 10 100 5 253 23
24.15 0 0 0 2 3 10 100 5 253 23
24.16 0 0 0 0 2 10 100 5 253 23
24.17 11 55 165 330 12 3 60 3 253 23
24.18 0 0 0 0 0 3 60 3 253 23
24.19 0 0 0 0 4 3 60 3 253 23
24.20 0 0 0 1 0 3 60 11 253 23
24.21 0 0 0 0 0 3 60 3 253 23
24.22 0 0 0 2 6 3 60 3 253 23
24.23 0 0 0 0 0 3 60 3 253 23
24.24 0 0 0 0 0 3 60 3 253 23
24.25 11 0 0 2 4 3 60 3 253 23
24.26 0 0 0 2 4 3 60 3 253 23
24.27 0 0 0 0 0 3 60 3 253 23
24.28 0 0 0 0 0 3 60 3 253 23
24.29 0 0 0 0 0 3 60 3 253 23
24.30 0 0 0 0 0 3 60 3 253 23
24.31 0 0 0 0 0 3 60 3 253 23
24.32 0 0 0 0 0 3 60 3 253 23
24.33 0 0 0 0 0 3 60 3 253 23
24.34 11 55 165 330 36 1 40 2 253 23
24.35 11 55 165 330 18 1 40 2 253 23
24.36 0 0 0 0 0 1 40 2 253 23
24.37 0 0 0 0 0 1 40 2 253 23
24.38 0 0 0 2 8 1 40 2 253 23
24.39 0 0 0 2 8 1 40 2 253 23
24.40 0 0 0 1 1 1 40 2 253 23
24.41 0 0 0 0 0 1 40 2 253 23
24.42 0 0 0 0 0 1 40 2 253 23
24.43 0 0 0 0 3 1 40 2 253 23
24.44 0 0 1 8 2 1 40 2 253 23
24.45 0 0 1 8 3 1 40 2 253 23
24.46 0 0 0 0 0 1 40 2 253 23
24.47 0 0 0 0 0 1 40 2 253 23
24.48 0 0 0 0 0 1 40 2 253 23
24.49 11 55 165 330 20 0 20 1 253 23
24.50 11 55 165 330 29 0 20 1 253 23
24.51 0 0 0 0 1 0 20 1 253 23
24.52 0 0 0 0 0 0 20 1 253 23
24.53 0 0 0 2 5 0 20 1 253 23
24.54 0 0 0 2 5 0 20 1 253 23
24.55 0 0 0 1 1 0 20 1 253 23
24.56 0 0 0 0 1 0 20 1 253 23
24.57 0 0 0 0 0 0 20 1 253 23
24.58 11 55 165 330 0 0 0 0 253 23
24.59 0 0 0 0 1 0 1 1 253 23
24.60 0 0 0 0 0 0 0 0 253 23



Projective properties of non-regular fractional factorial designs504

The (M, S) criterion is used to study the projective properties of non- regular designs 
of 24 runs. Since all these designs are saturated, they are indistinguishable by the (M, S) 

criterion; their trace �� ��dC and trace �� ��2
dC are zero. Instead, the (M, S) criterion is 

applied to projections onto different dimensions. Projections will be classified by their 

trace �� ��dC and trace �� ��2
dC and (M, S)-Optimal projections selected from each 

dimensions. There has been a lot of research on projections using the generalized 
minimum aberration (GMA) criteria (Deng & Tang, 1999 and Xu and Wu, 2001). 

Table 3:
(M,S)-optimal projections onto 24 runs upto 23 factors of Hall’s designs

No. of
Factors

Trace
of dC

Trace

of 2
dC

Column
Selected

3(1771)
4(8855)

5(33649)
6(100947)
7(245157)
8(490314)
9(817190)

10(1144066)
11(1352078)
12(1352078)
13(1144066)
14(817190)
15(490314)
16(245157)
17(100947)
18(33649)
19(8855)
20(1771)
21( 253)
22(23 )

72
144
240
360
504
672
864

1080
1320
1584
1440
1320
1216
1320
1024
984
840
720
480
264

728
3840
7680

14400
25536
43008
69120

106560
158400
228096
207360
194112

185685.33
158400

174762.66
194112
176832
172800
115200
69696

1,2,3
1,2,3,4
1,2,4,11,13
1,2,4,11,13,21
1,3,5,7,9,11,12
1,3,5,7,9,11,13,15
1,3,5,7,9,11,13,15,17
1,3,5,7,9,11,13,15,17,19
1,3,5,7,9,11,13,15,17,19,21
1,3,5,7,9,11,13,15,17,19,21,23
{4,6,8,10,12,14,16,18,20,22}C

{3,4,5,6,7,8,9,10,11}C

{4,5,6,7,8,9,10,11}C

{2,4,6,8,10,12,14,16,18,20,22}C

{10,11,12,22,23}C

{10, 14,16,18,20,22}C

{4,9,13}C

{12,22}C

Any 21 columns
Any 22 columns

3. RESULTS AND CONCLUSION

A 24-run design was studied up to 23 factors. The commonly used 24-run design is a 
Plackett-Burman design whose cyclic generator is (����������������������������������������������������������������������������
����������������). According to Kimura (1989), there are 60 non-isomorphic Hadamard matrices 
of order 24. (M, S)-classifier was applied in selecting and classifying projections of these 
designs. To compare and assess nonregular fractional factorial, Deng and Tang (1999) 
proposed a criterion of generalized aberration, called minimum G-aberration. Deng and 
Tang (2001) obtained some minimum G-aberration designs through computer search of 
Hadamard matrices of orders 16, 20, and 24. Qu et al. (2008) applied (M, S)-Optimality 
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criterion on Hadamard matrices of order 12, 16, and 20. We have performed a complete 
search for 3 22m�d �t of all 60 non-isomorphic Hadamard matrices of order 24. ��

Table 1 shows the trace �� ��dC and trace �� ��2
dC of all 60 Hadamard matrices of order 

24 runs and 23 factors. The results of trace �� ��dC and trace �� ��2
dC are selected from all 60 

matrices as maximum trace �� ��dC and within that class the minimum trace �� ��2
dC . It is 

observed from these results which are obtained from the simulations that maximum trace 

�� ��dC mostly seen in the columns 9, 10, 11, 12, 13, 14 which are 864, 1080, 1320, 1584, 

1440 and 1320, and within that class the minimum trace �� ��2
dC which are 69120, 106560, 

158400, 207360 and 194112 respectively. By the (M, S)-Optimality Criterion the best 
design is that which has maximum trace �� ��dC and within that class the minimum 

trace �� ��2
dC . Rest all columns of the design which have 3, 4, 5, 6, 7, 8, and 15, 16, 17, 18, 

19, 20, 21, 22 have not significant difference in the trace �� ��dC and trace �� ��2
dC within the 

class.

It is also observed from the Table No. 1 that columns from 3, 4, 5, 6, 17, 18, 19, 20, 

21, 22 have same trace �� ��dC and trace �� ��2
dC for all 60 matrices of 24 runs respectively 

except 24.58, 24.59, 24.60 designs. The designs of factors 7, 8, 9, 10 and 15, 16, have 

some difference in trace �� ��dC and trace �� ��2
dC within that class.

Table 2 revealed that the frequencies of all 60 non-isomorphic Hadamard matrices of 
order 24 runs and upto 23 factors. It shows that all 60 designs don’t have (M, S)-optimal 
projections onto factors 9, 10,..., 15, except designs 24.9, 24.17, 24.34, 24.35, 24.49, 
24.50 and 24.58. In terms of the (M, S) criterion, the best projections onto these numbers 
of factors have trace �� ��dC = 864, 1080, 1320, 1584, 1440, 1320, and 1216, and trace 

�� ��2
dC = 69120, 106560, 158400, 228096, 207360, 194112, and 185685.33 respectively. 

These designs have the lowest proportions of (M, S)-optimal projections. Similarly, 
(M, S)-optimal projections onto factors 3, 4, 5, 6, 7, 8 and  16, 17, 18, 19, 20, 21, 22  
have the best projections onto these numbers of factors have trace �� ��dC = 72, 144, 240, 

360, 504, 672, 1320, 1024, 984, 840, 720, 480, and 264, and trace �� ��2
dC = 728, 3840, 

7680, 14400, 25536, 43008, 158400, 174762.66, 194112, 176832, 172800, 115200 and 
69696 respectively. These designs have the highest proportions of (M, S)-optimal 
projections. 

Table 3 shows the list of number of nonisomorphic projections for 3 22m�d �t . The 

(M, S)-Optimal projections among all 3-dimensional projections have trace �� ��dC = 72 

and trace �� ��2
dC = 728. In terms of the (M,S)-optimal, the best projections onto 12 and 13 
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factors consisting columns 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21 and 1, 2, 3, 5, 7, 9, 11, 13, 

15, 17, 19, 21 have trace �� ��dC =1584 and 1440  and trace �� ��2
dC = 228096  and 207360 

respectively. (M, S)-classifier finds more nonisomorphic projections than the other 
criteria (Qu et al. 2008). Due to insufficient degrees of freedom, the (M, S) classifier 
becomes less powerful but still identifies as many nonisomorphic projections as the GMA 
classifier. Note that the number of nonisomorphic projections identified by the (M, S) 
classifier is less than the total number of nonisomorphic projections. 

In this paper we have used the proposed algorithm (M, S)-Optimality to obtain 
maximum or high EC designs from Hadamard matrices of order 24 runs. Our study 
revealed that there exist some designs better than other criteria on the basis of Estimation 
Capacity as well as design efficiency (Qu et al.2008). These results are potentially useful 
if one wants to obtain as much as possible information on nonnegligible 2 fi ’s with a 

limited run size. The (M, S) criterion proposed simple and computationally easy than 
other criteria. Although main effects and 2 fi ’s are discussed in this paper, the (M, S) 

criterion can easily be applied when higher-order interactions are also of interest. 
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