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ABSTRACT

Estimation of the mean of a univariate normal population with unknown variance is a 
well-known problem in the presence of an uncertain prior information. In this study, we 
propose a new estimator, shrinkage pre-test estimator, which is a combination of pre-test 
and shrinkage estimators. The mean squared error (MSE) for the shrinkage pre-test 
estimator is also derived and theoretical comparisons based on MSE criterion of this new 
estimator with the restricted, the pre-test, and the shrinkage estimators are given. We 
show that the shrinkage pre-test estimator performs better than the other existing 
estimators. In addition, the performance of this newly proposed estimator is being 
assessed by conducting a simulation study. 
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1. INTRODUCTION

The use of uncertain prior information is well established in statistical inferential 
approaches. Such information is usually incorporated into classical models. Although the 
inclusion of non-sample information to the estimation of parameters would result in a 
better estimator in some cases, the risk of worse consequences can not be completely 
discarded. In order to tackle this uncertainty, it is desirable to perform a preliminary test 
on the validity of the prior information and to make a choice between restricted and 
unrestricted statistical inference procedures. This problem was first discussed by Bancroft 
(1944), then Han and Bancroft (1968) developed the preliminary test estimators, and the 
resulting estimator has been known as the preliminary test (pre-test) estimator (PTE) in 
the statistical literature. In this context, Stein (1956) proposed the Stein-rule (shrinkage) 
estimator (SHR). A review of the early literature on these estimators is provided in 
Sclove et al. (1972) and Judge and Bock (1978). In the presence of an uncertain prior 
information about the value of the slope parameter of a simple regression model with a 
multivariate Student-t error distribution is studied by Khan and Saleh (1997). They 
defined unrestricted, restricted and shrinkage preliminary test estimators for the slope 
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parameter without giving the relative performance of these estimators. Then, the relative 
performance of the PTE and SHR estimators of the univariate normal mean was studied 
by Khan and Saleh (2001). Yuksel and Akdeniz (2001) used the Liu and restricted Liu 
estimator to define pre-test Liu estimator. Magnus (2002) introduced the neutral Laplace 
weighted-average least-squares estimator. Danilov (2005) generalized this estimator to 
the case where unknown variance is estimated by least squares. Saleh (2006) studied on 
the pre-test and SHR estimators and gave the bias, MSE matrices and risk expressions for 
these estimators. 

Consider the following model: 

Y 1n n e� �T ��

where �� ��1 2Yn ny y … y �c� �� �� �� is an 1n�u vector of observations from a normal population 

with unknown mean �T and unknown common variance 2�V , 1n is a vector of one’s and

1 2e ( )ne e … e �c� �� �� �� is a vector of normal error terms with (e) 0E � and �� �� 2ee InE �c � �V , 

where 2�V is the common variance and In is the identity matrix of order n . We are 

primarily interested in the estimation of �T in the presence of uncertain non-sample prior 
information on the value of �T, either from a previous study or from practical experience 
of the researchers in the related field. The information from previous study or practical 
experience is considered as the non-sample prior information, 0�T . Therefore we 

hypothesize that 0 0H �� �T � �T may be true, but we are suspicious. Incorporating the 

sample and uncertain non-sample prior information in estimating the parameter of 
interest, �T, is the main objective of the pre-test estimation problem. Standard procedure 
in pre-test estimation is first to obtain the unrestricted maximum likelihood estimator 
(MLE) of �T; 

�� �� 1
1 1 1n n n n nY Y

���c �c�T � � ��

where Y is the sample mean and 

�� ��
2

nMSE
n

�V
�T � ����

An unbiased estimator of 2�V can be defined as 

�� �� �� ��2 1
Y 1 Y 1 .

1n n n n n n nS
n

�c� �� �T �� �T
��

�� ��

2
nS has a scaled 2�F distribution with 1v n� �� degrees of freedom and is independent 

of �T�� . Since uncertain non-sample prior information can be expressed as in the form of 
the null hypothesis 0 0H �� �T � �T; removing this uncertainty is necessary in statistical 

estimation. This can be achieved by setting up an alternative hypothesis as 1 0H �� �T �z �T
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and testing these hypotheses, 0H and 1H , by using the test statistic based on the 

likelihood ratio test (LRT) procedure:

�� ��202
2

.
n

v
n

n
LR

S

�T �� �T
� 

��

Under 1 0H �� �T �z �T, 2
vLR follows a non-central F distribution with 1 and v degrees 

of freedom having the same non-centrality parameter, 21
2

�' where 
�� ��202

2

n �T �� �T
�' � 

�V
. 

Under the null hypothesis 0 0H �� �T � �T, vLR has a central Student-t distribution with 

1v n� �� degrees of freedom and 2
vLR has a central F -distribution with 1 and v

degrees of freedom. In pre-test estimation this test statistic is used to have a compromised 
estimator which uses pretest on 0H first and then select the estimator based on the 

outcome of the test (Saleh, 2006).

In this study, we mainly focus on the problem of estimating the univariate normal 
mean parameter, �T, based on the observed sample observations �� ��1 2 ny y … y�� �� �� when an 

uncertain prior information in the form of a null hypothesis 0 0H �� �T � �T is available. 

Therefore, we define an improved estimator that is a combination of pre-test and 
shrinkage estimators called shrinkage preliminary test estimator(SPE) as an alternative 
biased estimator of �T. 

The rest of paper is organized as following. In Section 2, a review of the existing 
biased estimators and their MSE criteria are summarized. In Section 3, a new biased 
estimator, shrinkage pre-test estimator (SPE), is defined and its statistical properties are 
derived. A theoretical comparison of this newly proposed estimator with the existing 
estimators based on MSE criteria is given in Section 4. In order to demonstrate the 
performance of the shrinkage pre-test estimator (SPE) relative to the existing estimators, 
a simulation study is given in Section 5. Finally, Section 6 consists of conclusion and 
discussion.

2. EXISTING BIASED ESTIMATORS FOR �T

In an effort to increase the efficiency of an estimator, it is often desirable to develop 
an estimator when the null hypothesis 0 0H �� �T � �Tis true. Combining the sample based 

estimator �T�� with the information obtained based on the LRT procedure results in the 
following estimators. 

Restricted Estimator: Under the null hypothesis, 0 0H �� �T � �T, the restricted 

estimator (RE) of �Tcan be defined as

0
ˆ ( ) (1 ) 0 1RE

n nd d d d�T � �T �� �� �T �� �d �d ����



Shrinkage Pre-Test Estimator of the Univariate Normal Mean464

Here d is the degree of distrust in the null hypothesis, 0 0H �� �T � �T, which reflects a 

degree of confidence in the prior information. In other words, 1d � means complete 
distrustand 0d � means no distrustin the null hypothesis, 0 0H �� �T � �T. When there is 

no trust in the null hypothesis, then ˆ (1)RE
n n�T � �T�� . If d is between 0 and 1, then the 

information in null hypothesis is incorporated in the estimator, ˆ ( )RE
n d�T . It is well known 

that the RE, ˆ ( )RE
n d�T , has smaller variance than the unrestricted estimator (MLE), n�T�� , 

when 0 0H �� �T � �Tis true. Also note that if 0H is true that is, �T is equal to non-sample 

prior information, then �' should be 0 since it is the departure constant from the null 

hypothesis. As �T moves away from the specified value, 0�T the RE, ˆ ( )RE
n d�T , becomes 

biased and inefficient.

Pre-test Estimator: An improved version of the restricted estimator called pre-test 
estimator (PTE) of �T is defined as 

�� �� �� �� �� �� �� ��ˆ ˆPTE RE
n n nd d I F F I F F�D �D�T � �T �� �� �T �t��

   �� ���� �� �� ��01n nd I F F�D� �T �� �� �T �� �T �� ���� �� (2.1)

Here ( )I A is the indicator function of the set A and F�D is the (1 )th�� �D quantile of a 

central F-distribution with 1 and v degrees of freedom.

Shrinkage Estimator: Since the estimator, ˆ ( )PTE
n d�T , is an extreme choice between 

ˆ ( )RE
n d�T and n�T�� which does not allow smooth transition between the two extreme values 

and also is a function of �D, Khan and Saleh (2001) proposed an alternative estimator to 
overcome these problems. This is called a shrinkage estimator (SE) and given by 

0 0

0

ˆ 1 ( )
( )

SE n
n n n n

n

cS c z
S

znn

�­ �½
�° �°�T � �T �� �� �T �� �T � �T ���® �¾

�_ �_�T �� �T�° �°�¯ �¿

�� ��
��

(2.2)

where c is a constant function of v . 

3.PROPOSED ESTIMATOR: SHRINKAGE 
PRELIMINARY TEST ESTIMATOR

In the presence of an uncertain prior information the usual procedure is to use pre-test 

estimator. However, there is a drawback for the SE, ˆ SE
n�T , since it may shrink the 

estimator beyond the hypothesis vector. On the other hand, PTE, ˆ PTE
n�T , produces only 

two values for the estimator, the unrestricted and the restricted estimator, and depends 
heavily on the level of significance of the pre-test. Although both of these estimators 
have these drawbacks, they have better performances than the other biased estimators. 
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Therefore, Khan and Saleh (1997) used the idea of combining these two estimators 
(SE and PTE) by using the advantages of these estimators to define pre-test estimator for 
the intercept parameter in a regression problem where the errors were assumed to be 
Student-t distributed with new degrees of freedom. Similarly, we also use the idea of 
combining PTE and SE to estimate the mean parameter in a normal population in the 
presence of an uncertain prior information to benefit from the advantages of these two 
estimators. We define the shrinkage pre-test estimator as

�� �� �� ��ˆ ˆ ˆ( ) .SPE PTE SE
n n nd I F F I F F�D �D�T � �T �t �� �T �� (2.3)

The equation in (2.3) can also be expressed as 

�� ��ˆ ˆ( ) .SPE SE
n n nI F F I F F�D �D�T � �T �t �� �T ���� (2.4)

The bias term of this newly proposed estimator is given as  

�� ��ˆ ˆSPE SPE
n nB E �ª �º�T � �T �� �T�¬ �¼

�� ��( n
c z

E S I F F
zn

�D
��

� �� ��
�_ �_

(2.5)

When the null hypothesis, 0H , is true the bias of ˆ SPE
n�T is equivalent to the bias of

ˆ SE
n�T . When 0H is rejected the equation in (2.5) is equal to 0. The MSE term of the SPE 

is also given by 

�� �� �� ��2ˆ ˆSPE SPE
n nMSE E�T � �T �� �T

�� �� �� ��
2

ˆ SE
n n nE I F F�D

�ª �º� �T �� �T �� �T �� �� �T�« �»�¬ �¼
�� ��

�� �� �� �� �� ��
2

ˆ SE
n n nE I F F�D

�ª �º� �T �� �T �� �T �� �T ���« �»�¬ �¼
�� ��

                 �� �� �� ��
22 ˆ SE

n n nE E I F F�D
�ª �º�ª �º� �T �� �T �� �T �� �T ���¬ �¼ �« �»�¬ �¼

�� ��     

�� ���� �� �� ��ˆ2 SE
n n nE I F F�D

�ª �º�� �T �� �T �T �� �T ���« �»�¬ �¼
�� ��

�� �� �� ��
2 2 2ˆ ˆ2 2SE SE

n n n nE I F F
n �D

�ª �º�V �ª �º� �� �T �� �T �� �T�T �� �T�T �� ���« �»�« �»�¬ �¼�¬ �¼
�� �� (2.6)

By using the equation (2.2) in equation (2.6), the general form of the �� ��ˆ SPE
nMSE �T is 

obtained as 
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�� ��
22

2ˆ 2SPE
n n n n n

c z
MSE E S

n zn

�­�ª�§ �·�V �°�«�T � �� �T �� �� �T �� �T�T�®�¨ �¸�_ �_�«�© �¹�°�¬�¯

�� �� ��   

�� ��2 n n
c z

S I F F
zn

�D

�½�º�§ �· �°�� �T �T �� ���» �¾�¨ �¸�_ �_�»�© �¹ �°�¼ �¿

��

                  �� �� �� ��
2

0 02 n n
c z

E S I F F
n zn

�D
�ª �º�V

� �� �T �� �T �� �T �� �T ���« �»�_ �_�¬ �¼
�� �� ��

2
2
n

c
E S I F F

n �D
�ª �º�� ���¬ �¼

                  �� �� �� ���� ��
2 2

22 n n
c z c

E S z I F F E S I F F
n n z n�D �D

�ª �º�§ �·�V �V
� �� �_ �_ �� �' �� �� �� ���« �»�¨ �¸�_ �_�« �»�© �¹�¬ �¼

(2.7)

By taking 2 0�' �o in equation (2.7), the MSE of the SPE can be simplified as 

�� �� �� �� �� ��
2 2 2

ˆ 2SPE
n n

c c
MSE E S E z

n n n
�V �V �V

�T � �� �_ �_ �� ��

From (2.7), we know that �� ��n nE S K� �V where
�� ��

�� ��
/ 22

1 ( 1) 2n

n
K

n n

�*
� 

�� �* ��
, 

�� �� �� �� �^ �`22
exp 2 2 ( ) 1E z�_ �_ � ���' �� �� �' �M �' ��

�S
and 

2 22z
E z e

z n
���' ���§ �· �V

�_ �_ �� �' � ���¨ �¸�_ �_ �S�© �¹

By using these information, the MSE of ˆ SPE
n�T is reduced to 

�� ��
2 2 2 22ˆ 2SPE

n n
c c

MSE K
n n n

�V �V �V
�T � �� �� ��

�S
(2.8)

Differentiating the equation (2.8) with respect to c yields the value that minimizes 

the MSE of ˆ SPE
n�T as 

2
nc K�
 � 

�S
(2.9)

(see Fig. 1). Therefore the optimum ˆ( )SPE
nMSE �T is as follows, 

�� ��
2

22ˆ 1SPE
n nMSE K

n
�V �­ �½�T � �� ���® �¾

�S�¯ �¿
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Fig. 1: Graph of �� ��ˆ SPE
nMSE �T vs. c (for 0 25n�' � �� � ,

minimum is achieved at 0 7896c�
 � �� )
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It is obvious that as 2�' �o �f , �� �� �� �� 2ˆ SPE
n n nMSE MSE �V�T � �T � �� .  

4. COMPARISON OF ESTIMATORS BASED ON MSE CRITERION

The comparison of the newly proposed estimator of the mean �T with the existing 
estimators can be studied by forming the differences in MSE functions of the estimators 
that are compared with.

Comparison of ˆ SPE
n�T with ˆ ( )RE

n d�T :

The difference in the MSE functions of the SPE and RE can be formed directly as  

�� �� �� �� �� �� �� ��
2

ˆ ˆ ( ) 2SPE RE
n n n n

c z
MSE MSE d E S I F F

n zn
�D

�ª �º�V
�T �� �T � �� �T �� �T ���« �»�_ �_�¬ �¼

��

�� ��
2

2
n

c
E S I F F

n �D
�ª �º�� ���¬ �¼ �� ���� ��

2
22 21d d

n
�V

�� �� �� �' �� (2.10)

where 
2 2 2 2ˆ( ( )) ( (1 ) )RE

n nMSE d d d�V�T � �� �� �' . When the null hypothesis, 0H , is true, i.e., 

2 0�' � and 0d � , then the equation in (2.10) is simplified as 

�� �� �� �� �� ��
2 2

2ˆ ˆ ( ) 2SPE RE
n n n n

c z c
MSE MSE d E S

z n nn

�ª �º �V
�T �� �T � �� �T �� �T �� �V �� ���« �»�_ �_�¬ �¼

�� (2.11)

Therefore it can easily be shown that for 2 21 1c c cc c
�
 �
�
 �
�� �� �� �� �� �� ��

�� �� �� ��ˆ ˆ ( ) 0SPE RE
n nMSE MSE d�T �� �T �� ��

If the null hypothesis, 0H , is not held and 20 �� �' �� �f , we obtain 
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�� ���� ��
2 2

22 2ˆ ˆ( ) ( ( )) 1SPE RE
n nMSE MSE d d d

n n
�V �V

�T �� �T � �� �� �� �' �� (2.12)

Considering the equation (2.12) as a function of 2�' and fixing d , we get 

�� ��ˆ SPE
nMSE �T that is smaller than �� ��ˆ ( )RE

nMSE d�T whenever 2 1

1

d
d

��
�' �!

��
. Similarly, if the 

null hypothesis, 0H is not true and 2�' �o �f , �� ��ˆ SPE
nMSE �T is smaller than 

�� ��ˆ ( )RE
nMSE d�T .  

Comparison of ˆ SPE
n�T with ˆ PTE

n�T : 

Since �� �� �� �� �� �� �� ��
2 2 2

2 2ˆ 1 2(1 )PTE
nMSE d E z I F F d E zI F F

n n n�D �D
�V �V �V�ª �º �ª �º�T � �� �� �� �� �� �' ���¬ �¼�¬ �¼

where 0 ( ,1)nz N
n

�T �� �T
� �a �'

�V

��
and we can get the following result, 

�� �� �� �� �� ��ˆ ˆ 2SPE PTE
n n n

c
MSE MSE E S z I F F

n �D
�V

�ª �º�T �� �T � �� �_ �_ ���¬ �¼

�� ��2 n
c z

E S I F F
n z �D

�ª �º�V �'
�� ���« �»�_ �_�¬ �¼

�� ��
2

2
n

c
E S I F F

n �D
�ª �º�� ���¬ �¼

�� �� �� �� �� ���� ��
2 2

2 21 2(1 )d E z I F F d E zI F F
n n�D �D

�V �V �'�ª �º�� �� �� �� �� �� ���¬ �¼ (2.13)

It is obvious that if the non-sampling prior information is incorrect we get 

�� �� �� ��ˆ ˆSPE PTE
n nMSE MSE�T � �T . Conversely, if the non-sampling prior information is correct, 

by using Theorem (4.4) in Khan and Saleh (2001) we find 

�� �� �� ��
2 2 2

22 2ˆ ˆSPE PTE
n n n

c
MSE MSE K c

n n n
�� �V �V �V

�T �� �T � �� �� ��
�S

(2.14)

If we study the expression in (2.14) as a function of c , we obtain that �� ��ˆ SPE
nMSE �T is 

smaller than �� ��ˆ PTE
nMSE �T for 2 21 1c c cc c

�
 �
�
 �
�� �� �� �� �� �� . 
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Comparison of ˆ SPE
n�T with ˆ SE

n�T : 

Since �� �� �� ��
2 2

2ˆ 2SE
n n n

c z c
MSE E S z E S

n z nn

�ª �º�§ �·�V �V
�T � �� �_ �_ �� �' ���« �»�¨ �¸�¨ �¸�« �»�© �¹�¬ �¼

, then the difference in 

MSE functions of the SPE and SE yields the following expression; 

�� �� �� �� �� �� �� ���� ��ˆ ˆ 2 1SPE SE
n n n n

c z
MSE MSE E S I F F

zn
�D

�ª �º
�T �� �T � �T �� �T �� ���« �»�_ �_�¬ �¼

��

�� ���� ��
2

2 1n
c

E S I F F
n �D

�ª �º�� �� ���¬ �¼

�� �� �� �� �� ��
2

22 n n n
c z c

E S I F F E S I F F
z nn

�D �D
�ª �º �ª �º� �T �� �T �t �� �t ���« �» �¬ �¼�_ �_�¬ �¼

�� (2.15)

When 2 0�' � , i.e., 0H hypothesis is not rejected �� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T � �T . 

However, if the prior information is not true the difference in MSE functions is as follows 

�� �� �� �� �� ��
2

2
0 0

ˆ ˆ 2SPE SE
n n n n n

c z c
MSE MSE E S E S

z nn

�ª �º �ª �º�T �� �T � �T �� �T �� �T �� �T ���« �» �¬ �¼�_ �_�¬ �¼
��

�� ��
2

22 ( )n n
c z c

E S E z E E S
n z n

�ª �º�§ �·�V �ª �º� �_ �_ �� �' ���« �»�¨ �¸ �¬ �¼�_ �_�« �»�© �¹�¬ �¼

�� ��
2

22 ( )n n
c z c

K E z E E E S
n z n

�ª �º�§ �·�V �ª �º� �V �_ �_ �� �' ���« �»�¨ �¸ �¬ �¼�_ �_�« �»�© �¹�¬ �¼

                 
�� ��

�^ �` �^ �`
22 2

2
2 exp 2

2 2 ( ) 1 1 2 ( )nc K c
n n

�ª �º�� �'�V �« �»� �� �' �) �' �� �� �' �� �) ���' �� �V
�« �»�S�« �»�¬ �¼

�� ��22 2
2

2 exp 2
2 nc K c

n n

�ª �º�� �'�V �« �»� �� �V ��
�« �»�S�« �»�¬ �¼

(2.16)

Considering the equation (2.16) as a function of c and fixing 2�' yields 

�� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T �� �T

if and only if 0c �� or �� ��22 exp 2c c�
�! �� �' . In addition, if we consider the equation in 

(2.16) as a function of 2�' and fix c we get 
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ˆ ˆ( ) ( )SPE SE
n nMSE MSE�T �� �T � 

�� ��22 2
2

2 exp 2
2 nc K c

n n

�ª �º�� �'�V �« �»�� �V
�« �»�S�« �»�¬ �¼

which becomes zero if 

2*
2 2

ln
c
c

�§ �·
�' � �¨ �¸�¨ �¸

�© �¹
. Thus, for 

2*
2 2

ln
c
c

�§ �·
�' �! �¨ �¸�¨ �¸

�© �¹
, we obtain 

�� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T �� �T .

Although the shrinkage pre-test estimator, ˆ SPE
n�T , is not smooth, it can be seen that the 

shrinkage pre-test estimator, ˆ SPE
n�T , performs better than the shrinkage estimator, ˆ SE

n�T
under certain conditions, which were given above, wrt MSE criterion. This result is also 
supported by the numerical example given in the following section. 

5. NUMERICAL ANALYSIS

In order to demonstrate the performance of this newly proposed estimator we conduct 
a simulation study based on a large dataset by Satman et al. (2002) who investigated for 
the first time the prevalence of diabetes and impaired glucose tolerance (IGT) nationwide 
in Turkey. In this dataset, we have IGT levels for 1477 diabetics with ages starting from 
20 from the city of Adana in the south of Turkey. We will assume that 0�T =90 is a prior 

information for this study. Since the dataset is large (n=1477), it is reasonable to use this 
dataset for the purpose of simulation study by selecting samples randomly of sizes n=10, 
30, 50, 100 from this large sample. In this simulation study, we follow the steps given 
below:

1. compute the value of the estimator, say, ˆ �
�Q, of �Q,

2. compute 2ˆ( )SMSE �
� �Q �� �Q,  

3. compute the efficiency of ˆ �
�Q to �̂Qby ˆ ˆ ˆ( ) ( ) ( )Eff SMSE SMSE�
 �
�Q � �Q �� �Q ,  

4. repeat steps 1 through 3 for 1000 times while keeping in mind that value of 
ˆ( )Eff �
�Q greater than 1 signifies improvement of ˆ �
�Q over �̂Q.  

5. count the values of ˆ( )Eff �
�Q greater than 1 and average them.  

The individual efficiency ratio of SPE versus to other estimators is defined as the 
following: 

1E : Ratio of efficiency of SPE versus RE 

2E : Ratio of efficiency of SPE versus SE 

3E : Ratio of efficiency of SPE versus PTE 

Since the estimators are based on 2�' , �D (the significance level of test) and d (the 
degree of distrust level in the null hypothesis), it is necessary to investigate how the 
efficiencies of the estimators will be affected when these parameters are verified. Since it 
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is impractical to give the efficiencies of the estimators for each case in a table, we prefer 
to display these numerical values in a set of graphs. (See Fig. 2 through 5). We 
summarize our findings for each iE based on the Figures 2-5 as in the following:

1E : If the uncertain non-sample prior information is close to be true, i.e. 2�' is 

approximately 0, the ratio of efficiency of the SPE takes the values in (0.20, 0.45) 

interval, approximately. However, when 2�' increases, the shrinkage pre-test estimator’s 
ratio of efficiency reaches approximately 0.99 rapidly (if we choose 100 sample, then 

SPE is more efficient than RE in 99 sample). For all sample sizes of n , the higher 2�'
yields the higher increase in 1E . Namely, if the suspect of prior information increases, 

the new type estimator has higher efficiency than the restricted estimator. Increase in n
does not affect the rapidness of convergence of 1E to 1. And 1E is not influenced by �D.  

2E : In general, 2E is close to 1 when 2 0�' � . However, as 2�' deviates from zero, 

2E gets smaller. There is also an inverse relationship between �D and 2E . For all values 

of n d�� �� �Dand 2�' , the values of 2E remain in between 0.5 and 1. This means that SPE is 

more efficient than SE for all n , d , �D and 2�' values for more than half of the samples 
in this simulation study.

3E : If the prior information is correct the new estimator’s ratio of efficiency is 

between 0.20 and 0.45 approximately as in 1E . For the small values of �D, 3E yields 

better values. If the prior information is incorrect, �D � 0.05 and d � 0.25 3E reaches its 

maximum value. For the small values of d , the shrinkage pre-test estimator has higher 
efficiency than the pre-test estimator.  



Shrinkage Pre-Test Estimator of the Univariate Normal Mean472

Fig. 2: Graphs of Efficiency (Ei , i =1,2,3) vs. 2�' for 10n � , 
0 05 0 15 0 25�D � �� �� �� �� ��, 0 25 0 50d � �� �� ��

n =10, �D=0.05, d =0.25 n =10, �D=0.05, d =0.50

n =10, �D=0.15, d =0.25 n =10, �D=0.15, d =0.50

n =10, �D=0.25, d =0.25 n =10, �D=0.25, d =0.50
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2�'

Ei

2�'

Ei

2�'

Ei

2�'

2�'
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Fig. 3: Graphs of Efficiency (Ei , i =1,2,3) vs. 2�' for
n � 30, 0 05 0 15 0 25�D � �� �� �� �� ��, 0 25 0 50d � �� �� ��

n =30, �D=0.05, d =0.25 n =30, �D=0.05, d =0.50

n =30, �D=0.15, d =0.25 n =30, �D=0.15, d =0.50

n =30, �D=0.25, d =0.25 n =30, �D=0.25, d =0.50

Ei
Ei

2�'

Ei

2�'

Ei

2�'
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2�'

Ei

2�'
2�'
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Fig. 4: Graphs of Efficiency (Ei , i =1,2,3) vs. 2�' for
n � 50, 0 05 0 15 0 25�D � �� �� �� �� ��, 0 25 0 50d � �� �� ��

n =50,  �D=0.05,  d =0.25 n =50,  �D=0.05,  d =0.50

n =50,  �D=0.15,  d =0.25 n =50,  �D=0.15,  d =0.50

n =50,  �D=0.25,  d =0.25 n =50,  �D=0.25,  d =0.50

Ei

2�'

Ei

2�'

Ei

2�'

Ei

2�'

Ei

2�'

Ei
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Fig. 5: Graphs of Efficiency (Ei , i =1,2,3) vs. 2�' for
n � 100, 0 05 0 15 0 25�D � �� �� �� �� ��, 0 25 0 50d � �� �� ��

n =100, �D=0.05, d =0.25 n =100, �D=0.05, d =0.50

n =100, �D=0.15, d =0.25 n =100, �D=0.15, d =0.50

n =100, �D=0.15, d =0.25 n =100, �D=0.15, d =0.50
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6. CONCLUSION AND DISCUSSION

We propose a new efficient shrinkage pre-test estimator for the mean of univariate 
normal distribution when uncertain non-sample prior information is available. We 
compared this new estimator with the existing estimators (RE, SE, PTE) in terms of MSE 
criterion and showed that this estimator yields smaller MSE under certain conditions than 
the existing estimators. 

The theoretical results are summarized as in the following: 

1. When the null hypothesis , 0H , is true, i.e. 2 0�' � , the constant 2
nc K�


�S
� is 

the value that minimizes the MSE �� ��ˆ SPE
n�T . Fig. 1 depicts which value of c

minimizes the MSE function of SPE. 

2. When the null hypothesis, 0H , is true, i.e. 2 0�' � and 0d � , we obtain that 

�� �� �� ��ˆ ˆ ( )SPE RE
n nMSE MSE d�T �� �T for 2 21 1c c cc c

�
 �
�
 �
�� �� �� �� �� �� . If the null 

hypothesis, 0H , is not held and 20 �� �' �� �f , we get �� �� �� ��ˆ ˆ ( )SPE RE
n nMSE MSE d�T �� �T

whenever 2 1
1

d
d

��
���' �! . Similarly, if the null hypothesis, 0H is not true and 

2�' �o �f , �� �� �� ��ˆ ˆ ( )SPE RE
n nMSE MSE d�T �� �T .  

It is obvious that if the non-sampling prior information is incorrect we get 

�� �� �� ��ˆ ˆSPE PTE
n nMSE MSE�T � �T . Conversely, if the non-sampling prior information is correct, 

�� �� �� ��ˆ ˆSPE PTE
n nMSE MSE�T �� �T for 2 21 1c c cc c

�
 �
�
 �
�� �� �� �� �� �� .  

When 2 0�' � , i.e. 0H hypothesis is not rejected �� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T � �T . 

However, if the prior information is not true, �� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T �� �T if and only if 

0c �� or �� ��22 exp 2c c�
�! �� �' . In addition, for 

2*
2 2

ln
c
c

�§ �·
�' �! �¨ �¸�¨ �¸

�© �¹
, we obtain 

�� �� �� ��ˆ ˆSPE SE
n nMSE MSE�T �� �T . Thus, we can see that although ˆ SPE

n�T is not smooth, under the 

given conditions given above ˆ SPE
n�T performs better than ˆ SE

n�T wrt MSE criterion. 

In this study, we also have conducted a simulation study based on a large real dataset 
to show the goodness of the newly proposed estimator’s performance. The results of this 
simulation study are given as in the following: 
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1. The new estimator performs better than RE and SE for large values of the 2�' and 
better than PTE for the small values of d . 

2. If �D decreases, SPE is better than PTE. Although values of �D does not affect 
efficiency of SPE versus RE, as values of �D decreases the power of SPE versus 
SE increases. 

We note that numerical results are consistent with our theoretical results.  
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