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ABSTRACT

In this paper for first time the identification of distribution of simple homogeneous 
stationary Markov chain with a finite number of states is studied. The problem has been 
formulated by Ahlswede and Haroutunian on identification of hypotheses and solved for 
the case of the sequence of independent observations.
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1. INTRODUCTION

Ahlswede and Haroutunian, (2006) formulated a series of problems on multiple 
hypotheses testing for many objects and on identification of hypotheses under reliability 
requirement. The problem of many  2L  hypotheses testing on distributions of a finite 

state Markov chain is studied in Haroutunian (1988) and also in Navaei (2008) via large 
deviations techniques. In this paper we solve the problem of identification of distributions 
of many hypotheses for the case of Markov chain. In Section 2 we recall main definitions 
and results of [Haroutunian (1988) and Navaei (2008)], for many hypotheses testing and 
in Section 3 we present solution of the problem of identification of the Markov chain 
distribution.

2. MANY HYPOTHESES LAO TESTING FOR MARKOV CHAIN

We remind the main definitions and results of papers [Haroutunian (1988) and Navaei 

(2008)]. Let  0 1 2, , ,...., ,Nx x x x x  1,2,...., ,nx I  1, 0,1, 2,...,Nx N  be the 

vectors of observations of a simple homogeneous irreducible stationary Markov chain 
with finite number I of states. The L hypotheses concern the irreducible matrices of the 
transition probabilities of the chain

  | , 1, , 1, ,l lP P j i i I j I   1, .l L

The stationarity of the chain provides existence for each 1,l L of the unique 

stationary distributions  ( ), 1, ,l lQ Q i i I  1,l I , such that
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 ( ) | ( ),l l l
i

Q i P j i Q j ( ) 1,l
i

Q i  1, ,i I 1, .j I

We define the joint distributions l lQ oP ,

  ( , ) ( ) | , 1, , 1,l l l l l lQ oP Q oP i j Q i P j i i I j I    1, .l L

We denote by  || l lD QoP Q oP the Kullback-Leibler divergence of a joint distribution

 ( , ) ( ) ( | )Q oP Q oP i j Q i P j i  , 1, ,i I 1,j I , from joint distribution l lQ oP :

       
,

|| ( ) | log ( ) | log ( ) |l l l l
i j

D QoP Q oP Q i P j i Q i P j i Q i P j i   

   || || ,l lD Q Q D QoP QoP 

where the divergence for stationary distributions is 

 || ( ) log ( ) log ( ) , 1, .l l
i

D Q Q Q i Q i Q i l L    

The second order type of vector x the square matrix of 2I relative frequencies 
of the simultaneous appearance on the pairs of neighbor places of the states i and j

is  1( , ) ,N i j N  1, ,i I 1,j I . It is clear that
,

( , )
i j

N i j N . Denote N
QoPT the set 

of vectors from 1N which have the type such that for some joint probability 

distribution ,QoP

( , ) ( ) ( | ),N i j NQ i P j i 1, ,i I 1,j I .

Note that for 1,l L the probability of x from N
QoPT can be written as

( ) ( | )
0

,
( ) ( ) ( | )N NQ i P j i

l l l l
i j

Q oP x Q x P j i  .

We shall use the following definition of the probability of the vector 1Nx  of the 

Markov chain with transition probabilities lP and stationary distribution lQ ,

     0 1
1

| ,
N

N
l l l l n n

n
Q oP x Q x P x x 


  1, ,l I

 ( ) ,N N
l l l l

x A
Q oP A Q oP x


 �� 1.NA  

By means of non-randomized test ( )N x on the bases of the trajectory 

 0 1, ,..., Nx x x x of the 1N  observations, the test accepts one of the hypotheses ,lH

1,l L .
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Let us denoted ( )
/ ( )N

Nl m  the probability to accept the hypotheses lH in the 

condition that the ,mH m l , is true. For l m we denote ( )
/ ( )N

Nm m  the probability to 

reject the hypotheses mH . It is clear that

   ( ) ( )
/ / ,N N

N Nm m l m
l m

     1, .m L (2.1)

This probability is called the error probability of the m-th kind of the test N . To 

every trajectory x the determined test N puts in correspondence one from L

hypotheses. So the space 1N is divided into L parts

 , ( ) ,N
l Ng x x l   1, ,l L

and

   / ,l m N m m lQ oP g   ,m 1,l L .

Denote

 / /
1

( ) lim log ,l m l m N
N

E
N

     ,m 1,l L . (2.2)

The matrix  / , 1, , 1,l mE E m L l L   we call the reliability matrix of the tests 

sequence  .

Note that from definitions (2.1) and (2.2) it follows that

/ /min .m m l m
l m

E E


 (2.3)

Let  ( | )P P j i be an irreducible matrix of transition probabilities of some 

stationary Markov chain with the set  of states, and  ( ), 1,Q Q i i I  be the 

corresponding stationary PD .

Let us define the decision rules by the sets

  /: || ,l l l lR QoP D QoP QoP E  1, 1,l L  (2.4)

  /: || , 1, 1L l l lR QoP D QoP QoP E l L    .

and introduce the functions:

 *
/ / / ,l l l l l lE E E 1, 1,l L 

   *
/ / inf || ,

l
l m l l m

QoP R
E E D QoP QoP


 1, ,m L l m , 1, 1,l L 
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   *
/ / /,..., inf || ,

L
L m l l L l L l m

QoP R
E E E D QoP QoP 


 1, 1m L  , (2.5)

 * *
/ / / /

1, 1
,..., min .L L l l L l L l l L

l L
E E E E 

 


The main result of papers Haroutunian (1988) and Navaei (2008)] is:

Theorem 1:
Let  be fix finite set a family of different distributions 1,....., LP P the following two 

statements hold: if the positive finite numbers 1/1 1/ 1,....., L LE E   satisfy conditions:

 1/1 10 min inf || , 2, ,
mQ m m mE D Q oP Q oP m L    

. . . . . . . . .

 *
/ / /0 min ,l l l m m mE E E   1, 1,m L  (2.6)

 inf || ,
mQ m m m lD Q oP Q oP 1, ,m l L   2, 1,l L 

then:

a) There exists a LAO sequence of tests *
N , the reliability matrix of which 

  * * *
/m lE E  is defined in (2.5), and all elements *

/m mE of it are positive.

b) Even if one of conditions (2.6) is violated, then the reliability matrix of on 
arbitrary test necessarily has an element equal to zero, (the corresponding error 
probability does not tend exponentially to zero).

3. PROBLEM STATEMENT AND FORMULATION OF RESULT ON 
RELIABLE IDENTIFICATION OF DISTRIBUTION

Assume that there are 2L  hypothetical distributions. The question here is whether 
or not r -th distribution has occurred.

There are two error probabilities for each 1,r L , the probability ( )N
l r m r 

to accept l different from r , when r is in reality , and the probability ( )N
l r m r  that r

is accepted , when it is not correct. The probability ( )N
l r m r  we already known, it is the 

probability ( )N
r r which is equal to ( )

;
.N

l r
l l r

 The reliability m r l rE   coincides with 

| ,r rE with (2.3). Our aim is to find the interdependence between l r m rE   and l r m rE   . 

The latter, can have values satisfying in conditions (2.6), thus, we will have the following 
conditions:

 
:

0 min , 1, .
l

rl l lr r l r
E D Q P Q P r L


    �$ �$
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We shall use the probabilities of different hypotheses. Let us assume that the 

hypotheses , 1, ,lH l L have, positive probabilities say ( ),r l 1,l L . We will see that 

the formulated result in the following theorem, dose not depend on values of ( ),r l

1, ,l L if they all are strictly positive. Thus we can make the following calculations for:

 
 

( )
( ) ( )( )

,
:

:

, 1

( )

N
rN NN

rl r m r r m
m m rr r

m m r

l r m r

m r m 




  
    

  




and also for 1, ,r L we obtain the following :

( )1
lim log N

l r m rNl r m rE
N   

    
 

( )( )
:

:

1
lim log ( ) logr

N

NN
m m r r r m

m m r
P m P

N




    
 

 

*

:
min .r mm m r

E


 (3.1)

Using (3.1) by analogy with Theorem 1, we conclude (with rR as in (2.4) for each r

including r L by the values of r rE from   0,min ,rl l lD Q P Q P�$ �$ that:

   
:
min inf mr rl r m r m m r Q P Rr

E E D Q P Q P   
 

�$
�$ �$

 
 

: : || |

min inf ,mm m r Q P D Q P QoP Er r r
D Q P Q P

 


�$ �$
�$ �$ 1, .r L (3.2) 

So, we can formulate this result in the following theorem.

Theorem 2:
For the model with distinct distributions for the given sample x we can find the type 

Q P�$ , of it and when rQ P R�$ , we accept the hypotheses ,r under the condition that 

the probabilities of all L hypotheses are positive, the reliability l r m rE   of such test as 

function of given l r m rE   is determined in (3.2).
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