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ABSTRACT

In this paper, we introduce a new class of mixture models based on the inverse Gaussian
distribution, which is highly flexible and contains several well-known probability models.
The new class of models is generated from symmetric distributions around zero by using the
connection between the inverse Gaussian and standard normal distributions. We illustrate
the obtained results by means of two real data sets through likelihood, goodness-of-fit and
diagnostic methods. This illustration indicates the adequacy of the new model.
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1 INTRODUCTION

The normal (Gaussian) model has dominated the landscape of distribution theory and sta-
tistical applications for over 100 years. The remarkable properties of this distribution are
well-known and widely used in theoretical and practical statistics. On the other hand, it is
interesting to note the similarity between the inverse Gaussian (IG) distribution and nor-
mal distribution. In fact, Folks (2007) provided a table containing 42 analogies of these
distributions.
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Mixture models provide powerful and popular tools for getieg flexible distributions
with attractive properties; see McLachlan and Peel (208Bgcifically, if 0O< p<lisa
mixing parameter andly, (X) and fx, (x) are the densities of the random variab¥gsand
X2, respectively, then using the obvious notation, the proipadensity function (pdf) of
the random variable (r.vX determined by the mixture betwe&n andX; is given by

fx (%) = [1— Pl fi () + P by (X), x> 0. (1.1)

In this paper, a new mixture model is presented which is naasede generalized mix-
ture inverse Gaussian (GMIG) distribution. A motivationflois new model is based on the
observation that various well-known life distributionggrarticular cases of this class of
models. In addition, the properties of these well-knowtriigtions could be extended to
the case of GMIG models. The new model contains as particates the distributions de-
rived by Diaz and Leiva (2005) and Sanhueza et al. (2008)e@ito Birnbaum-Saunders
(BS) and IG models, respectively. For more details of the BBidution, see Johnson et
al. (1995, pp. 651-662), Marshall and Olkin (2007, pp. 4P} Saunders (2007) and
Leivaetal. (2009).

Next, we describe the connecting parts of the new model dpedlin this paper. These
pieces represent constructive outlines of the developraithe model and indicate di-
rections taken by several researchers dealing with thig.tophe first ingredient for the
generation of GMIG distributions is the IG model. Severabk®have appeared in the last
20 years devoted to this subject, e.g., Chhikara and FolR89)1 Seshadri (1993, 1999)
and Johnson et al. (1994, pp. 259-297). Specifically, thegarameters IG distribution is
denoted byl ~ IG(u,A), where both parametens(the mean) and (scale), are positive.
The pdf and the cumulative distribution function (cdf) oétt model are given by

fr(t) =g(at) A and Fr(t):CD(a(t))Jrexp(%)CD(—b(t)), t>0, (1.2

respectively, whera(t) = a(t; i, A) = VA[t — W /[uv/E], b(t) = bt; i A) = VATt + 1]/ (Al
and@(-) and®(-) denote the standard normal pdf and cdf, respectively. ThediGhas a
non-negative support and it is unimodal and positively st@wif his distribution is a mem-
ber of the exponential family, it is related to the chi-squdistribution and closed under
convolution. The name of the IG distribution is due to Twee@1957), who found an in-
verse relationship between the cumulant generating fomgtf the IG and normal models.
This model is also known as the Wald distribution. Howeuee, G model was originally
derived by Schrodinger (1915) as the first passage timedaisbn of the Brownian motion
with a positive drift. This model has been applied in divefistls including agriculture,
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demography, ecology, engineering, genetics, meteoradogythe internet; see, for exam-
ple, Seshadri (1993). At the present, the IG model contipuegiding a rich avenue for
further research.

If T ~IG(A), then the length-biased (LB) version of the distributionTofs given
by the r.v. L = p?/T (also called complementary reciprocal Bf and denoted by ~
LBIG (W, A). The corresponding pdf df is given by

fL(I):(p(a(I))T, | >0,u>0,A>0, (1.3)

wherea(l) is given as in Eq. (1.2) and= E[T]. These results are due to Jorgensen et
al. (1991) and Gupta and Akman (1995). The LBIG distributsenves as the second
ingredient for generating the new model.

The third ingredient is based on a mixture of IG and LBIG medwlled the mix-
ture inverse Gaussian (MIG) distribution. ThusTif~ IG(,A) andL ~ LBIG (W), the
corresponding pdf of the r.W with MIG distribution is given according to Eq. (1.1) by

fm(m) = (p(a(m))\/% [[1— p] + p%‘} , M>0,u>0,A>0,0<p<l, 1.4)
wherea(m) is given as in Eq. (1.2). In this case, the notafiér- MIG (i, A, p) is used. It
follows from Eq. (1.4) that the MIG distribution is relatesthe normal model.

It is well-known that maximum likelihood (ML) estimation dar the normal distri-
bution is quite sensitive to extreme observations. Thisalaa occur for the MIG model
and for some other models that are frequently used for desgrskewed data. In the nor-
mal case, Lange et al. (1989), Lange and Sinheimer (1993)acas (1997) proposed
to use models with greater kurtosis than the normal modetderao solve this problem
and obtain qualitatively robust estimators. We use a sindl@a for the case of the MIG
distribution. Thus, the final ingredient for understandihg structure of GMIG distribu-
tions leads us to the general class of symmetric distribstioR (or elliptically contoured
univariate models or elliptic ones). This class includesritiutions with different levels
of kurtosis, where the normal distribution is a particulase; see Fang et al. (1990).
This family of symmetric distributions around zero containspecial subclass called scale
mixtures of normal distributions or normal scale mixtureSf) containing the Laplace,
logistic, normal and Studentwith v degree of freedom (d.f.), dg, models as particular
cases. NSM models are important for applications with heailgd distributions and, in
addition, this subclass produces robust parameter estinsde Balakrishnan et al. (2009)
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and references therein. Other subclasses of symmetnithdisbns are the Kotz type (KT)
and Pearson VIl (PVII) sub-families, which are also conséden this paper.

Using the connection between the MIG and normal models givérg. (1.4), we can
generalize the MIG distribution from the elliptic class. iFs achieved by replacing the
standard normal pd@(-), in Eq. (1.4) by a general pdf of standard symmetric distrins
around zero, denoted Hy-). This generalization of the MIG distribution preserves gnan
of its initial properties. In addition, this new model coinaa large class of life distribu-
tions, including those that produce robust parameter astignn the presence of atypical
data. For more details about life distribution, see Maisdrad Olkin (2007).

The remaining part of the paper is organized as follows. i&e& introduces the new
model and presents its pdf, the mode, a graphical analydis@me of its properties and
transformations as well as its cdf and moments. Section Begpihe derived results for
GMIG distributions to two real data sets using likelihoodpgness-of-fit and diagnostic
methods. One of these sets involves data from behaviorcsahat have not been ana-
lyzed before. Some conclusions are presented in the findbrec

2 A NEW MIXTURE MODEL

Anr.v. T follows a GMIG distribution, which is denoted By ~ GMIG(, A, p; f), iff its
pdf is given by

fr(t) =f(alt)) —= [[1—p]+p£], t>0,u>0,A>00<p<1, (2.1)

wherea(t) is givenin Eq. (1.2) and(-) is the pdf of the associated symmetric distribution
around zero. The mode(s) ©f denoted by, is (are) given by the solution(s) of

g 31— plpu+ Pty
a9 (F@tm) = 5 o

2.2)

Example 1. Let T ~ GMIG(W,A, p; f). The densities off following GMIG distribu-
tions generated from (i) Cauchy, (ii) Kotz type, (iii) Laph (iv) logistic, (v) normal, (vi)
Pearson VIl and (vii}, models are, respectively, given by

(i)
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(ii)
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(iii)
e [ At
(iv)
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(vi)
A RRVAY
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t>0,9>1/2,r>0;
(vii)
fﬂt):%[ﬂr%[:—ﬁ%—zﬂ[%] [[1—p]+p:—J, t>0,v>0.

A graphical representation of GMIG distributions for seééetvalues of their parame-
ters is shown in figures 1-2. We emphasize once again that Gii@els are flexible and
represent several shapes and different degrees of kuaindissymmetry as well as uni-
modality and bimodality. Specifically, figures 1-2 show sal@ossible shapes obtained
from Eq. (2.1) involving the generating distributions giie Example 1. The parameters
pandA are of course position and scale parameters, respectivelyever,u also behaves
like a scale parameter. Thuys,s considered equal to 1, because it is easy to verify that
changes inu do not modify the shape of the pdf of GMIG distributions. Igiie 1 (left),
we takeA = 1, which leads to a strong asymmetry, while Figure 1 (rightjvés a weak
asymmetry for a largg (in our caseé\ = 32). Thus, depending on the generator ggfgnd
the parameteX, GMIG distributions exhibit densities which are platykarr leptokurtic,
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asymmetric or symmetric and unimodal and bimodal, modgyireir shape, position, scale
and modality. Densities of the GMIG distribution generdteadn thet, model (GMIG#,)
are displayed in Figure 2 (left). The tails of this distriloumt are presented to the right of
the same figure being possible to exhibit heavy-tailed GMEHithutions.
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Figure 1: pdf gréphs of ~ GMIG(WA, p; f) for the‘indicated cases.
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Figure 2: pdf graphs of ~ GMIG-t(l, A, p;v) for the indicated values and tail zooms.

3 TRANSFORMATIONS ASSOCIATED WITH THE MODEL

In this section, we provide densities of some transformmatiof T ~ GMIG (i, A, p; f),
including its proportional, reciprocal, logarithm and

M T | VAT
“Mﬁ H-u VT

Theorem 1. Let T~ GMIG(W A, p; ), with p> 0, A > 0and0 < p < 1. Then, the pdf of
(i) R=1/T is given by

fR(r):f< f? {r—ﬁD \/%{pjt[l—p]ur}, r>0.

(i) Y =log(T) is given by
fry) = f(22sinh(X52)) (L p] exp(~3ly—logA)])+

pexp(3[y-log(§)]) |, - <y<te

(3.1)
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(iiy U = [VA/W] [T — W /V/T is given by

fu(u) = f(u) 1—[1—2p]ﬁ4}\/Ll , y>0.

Proof. These results directly follow from Eq. (2.1) and the chan§&ariable method. m

Corollary 3.1 LetT ~ GMIG(i,A, p; f) andU = [vVA/Y [T — W /+/T. Then, the pdf of
(i) H=|U]is given byfy(h) =2f(h), forh> 0.
(i) W=U2is given byfw (w) = f (/W) %V forw > 0.

Remarkl. The results given in Corollary 3.1 show that the absolutaevalfU has a half-
symmetric distribution and the squareldffollows the generalized chi-square distribution
with one d.f., denoted by & (1; f); see Fang et al. (1990).

LetT ~ GMIG(W A, p; f). Then, the following properties are valid:
(P1) cT ~ GMIG(cl cA, p; ), with ¢ >0,

(P2) 5T ~GMIG(n,n? p; f), wheren = A/,

(P3) L ~ GMIG (%l, 2 [1-p] f),
(P4) W21 ~ GMIG(WA, [1— p]; f),
2 . . .
(P5) Ifp= % then“T has the same distribution @s and

2
(PE)W = % W Gx2(1;1).

Remarl.
(i) Property (P1) proves that GMIG models belong to the fgroflscale distributions.

(i) Property (P3) implies that GMIG models belong to the figrof distributions closed
under reciprocation; see Saunders (1974).

(iii) Property (P4) indicates a reciprocal connection beswT and 1/T. As mentioned,
the r.v.u?/T is known as the complementary reciprocallof

(iv) Property (P6) verifies that GMIG models are also relatedeneralizeg? distribu-
tions; see Fang et al. (1990).
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3.1 Cumulative distribution function

We now present the cdf of the rV.~ GMIG(W, A, p; ) and of some transformations of

Theorem 2. Let T~ GMIG(, A, p; f). Then, the cdf of T is given by

3

Fr(t) = F (ALH) 4 [1-2p) / £(/e-2)du

b(t)

where Hit) is given in Eq. (1.2) and F) denotes the associated symmetric cdf.

Proof. Using the expression of the pdf given in Eq. (2.1), the dedinibf cdf and the
transformatioru = [vA /][t — W]/ v/, we obtain

a(t)

o= [ 101~ 1-2p

—00

du=F (a(t)) - [1—2p]! (a(t)),

__u
U2+4N/p

wherel (a(t)) = /2 [f [ x/\/m} dx. Consideringy = /X2 +4A/l, we have
1(a(t)) = — foty T (v/¥2—4A/1) dy, which proves the theorem. -

Corollary 3.2 LetT ~ GMIG(W,A, p; f). Then, the cdf of
(i) R=1/T is given by
() =1-F(a(3))—[1-2p] / f ( X2 — %) dx,

(i) Y =log(T) is given by

) =F @(expy) +11-2p [ 1(pe—2)ax

b(exp(y))

(iiy U =[VA/W[T —u/VT is given by
+[1-2p| / %) dx,
i
wherea(1/r), a(exp(y)), b(1/r) andb(exp(y)) are analogously defined as in Eq. (1.2)
andf(-) andF (-) denote the pdf and cdf of the associated symmetric distoibut
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3.2 Moments

In the case of GMIG distributions, calculation of momentsasewhat tedious, involving
standard manipulations with finite sums considering cotioinial quantities and recursive
relationships. Based on the moments, the coefficients @tiam (CV), skewness (CS) and
kurtosis (CK) are obtained.

Let T ~ GMIG(W,A, p; f). Then, the following are the first four non-central moments
of GMIG distributions:

(M1) E[T] = p+ pL e,

(M2) E[T?] = 2+ [1+2p] 5 wn+ Pl ez,

(M3) E[T3] = 13+ 3[1+ p] %3 W+ [1+4p]r‘]‘—§wz+ pr‘]‘—iws and

(M4) E[T4) = 1 +2(3+ 2p] ¥ oy + 514 2p] &5 o+ [1+6p] & s+ p 2 e,

wheren = A/pandwy = EW'] < 4o, forr = 1,2,3,4, with W ~ Gx?(1; f). Values of
E[W'], with r = 1,23 4, for the symmetric distributions specified in Example In be

revised in Sanhueza et al. (2008). Thus, supposind®fid] exists, for = 1,2, 3,4, then
the variance, CV, CS and CK af are, respectively, given by

o pAPeR  piPay Mot puwe - pod)

VarT] = n 2 Nz’ vIT] A+ poy] ’

apT] = 2Pt nw—3pferen + plnfwe —36f] tes
 [ner + ple — peg]]?

aulT] — 6p°uion +n[nwe -+ wel + P60 — 4wy — dwnws]

N1+ play — pu?]]?
P23+ w4 — ANenwy] — 3p'e
M+ plae — pa]]?

Remarl3. If T ~ GMIG(W, A, p; f) and f(-) is the pdf of the standard normal distribution,
the mean and variance of GMIG distributions coincide with thsults given in Seshadri
(1993, p. 120).
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4 ESTIMATION, CHECKING AND APPLICATION TO REAL DATA

In this section, for the purposes of illustration, we anely@o data sets, which come from:
(i) behavior sciences and (ii) engineering. The first caselires a new data set that have
not been analyzed before. The associated problems andndtitfréquency in parentheses
and none in parentheses when the frequency is one) are tgegext. Using these data
sets, we first carry out an exploratory data analysis (EDA))taen, by means of goodness-
of-fit and diagnostic tools, we check the fitting of the moddhe data sets. In the analyzes
presented here, all the parameters of GMIG models were &stihiby using ML methods.

4.1 Datasets

Depressive condition data (S1). The scale “general rating of affective symptoms for
preschoolers” (GRASP) measures behavioral and emotioollgms of children, who can
be classified with depressive condition or not accordindite $cale. A study conducted
by the authors in a city located at the south part of Chile Ilasvaed to collect real data
(unpublished) corresponding to the scores of the GRASRe safathildren, which are:
19(16), 20(15), 21(14), 22(9), 23(12), 24(10), 25(6), 368F(8), 28(5), 29(6), 30(4), 31(3), 32(4),
33, 34, 35(4), 36(2), 37(2), 39, 42, 44.

Lifetime data (S2). Chhikara and Folks (1989, p. 139) reported data correspgridi
repair times (in hours) for an airborne communication teanger, which are0.2, 0.3, 0.5(4),
0.6(2), 0.7(3), 0.8(2), 1.0(4), 1.1, 1.3, 1.5(4), 2.0(2p, 2.5, 2.7, 3.0(2), 3.3(2), 4.0(2), 4.5, 4.7, 5.0,
5.4(2),7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5.

4.2 Exploratory data analysis

The data sets (S1 and S2) consist of 134 and 46 units of oltiegrvarespectively, with
values of GRASP scale and repair times varying between 194dmbints, and 0.2 and
24.5 hours, respectively. The sample mode, median and nreari®, 24 and 25 points
for S1, and 1.0, 1.8 and 3.6 hours for S2. The sample standardtobn, CV, CS and CK
are: 5.36 point, 21.47%, 1.11, and 0.89 for S1, and 4.94 hdd&09%, 2.79 and 8.29
for S2. Figure 3 displays histograms of S1 and S2. This EDAyests positively skewed
distributions with high degrees of variability, skewnessl &urtosis. GMIG models seem
to take account quite well of the degrees of skewness anddismresented in S1 and S2.
Another exploratory tool that we consider is the Mahalasalistance (see Cook and
Weisberg (1982)), which is useful for detecting the inflieo€ atypical data on the ML
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estimates. In this case, the Mahalanobis distances batbd erpression given in (P6) are
shown in Figure 4 for the GMIG-normal (left) and GMIiG{right) cases associated with
thex?(1) andF (1,5) distributions, respectively, using the correspondindQ&ircentiles
as benchmark and S1 and S2. From these figures, we note teafidgss pronounced
influence in the case of the GMIt-model than in the GMIG-normal model.
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Figure 4: Mahalanobis distance for S1 (left) and S2 (rightsMIG-normal (dotted line in
bold) and GMIGts (dotted line in gray) models.
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Remarld. In Figure 4, we consider the GMIG-distribution as comparative model related
to the GMIG-normal distribution because several works meoend using = 5; see Lange
etal. (1989). In addition, in the confirmatory analysis far&d S2 that we present in the
next section, effectively results to be equal to 5.
4.3 Estimation
The log-likelihood function based on a random samniple- [Tl,...,Tn]T, whereT; ~
GMIG(A, p; f), for 8=[wA,p]" andi =1,2,...,n, is expressed as
n n n
£(8) 0 S log(\)+ 21 log(f (a(t;)))+ 21 log ([1— b+ ﬁti) . (4.1)
i= i=

The score vector foB is g = [£y,x, £p] = [0¢(8) /0, 0¢(8) /0A, ¢(8) /dp] T , where

A Y ’(a ti)) P ti
. f’ a(t e ti—u
b = 2}\ 2}\ Z f(a (t), and ¢p _i; A plnept (4.3)

The ML estimates of the parametgrs\ andp are solutions of the equatioé\;a: 0, A =0
andép = 0. However, these equations do not provide analytical ®wist Thus, it becomes
necessary to use iterative methods to find the roots.

We propose the GMIG; model to describe S1 and S2 due to their kurtosis levels. Now,
we must discuss how to handle thgoarameter of thé, model. The question is whether
v should be estimated or not. Several authors have treatetbfhic for thet, distribution
and noticed that there are problems of unbounded and locdhman in the likelihood
function whenv is estimated. For this reason, it is better toiand assume that it is a
known value. For more details, see Lange et al. (1989), L d&97) and Barros et al.
(2008). In order to simultaneously estimate\ andp of the GMIG+, distribution, we fix
different values fom and minimize the negative value of the likelihood functiaveg in
Eq. (4.1). This is carry out by the commaachstr Opti n{) available in theR software
(www. R- proj ect. org). This command utilizes an adaptive barrier algorithm Hasethe
Nelder-Mead method that is a type of simplex procedure usetbnlinear optimization
subject to linear inequality constraints. As starting ealdor the iterative method, we
consider the ML estimates @f A and p of the MIG distribution; see Seshadri (1993, p.
145). We chose the value ofthat maximizes the likelihood function fare [2,100,
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which turns to bev = 5 and produces a high level of kurtosis and parameter estinlaat
are qualitatively robust. The ML estimates|gfA andp are: |i= 23.04,\ = 617.33 and
p=0.02 for S1, anqu= 3.46,A = 2.22, andp™= 0.98 for S2.

4.4 Model checking and goodness-of-fit

To check the adequacy of GMIG models, we use the relativegd®(RC), in percentage,
of each parameter estimate given by:gR€ |[8; —8;(,]/6j| x 100%, wherd; ) denotes
the ML estimate oB; after the set | of observations has been removed, 8yita 11, 82 = A
and 63 = p. We evaluate the effect of the potentially influential obagions (see box-
plot in Figure 3). We compute the RC fér= [, A, p] " using the parameter estimates of
the GMIG-normal and GMIGy models. We note that the mixing parameter estimpte, ~
provides the most important changes. However, these ckaargesignificantly reduced
when we replace the MIG model by the GMIGone, which shows that the GMI6-
distribution indeed produces less sensitive parametenatss to atypical data. To check
the goodness-of-fit of the new model to S1 and S2, we produaetigerquantile (QQ) plots
with generated envelopes based on the MIG and GMl@istributions. These graphical
plots are shown in Figures 5 and 6. From both plots, it is bs$d highlight that a heavy-
tailed distribution might be more appropriate than the GMi@mal distribution. The QQ
plot with generated envelope obtained from the GM3@listribution behaves in a better
way; see Fig. 5. This is an indication on the adequacy of the@t model to S1 and S2.

4 6 8 10
1 1 1 1

Empirical quantile with simulated envelope
2
I

Empirical quantile with simulated envelope

0 1 2 3 4 5 6 0 5 10 15

Theoretical x? (1) quantile Theoretical F(1, 5) quantile

Figure 5: QQ plots with envelopes in GMIG-normal (left) anMi&-ts models for S1.
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10 15
1 1

Empirical quantile with simulated envelope
5
I

Empirical quantile with simulated envelope

0 1 2 3 4 5 6 0 5 10 15

Theoretical x? (1) quantile Theoretical F(1, 5) quantile

Figure 6: QQ plots with envelopes in GMIG-normal (left) anM{&-t; models for S2.

5 CONCLUDING REMARKS

In this paper, we have developed a generalization of theuraxtnverse Gaussian distri-
bution utilizing symmetric distributions around zero. Tuee of this general class of sym-
metric models with different degrees of kurtosis for getinggthe new distribution renders
a high flexibility. Moreover, depending on the specific pdftioé symmetric model and
the scale parameter of GMIG distributions, the asymmesy Becomes flexible. We have
obtained the pdf and mode of GMIG model and provided a grabhitalysis for some par-
ticular cases showing how the kurtosis influences their iehawe have also computed
the cdf and moments and outlined some properties and tranafions of this model. This
probability model possesses specific characteristics aitede in other classical models
of this type. For instance, it contains distributions witlbust parameter estimate in the
presence of atypical data, bimodality and the absence ofentsnTwo examples with real
data, one of which is novel, show the adequacy and vergatfithe new model.
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