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ABSTRACT

Rossman, et al. (1998) describe the relationship between Bayesian and classical 
estimation using the continuous uniform distribution. In this paper, we provide the 
comparison of uninformative (Jeffreys and uniform) priors for the parameter of the 
exponential model for time-to-failure data. The Bayesian and classical analysis of the 
model is also presented here. Our comparison is based upon the posterior variance, the 
Bayesian point and interval estimates, the coefficients of skewness of the posterior 
distribution and the posterior predictive distribution. The Bayes estimators under the 
different loss functions are also compared.
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1. INTRODUCTION

Ali et al. (2005) considered Bayes estimators of the parameter of the standard 
exponential distribution. They derived Bayes estimators under a symmetric squared error 
loss function as well as an asymmetric loss function. A symmetric loss function assumes 
that a positive and a negative error are equally bad while in asymmetric loss function, 
positive errors may be more damaging than the negative ones or vice versa. Abu-Taleb 
et al. (2007) considered exponential survival time with the exponential random censor 
time. They derive Bayes estimates assuming the inverted gamma prior along with the 
Bayesian credible intervals. In this paper, we discuss Bayesian and classical analysis of 
the model for the time-to-failure system. We derive the posterior distributions for the 
parameters of the model using the uninformative (Jeffreys and uniform) priors. Bayes 
estimators are obtained under three loss functions including the squared error loss 
function. The detail of the Bayes estimators can be seen in Lee (1989) and Berger (1985). 
Further, we obtain the posterior predictive distributions using the same priors. The 
comparison of uninformative (Jeffreys and uniform) priors with respect to posterior 
variances, Bayesian point and interval estimates, coefficients of skewness of the posterior 
distribution and the posterior predictive distribution is considered. The Bayes estimators 
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under the different loss functions using the both uninformative priors are also obtained 
for comparison.

2. THE POSTERIOR DISTRIBUTIONS OF THE PARAMETER 
USING THE JEFFREYS AND UNIFORM PRIORS

The distribution of the time-to-failure system usually follows the exponential 
distribution. The p.d.f. of the exponential distribution for a random variable X having an 
unknown parameter �Ois:

�� �� xf x e���O� �O 0 , 0x�� �� �f �O �! (2.1)

The likelihood function of the sample observations: 1 2, , , nx x x�� taken from the 

exponential distribution is:
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Use of uninformative priors or reference priors has an extensive literature, [see 
Jeffreys (1946, 1961), Bernardo (1979), Berger (1985) and Clarke and Wasserman 
(1993)]. Berger (1985) argues that Bayesian analysis, using uninformative priors, is the 
single most powerful method of statistical analysis in the sense of being the ad hoc 
method most likely to yield a sensible answer. We use uninformative prior suggested by 
Jeffreys (1961) which is frequently used in situation where one does not have much 
information about the parameters. This defines the density of the parameters proportional 
to the square root of the determinant of the Fisher information matrix. Symbolically, the 
Jeffreys prior distribution is given by

�� �� �� ���^ �`detjp �O �v �, �O , (2.3)

where �� ��1, ,
t

k� �O �O���O is a vector of parameters, ‘det’ denotes the determinant and �� ���, �O

is the �� ��k k�u Fisher’s information matrix as given below:
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where E denotes expectation on data, i and j stand for rows and columns of 

determinant respectively. The prior given by (2.3) is referred to as ‘Jeffreys prior’.

The Jeffreys prior for exponential distribution of parameter �Ois:

�� �� 1Jp �O �v �O, 0 �� �O �� �f (2.5)

The posterior distribution of the parameter �Ofor given data 1 2( , , , )nx x x� ��x using 

the Jeffreys prior (2.5) is:
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which is the density kernel of the Gamma distribution with parameters n and 
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Example 2.1:
Consider the following random sample for the male mice data of days (in hundred) 

until death due to Thymic Lymphoma taken from Kalbfleisch and Prentice (2002): 

1.58, 1.92, 1.93, 1.94, 1.95, 2.02, 2.12, 2.15, 2.29, 2.30, 2.37, 2.40, 2.44, 2.47, 2.59, 
3.00, 3.01, 3.21, 3.37, 4.15, 4.34, 4.44, 4.85, 4.96, 5.29, 5.37, 6.24, 7.07, 8.00.

The sum of all 29n � observations is 99.77 . The posterior distribution of 
parameter �O for given data 1 2 29( , , , )x x x� ��x using equation (2.6) is the Gamma 

distribution with parameters 29�D � and 99.77�E � i.e., �� ��29,  99.77Gamma .

The graph of the posterior distribution of �O using the Jeffreys prior is shown in 
Figure 1.
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The Posterior Dist . of l using Jeffreys Prior

Fig. 1.

The above graph shows that the posterior distribution is slightly positively skewed.

Another uninformative prior is assumed to be an uniform prior. The Rev. Thomas 
Bayes himself in Bayes (1763) put forward an argument in favour of the uniform prior. 
Laplace (1774, 1812) found that for the problems he encountered, it worked 
exceptionally well to simply always choose the prior for �O to be the constant on the 
parameter space. The posterior distribution of parameter �O for given data 
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1 2( , , , )nx x x� ��x using uniform (uninformative) prior distribution: �� �� 1p �O �v ,  

0 �� �O �� �f is:
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which is the density kernel of the Gamma distribution with parameters �� ��1n �� and 
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So the posterior distribution of �Ogiven data is 
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distribution of parameter �Ofor data given in Example 2.1 is �� ��30,  99.77Gamma . 

The graph of this posterior distribution of �O using the uniform prior is shown in 
Figure 2.
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The Posterior Dist . of l using Uniform Prior

Fig. 2.

The above graph reveals that the posterior distribution of �Ousing uniform prior is also 
slightly positively skewed and similar to the graph of the posterior distribution of �Ousing 
the Jeffreys prior.

3. THE POSTERIOR PREDICTIVE DISTRIBUTIONS USING THE 
JEFFREYS AND UNIFORM PRIORS

The posterior predictive distribution for 1nY X ��� using the Jeffreys prior is:
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which is the exponential-gamma distribution: �� ��,Eg �D �E with parameters n�D � and 
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�E � �¦ . Using the data given in Example 2.1, the posterior predictive distribution of 

30Y X� is �� ��29, 99.77Eg . 

The posterior predictive distribution 1nY X ��� using the uniform prior is:
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which is the exponential-gamma distribution �� ��,  Eg �D �E with parameters �� ��1n�D � �� and 

1

n

i
i

x
� 

�E � �¦ . So for the data in Example 2.1, the posterior predictive distribution is 

�� ��30,  99.77Eg . 

4. COMPARISON OF UNINFORMATIVE PRIORS WITH 
RESPECT TO POSTERIOR VARIANCE

The posterior variances of parameter �Oare given in the following Table 1.

Table 1: Posterior Variances of Parameter �O

Parameter
Using Uninformative Priors

Jeffreys Prior (JP) Uniform Prior (UP)
�O 0.0029 0.0030

From the Table 1: 
Var (using JP) �# Var (using UP).

The Jeffreys and the uniform priors are approximately equally efficient.
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5. COMPARISON BASED ON THE BAYESIAN POINT 
AND INTERVAL ESTIMATES

When 1, , nX X�� are independent and identically distributed exponential random 

variables, Kapur and Lamberson (1977) show that 
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The Bayesian point (posterior means and modes) and interval estimates of the 
parameter �Oare presented in the following Table 2. 

Table 2: Bayesian Point and Interval Estimates using Uninformative Priors
Bayesian Estimates using the

Uninformative Prior
95% Credibility

Interval
99% Credibility 

Interval

Mean
Jeffreys Prior 0.2900 (0.1947, 0.4056) (0.1704, 0.4484)
Uniform Prior 0.3000 (0.2029, 0.4174) (0.1781, 0.4608)

Mode
Jeffreys Prior 0.2800
Uniform Prior 0.2900

From Table 2, we conclude that
i) The posterior mean (0.2900) using the Jeffreys prior and the posterior mode 

(0.2900) using the uniform prior are equal to the maximum likelihood estimator 
(0.2900) which is the classical estimate. Similarly, the posterior mode (0.2800) in 
case of the Jeffreys prior gives the uniformly minimum variance unbiased 
estimator (0.2800) which is also a classical estimate. These relationships between 
Bayesian and Classical estimates exist also mathematically.

ii) The lengths of 95% and 99% HDRs for �Ousing the Jeffreys and the uniform
priors are approximately equal.

6. COMPARISON OF PRIORS USING THE COEFFICIENT OF SKEWNESS

This section provides the comparison of priors using the coefficient of Skewness. The 
coefficients of skewness are calculated from the posterior and posterior predictive 
distributions. 

The coefficient of skewness is calculated from the posterior distribution using the 

formula: Coefficient of Skewness 1� �J � 
1

2
�D

and is given in Table 3:
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Table 3: Coefficient of Skewness for Posterior Distribution

Using the
Uninformative Prior

Posterior Parameters Coeff. of Skewness
( ,�D �E) 1�J

Jeffreys Prior (29.00, 99.77) 0.3714
Uniform Prior (30.00, 99.77) 0.3651

From Table 3, it is observed that 1 0�J �! , therefore, the posterior distributions are 

positively skewed. This skewness can also be observed from the Figures 1 and 2.

The coefficient of skewness is calculated from the posterior predictive distribution 

using the formula: Coefficient of Skewness 1� �J � 
�� ���� ��

�� ��

1/2

1/2

2 1 2

3

�D �� �D ��

�D �D ��
, 3�D �! and is 

given in Table 4:

Table 4: Coefficient of Skewness for Posterior Predictive Distribution

Using the
Uninformative Prior

Posterior Parameters Coeff. of Skewness
( ,�D �E) 1�J

Jeffreys Prior (29.00, 99.77) 2.2267

Uniform Prior (30.00, 99.77) 2.2184

As 1 0�J �! , the posterior predictive distributions are positively skewed.

7. COMPARISON OF PRIORS USING BAYES ESTIMATORS 
UNDER LOSS FUNCTIONS

Let ( ,  )L d�O be a loss function and �> �@( ,  )E L d�O is a risk function then the Bayes 

decision is a decision ‘ *d ’ which minimizes risk function and *d is the best decision. If 
the decision is choice of an estimator then the Bayes decision is a Bayes estimator.

Table 5 summarizes the Bayes estimators based on the Jeffreys and uniform priors 
with different loss functions for the data set given in Example 2.1.

Table 5: Bayes Estimator for Different Loss Functions
Loss Function Bayes Estimator using the 

Uninformative
Prior

Bayes Estimator
Classical

Counterpart( ,  )L d�O *d *d

2
1

1 1
d

L
�§ �·

� ���¨ �¸�O�© �¹

2�D ��
�E

Jeffreys Prior 0.2706 minMSE (0.2706)

Uniform Prior 0.2806 UMVUE (0.2806)

�� ��22
2

d
L

�O ��
� 

�O

1�D ��
�E

Jeffreys Prior 0.2806 UMVUE (0.2806)

Uniform Prior 0.2907 MLE (0.2907)

�� ��23 3L d� �O ��
�D
�E

Jeffreys Prior 0.2907 MLE (0.2907)

Uniform Prior 0.3007
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From Table 5, it can be seen that the Bayes estimator for loss function 1L using the 

Jeffreys prior and the uniform prior provides minimum mean square error (min MSE) and 
the uniformly minimum variance unbiased estimator (UMVUE) respectively which are 
the classical estimates. The Bayes estimator for loss function 2L provides the UMVUE 

and the maximum likelihood estimator (MLE) respectively which are the classical 
estimates. Similarly, the Bayes estimator for loss function 3L (squared error loss 

function) using the Jeffreys prior gives the MLE which is also a classical estimate.

8. CONCLUDING REMARKS

The posterior distributions for the parameters of the model using the Jeffreys and the 
uniform priors are derived which are the workbenches for Bayesian analysis. The 
posterior mean using the Jeffreys prior and the posterior mode using the uniform prior 
provide the MLE which is the classical estimate. Similarly, the posterior mode in case of 
the Jeffreys prior gives the UMVUE which is also a classical estimate. The posterior 
variances using the Jeffreys and the uniform priors are approximately equal. In case of 
Bayesian interval estimate, the lengths of 95% and 99% credibility intervals for �Ousing 
the Jeffreys and the uniform priors are also approximately equal. It is observed that the 
coefficients of skewness of the posterior distribution and the coefficients of skewness of 
the posterior predictive distribution are positive ( 1 0�J �! ), therefore, both the distributions 

based on the Jeffreys and the uniform priors are positively skewed. The Bayes estimator 
for loss function 1L using the Jeffreys prior and the uniform prior gives the minMSE and 

the UMVUE respectively which are the classical estimates. The Bayes estimator for loss 
function 2L using the Jeffreys prior and the uniform prior provides the UMVUE and the 

MLE respectively which are also the classical estimates. Similarly, the Bayes estimator 
for loss function 3L using the Jeffreys prior provides the MLE. So either of the prior 

(Jeffreys or uniform) can be used as a uninformative prior for the parameter of the 
exponential model for time-to-failure data.
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