Pak. J. Statist.
2010 Vol. 26(2), 365-378

CUMULATIVE SUM STATISTICAL CONTROL CHARTS
USING RANKED SET SAMPLING DATA

Walid S. Al-Sabah
Department of Mathematics and Statistics
King Fahd University of Petroleum & Minerals
Dhahran 31261, Saudi Arabia
Email: walid@kfupm.edu.sa

ABSTRACT

Different cumulative sum (CUSUM) control charts for the sample mean based on
ranked set sampling (RSS) data and median ranked set sampling (MRSS) data are
developed and compared to the usual CUSUM based on simple random sampling (SRS)
data using computer simulation. All the charts based on ranked set sampling data are
shown to have smaller average run length (ARL) than the classical CUSUM charts based
on SRS if the process starts to get out of control, and have approximately the same ARL
if the process is in control. Real data using the RSS and MRSS are used to illustrate the
new developed methods and construct the corresponding control charts. These charts are
compared to usual SRS chart, it turns out that the newly developed charts are more
efficient i.e. having smaller ARL In this study we are assuming the underling distribution
is normal.

KEYWORDS

Average run length; median ranked set sampling; ranked set sampling and simple
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1. INTRODUCTION

Mclntyre (1952) was first to suggest using ranked set sampling (RSS) to estimate the
population mean instead of the usual simple random sampling (SRS). Takahasi and
Wakimoto (1968) supplied the necessary mathematical theory. Dell and Clutter (1972)
studied the case in which the ranking may not be perfect i.e. there are errors in ranking
the unit with respect to the variable of interest.

The Shewhart control charts (see for example Montgomery, (2005)) use only the
information about the last point in the process. The cumulative-sum (CUSUM) control
charts were proposed to overcome this problem (see for example Hawkins and Olwell
(1998)).

Muttlak and Al-Sabah (2003) developed different quality control charts using the RSS
and some of its modifications and compared them to the usual control charts based on
simple random sampling (SRS) data.
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366 Cumulative sum statistical control charts using ranked set sampling data

This study is concerned with the idea of developing CUSUM control charts using
ranked set sampling (RSS) and median ranked set sampling (MRSS). These newly
developed control charts are compared using computer simulation to the usual CUSUM
control charts based on the simple random sampling (SRS) method and shown to be more
efficient. Real data sets are collected and used to illustrate the computations of the newly
developed control charts.

2. DEFINITIONS AND SOME USEFUL RESULTS
Let X,

in | denote the i th order statistic from the i th sample of size n in the

j th cycle. Then the unbiased estimator of the population mean, see Takahasi and
Wakimoto (1968) using RSS data based on the j th cycle is defined as

n
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The variance of irssj is given by
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Assume that (X, Y) has a bivariate normal distribution and the regression of X on Y is
linear. Then following Stokes (1977) we can write

X PR u% v Rt 2.3)
Y

where Y and FHare independent and +fhas mean 0 and variance \/i 1 U, Uis the

correlation between X and Yand R, F§,, \,, V|, are the means and standard deviations
of the variables X and Y.

y

Let Y, i and X, ]. be the i th smallest value of Y and the corresponding value

of X obtained from the i th setinthe j th cycle respectively. We can write the above
equation

uy - -
Xmg B~ Yy B Hhi=l2oonjsl2.n (2.4)

y
The unbiased estimator of the mean of the variable of interest X with ranking based
on the concomitant variable Y, i.e. using imperfect ranked set sampling IRSS method (see
Stokes (1977)), can be written for the j th cycle as
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The variance of Xirss j is given by
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Let X, i denotes the i th median of the i th set of size nin the | th cycle

if the set size is odd. Also denote the (n/2)-th order statistic of the i th set of size
n@i=12, .., L=n72) and the (n+2)/2)-th order statistic of the i th set of size
n (i = L+1, L+2, ..., n) if the set size is even. The estimator of the population mean (see
Muttlak (1997)) using MRSS data in the j th cycle can then be written as

1 n
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The variance of Xmrssj is given by
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var erssj — : \; . (28)
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3. CUMULATIVE SUM (CUSUM) STATISTICAL CONTROL CARTS

3.1 Cumulative sum (CUSUM) control chart using SRS
Let X; fori=1,2,...,nandj=1,2, .. rdenote the i th unitinthe j th simple

random sample of size nand X; N R ¥ . The sample mean of the j th sample is

= N . .
Xsrsj — | Xij . If the population mean [ is known to be R, the CUSUM control chart
ni
for the population mean R, _is given by

Csrsj max i'),isrsj R) k Csrsj 1 g (3'1)
) Xars °
Csrsj max 5 F()) k XSI’3J Csrsj 1y (3-2)

where the starting values are Cyy, Cgq 0.
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In (3.1) and (3.2) k is called the reference value and usually chosen about half way
between the target value R, and the out of control value p,. If the VKLIW / LV H[SUHVVHG LQ
standard deviation units as G \/ﬁ | R 5’| / V, then K is one half of the shift or

G LG
e e

Note that if’ Cgg; or Cg; exceed the decision interval h, the process is considered to

be out of control. The selection of k and h is every important, as it has great effect on
performance of the CUSUM, for more details see Hawkins and Olwell (1998).

We have given the development of the CUSUM for the case of group of size n
observations, it is easy to consider the case of an individual observation (n = 1), by

replacing Xsrsj by Xg and Vy/n by Vin(3.1-3.3).

3.2 Cumulative sum (CUSUM) control chart using RSS
Let Xj fori=1,2,..,nandj=1,2, .., rdenote the i th unitinthe j th simple

random sample of size nand X; N B ¥ . Let X in j denote the i th order statistic

from the i th sample of size nin the j th cycle. The RSS mean irssj of the j th

cycle will be used to construct the CUSUM for the RSS data if the ranking is perfect. i.e.
without errors in ranking. Assuming that the population mean U is known to be R, the

CUSUM control chart for the population mean R, using RSS data is proposed to be

Cosj max D.Xissi R k Cugg 3 (3.4)

rssj
Cosj max D, B K Xrss Cug 3 (3.5)

where the starting values are Cy Coy 0.

In (3.4) and (3.5) k is called the reference value and usually chosen about half way
between the target value R and the out of control value py; ,I WKH VKLIW / LV H[SUHVVHG L

R El , then K is one half of the shift or

standard deviation units as G 1‘;/ _
rssj

G IR B
k 5 V)—(rssj 5 (3.6)
n
where V)?rssj L | \/2i:n
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Note that if Cigg or Cgg; exceed the decision interval h, the process is considered to

be out of control. The selection of k and h is every important, as it has great effect on
performance of the CUSUM, see Hawkins and Olwell (1998) for more details.

Ranking the variable of interest without errors in ranking the units is called perfect
ranking. But if the units cannot be ranked perfectly or the ranking is done on a
concomitant variable we call that imperfect ranking, see previous section. Since the
perfect ranking and SRS are special cases of the imperfect ranking with U 1 and U 0

respectively, we will consider the case of imperfect ranked set sampling (IRSS) with
different values of L. Following the same procedure that we used in the previous section,

we only need (2.6) to construct our CUSUM chart, which can be written as

_ a n 0
var Xirssj i ((1 L} E : \Ii in O (37)
n [ nii ’ 1)

where \42( is the variance of the variable of interest X and \/i( i 18 the variance of the
i th order statistic in a sample of size n from the standard normal distribution.

The CUSUM control chart given in (3.4) and (3.5) is based on the perfect RSS, we
need to modify it to the case of imperfect ranking by substituting for the variance of

Xirssj given in (3.7) to get

P
e, 17 # (3.8)

Z 1

a n o
where \& . \/& «l lj E : \} in »
n i ' »

We use the average run length (ARL) to compare the RSS CUSUM control charts to
the usual CUSUM control charts based on SRS data. The ARL assumes that the process
is in control with mean R and standard deviation j, and at some point in time the

process may start to get out of control i.e. the mean is shifted from R to
R Q)V\/ﬁ F. We are assuming that the process is following the normal distribution
with mean B and variance \} if the process is in control, and the shift on the process

meanis G \/ﬁ| P El/ \, .If G 0 the process is in control and in this case if the point
is outside the control limits it is a false alarm.

3.3 Cumulative sum (CUSUM) control chart using MRSS
Let X, i denote the i th median of the i th set of size nin the j th cycle if

the set size is odd or even. The MRSS mean imrssj of the j th cycle defined in the
previous will be used to construct the CUSUM for the MRSS data if the ranking is



370 Cumulative sum statistical control charts using ranked set sampling data

perfect. With the assumption that the population mean [ is known to be R, the CUSUM
control chart for the population mean [, using MRSS data is proposed to be

Cmrs'sj max @,erssj R k Cmrssj 1 z (3.9
Cmrssj max 1)9 PO k i”"5'51' Cmrssj 1 g (3.10)

where the starting values are C,sy Cprysg 0

The value of k will be chosen in the same way that we used in previous section to be

G L
k — —_— 3.11
2 \§mrrsj 2 ( )
\ L1y V X o
where mrssj nz i I1 i'm and im E & im E X i'm ¥,

If Crypssj OF Crggjexceed the decision interval h, the process is considered to be out of

control.

As the case for RSS we will consider the case of imperfect median ranked set
sampling (IMRSS) with different values of !. Equation (3.7) can be written as

_ \é a la n o
var Ximrssj — « l.a - : \}z im > (3'12)
n « nii Ty

where \/i is the variance of the variable of interest X and \/i( im 18 the variance of the
i th median in a sample of size n from the standard normal distribution.

The CUSUM control chart given in (3.9) and (3.10) can be modified for the case of
imperfect ranking by substituting for the variance of Ximrssj given in (3.12) to get

G LN
k — _— 3.13
2 \éimrssj 2 ( )
V@ g n °
where \/)z = «l lj e : \}Z(i:m) ».
imrss n « nii »

4. COMPUTER SIMULATION

We used computer simulation to compare the CUSUM using the usual simple random
sampling (SRS) data to the newly developed CUSUM control charts using RSS and
MRSS data. In these comparisons we will use the average run length to compare the
newly developed CUSUM with the usual CUSUM using SRS data.
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4.1 Computer simulation for CUSUM using RSS

To be able to compare the values of the average run length (ARL) using RSS with
existing ARL using SRS, we used in our simulation the same values of G k and h that
were used by Hawkins and Olwell (1998), we simulate 400,000 replications. We
calculate the values of the limits in (12) and (13) using the results of the order statistics
for the standard normal distribution, see for example Harter and Balakrishnan (1996).

The computer simulations are run for k = 0.00 and 0.5; h = 1.00, 1.25, 1.50, 1.75,
! n DQG IRU /
0.50, 0.75, 1.00, 1.50, 3.00. We only reported in this paper the case of n = 3 simply
because increasing the set size will not decrease the ARL. Results are shown in Tables 1
and 2. Note that when ! WKH FRUUHVSRQGLQJ YDOXHV RI $5/ DUH HTXDO
the usual ARL using simple random sampling data.

Considering the results in Tables 1 and 2 the following conclusions can be made:

1. If the process is in control i.e. G= 0, RSS and SRS have approximately the same
ARL. But if the process starts to get out of control i.e. G> 0, RSS reduces the
ARL substantially, for example if G=0.5, k=0.5,h=1.5and U 1 the ARL is
only 5.2 as compared to 7.1 for the SRS.

2. Errors in ranking i.e. imperfect ranking will decrease the efficiency and the ARL
will be larger. This increasing in ARL will depend on the correlation between the
variable of interest and the concomitant variable that we use to estimate the rank
of the variable of interest.

3. If the value of K increases, the reduction in the ARL values using RSS will be
larger than SRS. For example if U 1, k =0.0, G= 0.5, and h = 1.5 the ARL is
2.89 for RSS as compared to 3.50 for SRS i.e. with 18% reduction in the ARL.
But if k= 0.5 and everything else is the same the ARL is 5.2 for RSS as compared
to 7.10 for SRS, i.e. with 37% reduction in the ARL.

4. If the h values increase, the reduction in the ARL values using RSS will be
substantial. For example if U 1,k=0.5, G=0.5, and h= 1 the ARL is 3.69 for
RSS as compared to 4.74 for SRS i.e. with 28% reduction in the ARL. Butif h=3
and everything else remain the same the ARL is 10.89 for RSS as compare to
17.30 for SRS, i.e. with 59% reduction in the ARL.

4.2 Computer simulation for CUSUM using MRSS
We use the average run length (ARL) to compare the MRSS CUSUM control charts
to the CUSUM control charts based on RSS and SRS data. The ARL assumes that the

process is in control with mean |, and standard deviation | and at some point in time
the process may start to get out of control. We are assuming that the process is following
the normal distribution with mean |, and variance \Z) if the process is in control, and the

shift on the process meanis G \/ﬁ ’ P 5’| / A"

Simulation was used to compare the values of ARL using MRSS with the ARL using
RSS and SRS. We calculate the values of the limits in (3.9) and (3.11) using the results of
the order statistics for the standard normal distribution, see for example Harter and
Balakrishnan (1998).
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The computer simulations are run for the same values of /, k, h, Un and number of
replications used in the previous section. Once again we are only reporting the cases of
k = 0.0 and k = 0.5 with n = 3. Results are shown in Tables 3 and 4. Considering the
results in Tables 3 and 4 the following conclusions can be made:

1. If the process in control i.e. G= 0, MRSS, RSS and SRS have approximately the

same ARL. But if the process starts to get out of control i.e. G> 0, MRSS is
reduces the ARL substantially, for example if G=0.5, k=05, h=15and U 1

the ARL is 4.81 as compared to 5.2 and 7.1 for RSS and SRS respectively.

2. Asin the case of RSS the errors in ranking i.e. imperfect ranking will decrease the
efficiency and the ARL will be larger for using MRSS. This increase in ARL will
depend on the correlation between the variable of interest and the concomitant
variable that we use to estimate the rank of the variable of interest.

3. If the value of Kk increases, the reduction in the ARL values using MRSS will be
larger than RSS. For example if U 1,k=0.0, G=0.5, and h= 1.5 the ARL is for

MRSS 2.74 as compared to 3.5 for SRS i.e. with 28% reduction in the ARL. But if
k= 0.5 and every thing else is the same the ARL is 4.81 for MRSS as compared to
7.07 for SRS, i.e. with 47% reduction in the ARL.

4. If the h values increase, the reduction in the ARL values using MRSS will be
larger than RSS. For example if U 1,k=0.5, G=0.5, and h=1 the ARL is 3.45

for MRSS as compared to 4.74 for SRS i.e. with 37% reduction in the ARL. But if
h = 3 and every thing else remain the same the ARL is 9.74 for MRSS as
compared to 17.31 for SRS, i.e. with 78% reduction in the ARL.

5. EXAMPLE

In this example we use the sets of data from Muttlak and Al-Sabah (2003) collected
from a “soft drink bottle-filling production line of the Pepsi Cola production company in
Al-Khobar, Saudi Arabia. The data were collected by measuring the unfilled part of the
bottle using RSS and MRSS sampling techniques with perfect ranking for sample sizes
n=3. There are 55 random samples of set size N =3 where collected using RSS and MRSS.

To construct CUSUM control charts for the RSS and MRSS data collected in this
study, we first check the normality assumption for the population of interest using the
data collected in this study it seem that this assumption is reasonable. As for the values of
mean and standard deviation for each chart, we used the number or replications (cycle)
which are 55 cycles (samples) of size 3 each to come up with the over all means and the
standard deviations for RSS and MRSS data.

To compare our newly suggested CUSUM control charts to the classic charts based
on SRS, we used a data set collected using SRS from 55 samples of size n = 3 each, the
control chart is shown in Figure 1. As for the RSS and MRSS methods we replicated the
cycle 55 times, the set (sample) size n = 3 for each cycle, Figures 2 and 3 represent
control charts for RSS and MRSS respectively.

6. CONCLUSIONS AND RECOMMENDATIONS

Ranked set sampling has been demonstrated to be an efficient sampling method. The
RSS method proved to be more efficient when units are difficult and costly to measure,
but are easy and cheap to rank with respect to a variable of interest without actual



Walid S. Al-Sabah 373

measurement. In this study we used the RSS and MRSS to develop several CUSUM
quality control charts for the variables of interest using the sample mean. These charts are
compared with the classical control charts using simple random sampling data. It is clear
that all the newly developed charts are more efficient than the classical control chart, but
some of them are better than others. The following are some specific conclusions.

1. All newly developed control charts dominate the classical charts. If the process
starts to get out of control most of these new charts reduced the average run
length (ARL) substantially.

2. Errors in ranking will reduce the ARL for all the cases considered. The amount
of reduction in the ARL will depend on the amount of errors committed in
ranking the units of the variable of interest. For example if we are using a
concomitant variable to rank our variable, then the ARL will depend on the
correlation between the two variables.

3. To over-come the problem of errors in ranking and/or to increase the
efficiency of estimating the population mean, we suggest using MRSS instead
of RSS. We can see that both methods will reduce the errors in ranking and are
easy to be used in real life. The MRSS dominates all other methods in terms of
reducing the ARL if the process starts to get out of control.

Finally we recommend using MRSS with odd sample size to build the CUSUM
quality control charts. Since they reduce the ARL compared to RSS and SRS method,
and they are easily implemented in the field of study, i.e. we can find the smallest and
the largest in a set of five units much easier than rank all five units in the set.
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Table 1:
The ARL values whenn = 3 & k = 0 with different values for ! 5& h
using RSS CUSUM
5

! 0.00 | 0.125]0.250| 0.375| 0.50 | 0.75 | 1.00 | 1.50 | 3.00

1.00 | 475 | 400 | 343 | 298 | 2.64 | 2.12 | 1.78 | 1.38 | 1.02
1.25 | 5.83 | 485 | 406 | 3.51 | 3.05 | 2.42 | 2.00 | 1.51 | 1.04
0.00 | 1.50 | 7.09 | 573 | 476 | 4.06 | 3.50 | 2.73 | 2.24 | 1.65 | 1.07
1.75 | 848 | 6.78 | 553 | 465 | 398 | 3.05 | 248 | 1.82 | 1.11
3.00 | 17.34| 12.64| 9.66 | 7.77 | 6.40 | 4.72 | 3.74 | 2.68 | 1.52
1.00 | 4.74 | 400 | 344 | 296 | 2.61 | 2.10 | 1.76 | 1.36 | 1.02
1.25 | 585 | 482 | 406 | 3.47 | 3.02 | 239 | 1.97 | 1.49 | 1.04
025 | 1.50 | 7.08 | 573 | 475 | 4.03 | 3.48 | 2.71 | 2.22 | 1.63 | 1.06
1.75 | 848 | 6.74 | 549 | 461 | 393 | 3.03 | 246 | 1.80 | 1.10
3.00 | 17.38| 12.61 | 9.58 | 7.69 | 6.35 | 4.67 | 3.71 | 2.65 | 1.49
1.00 | 4.76 | 397 | 337 | 290 | 257 | 2.05 | 1.71 | 1.33 | 1.01
1.25 | 585 | 476 | 400 | 339 | 296 | 232 | 1.92 | 1.44 | 1.03
0.50 | 1.50 | 7.07 | 5.69 | 4.68 | 3.93 | 338 | 2.62 | 2.14 | 1.58 | 1.04
1.75 | 849 | 6.66 | 540 | 448 | 3.82 | 292 | 237 | 1.73 | 1.07
3.00 | 17.36| 12.35| 9.41 | 7.42 | 6.13 | 451 | 3.55 | 2.55 | 1.43
1.00 | 475 | 392 | 327 | 280 | 2.44 | 1.93 | 1.61 | 1.26 | 1.01
1.25 | 5.84 | 469 | 3.87 | 326 | 2.81 | 2.17 | 1.79 | 1.36 | 1.01
075 | 1.50 | 7.11 | 555 | 452 | 3.75 | 3.19 | 245 | 1.99 | 148 | 1.02
1.75 | 849 | 6.51 | 5.19 | 427 | 3.62 | 2773 | 221 | 1.61 | 1.04
3.00 | 17.36| 12.04| 892 | 7.00 | 5.72 | 4.18 | 3.30 | 2.36 | 1.31
1.00 | 4.76 | 3.82 | 3.17 | 2.68 | 233 | 1.83 | 1.52 | 1.20 | 1.00
1.25 | 5.84 | 461 | 3.75 | 3.12 | 2.66 | 2.07 | 1.69 | 1.28 | 1.00
090 | 1.50 | 7.09 | 546 | 436 | 3.58 | 3.03 | 2.30 | 1.86 | 1.38 | 1.01
1.75 | 8.50 | 6.40 | 5.02 | 4.08 | 3.40 | 2.57 | 2.07 | 1.50 | 1.02
3.00 | 17.36 | 11.66| 851 | 6.60 | 535 | 3.89 | 3.06 | 2.19 | 1.20
1.00 | 4.76 | 3.78 | 3.08 | 259 | 222 | 1.74 | 1.45 | 1.15 | 1.00
1.25 | 5.85 | 453 | 3.63 | 3.00 | 254 | 1.95 | 1.59 | 1.22 | 1.00
1.00 | 1.50 | 7.10 | 535 | 4.19 | 3.44 | 2.89 | 2.18 | 1.76 | 1.31 | 1.00
1.75 | 8.50 | 6.23 | 4.82 | 3.88 | 3.23 | 241 | 1.94 | 1.41 | 1.01
3.00 | 17.36| 11.38 | 8.16 | 6.24 | 5.04 | 3.62 | 2.86 | 2.06 | 1.12
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Table 2:
The ARL values whenn = 3 & k = 0.5 with different values for ! 5& h
using RSS CUSUM

375

! 5 0.00 |0.125| 0.25 | 0.375| 0.50 | 0.75 | 1.00 | 1.50 | 3.00
1.00 | 11.19 | 880 | 7.01 | 5.74 | 474 | 3.43|2.65| 1.78 | 1.07
1.25 | 1541 | 11.63 | 9.08 | 7.19 | 5.84 | 4.09|3.06 |2.00 | 1.11
0.00| 1.50 | 21.04 | 1539 | 11.57 | 892 | 7.10 | 4.77 | 3.50 | 2.24 | 1.16
1.75 | 28.56 | 20.07 | 14.63 | 10.93 | 8.49 | 5.53|3.97 | 2.48 | 1.24
3.00 | 117.89 | 65.92 | 39.36 | 25.29 | 17.30 | 9.67 | 6.41 | 3.75 | 1.78
1.00 | 11.23 | 8.84 | 7.04 | 5.68 | 4.69 | 3.38|2.60 | 1.75| 1.06
1.25 | 1539 | 11.63 | 9.06 | 7.09 | 5.79 | 4.01|3.01|1.97 | 1.10
0.25| 1.50 | 21.07 | 1535|11.49 | 883 | 6.99 | 4.70 | 3.44 | 2.20 | 1.16
1.75 | 28.56 | 1991 | 1443 | 10.84 | 837 | 545|3.90|2.44 | 1.22
3.00 | 117.47 | 65.30 | 38.86 | 24.78 | 16.96 | 9.47 | 6.28 | 3.67 | 1.75
1.00 | 11.25 | 8.67 | 6.83 | 5.50 | 454 | 3.25|2.48| 1.68 | 1.05
1.25 | 1544 | 11.55| 8.79 | 6.89 | 556 | 3.83|2.86| 1.87 | 1.07
0.50| 1.50 | 21.07 | 15.17 | 11.16 | 8.55 | 6.68 | 4.47 | 3.26 | 2.09 | 1.12
1.75 | 28.68 | 19.65 | 14.01 | 10.43 | 7.97 | 5.15|3.69 | 2.32 | 1.18
3.00 | 117.44 | 63.66 | 37.18 | 23.41 | 15.84 | 8.82 | 5.87 | 3.47 | 1.66
1.00 | 11.22 | 850 | 6.58 | 5.20 | 4.22 | 298| 2.26 | 1.54 | 1.02
1.25 | 1542 | 11.19| 841 | 6.45 | 5.11 | 3.49|2.59 | 1.71 | 1.04
0.75| 1.50 | 21.07 | 14.67 | 10.56 | 7.87 | 6.14 | 4.04 | 2.95| 1.89 | 1.07
1.75 | 28.62 | 19.01 | 13.15| 9.60 | 7.26 | 4.61 | 3.32|2.09 | 1.10
3.00 | 117.34 | 60.11 | 33.71 | 20.74 | 13.88 | 7.71 | 5.17 | 3.10 | 1.51
1.00 | 11.21 | 824 | 6.30 | 4.89 | 3.93 | 2.75|2.07 | 1.42 | 1.01
1.25 | 1543 | 1093 | 7.97 | 6.03 | 4.75 | 3.19|2.37 | 1.57 | 1.02
0.90| 1.50 | 21.09 | 14.25| 10.06 | 7.37 | 5.63 | 3.68 | 2.67 | 1.73 | 1.03
1.75 | 28.69 | 18.40 | 12.41 | 8.87 | 6.61 | 4.19|2.98 | 191 | 1.06
3.00 | 117.31 | 56.58 | 30.74 | 18.43 | 12.26 | 6.81 | 4.60 | 2.80 | 1.38
1.00 | 11.24 | 8.08 | 6.03 | 4.63 | 3.69 | 2.54| 1.92 | 1.33 | 1.00
1.25 | 1545 | 10.67 | 7.62 | 5.68 | 4.41 | 2.94|2.17 | 1.46 | 1.01
1.00| 1.50 | 21.12 | 13.77| 9.51 | 6.90 | 5.20 | 3.36 | 2.44 | 1.60 | 1.02
1.75 | 28.66 | 17.73 | 11.69 | 8.18 | 6.06 | 3.80|2.73 | 1.75| 1.03
3.00 | 116.93 | 53.80 | 27.88 | 16.52 | 10.89 | 6.08 | 4.16 | 2.57 | 1.26
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Table 3:
The ARL values whenn = 3 & k = 0.0 with different values for ! 5& h
using MRSS CUSUM
5

! 0.00 |0.125| 0.25 [0.375| 0.50 |0.75|1.00 | 1.50 | 3.00

1.00 | 475 | 4.01 | 3.43 | 298 | 2.63 |2.12 | 1.77 | 1.38 | 1.02
1.25 | 583 | 483 | 407 | 3.51 | 3.05 |2.42|2.00 |1.51 |1.04
0.00| 1.50 | 7.11 | 578 | 4.79 | 4.07 | 3.51 |2.73 |2.24|1.65|1.07
1.75 | 847 | 6.78 | 553 | 4.66 | 3.98 |3.06 |2.48 |1.82|1.11
3.00 | 17.38 | 12.70 | 9.67 | 7.75 | 6.38 |4.73 |3.74 |2.67 | 1.52
1.00 | 474 | 4.01 | 3.40 | 296 | 2.60 |2.10 | 1.76 | 1.36 | 1.02
1.25 | 582 | 483 | 403 | 3.47 | 3.03 |2.39|198 |1.49 |1.04
025| 1.50 | 7.08 | 5.71 | 4.77 | 401 | 3.46 |2.70 |2.21 | 1.64 | 1.06
1.75 | 847 | 6.74 | 550 | 459 | 3.93 |3.02 245 |1.79 | 1.10
3.00 | 17.34 | 12.57 | 9.62 | 7.69 | 6.33 |4.66 |3.69 | 2.64 | 1.49
1.00 | 475 | 395 | 335 | 290 | 2.53 |2.04|1.70 | 1.31 | 1.01
1.25 | 584 | 4.78 | 3.97 | 3.38 | 2.94 | 230|190 |1.43|1.02
0.50| 1.50 | 7.07 | 5.67 | 4.66 | 391 | 336 |2.59 |2.11 |1.57|1.04
1.75 | 847 | 6.65 | 539 | 447 | 3.80 | 291|235 |1.71 | 1.07
3.00 | 17.34 | 1234 | 934 | 7.38 | 6.06 |4.45|3.53|2.52|1.42
1.00 | 4.75 | 3.88 | 3.24 | 2.77 | 2.39 | 1.90 | 1.58 | 1.24 | 1.00
1.25 | 584 | 4.67 | 3.83 | 321 | 2.76 |2.14|1.75 | 1.33 | 1.01
0.75| 1.50 | 7.10 | 4.67 | 3.83 | 3.21 | 2.76 |2.14 | 1.75 | 1.33 | 1.01
1.75 | 849 | 647 | 513 | 421 | 3.55 |2.68 |2.16 | 1.58 | 1.03
3.00 | 17.35 | 11.92 | 879 | 6.88 | 5.60 |4.07 |3.22|2.30 | 1.27
1.00 | 476 | 3.79 | 3.11 | 2.61 | 2.26 | 1.77 | 1.48 | 1.17 | 1.00
1.25 | 584 | 4.57 | 3.67 | 3.05 | 2.58 | 1.99 | 1.63 | 1.24 | 1.00
090 1.50 | 7.07 | 5.41 | 427 | 3.50 | 2.94 |2.22 |1.80|1.34|1.01
1.75 | 848 | 6.29 | 490 | 3.96 | 3.31 |2.47|198 |1.45]1.01
3.00 | 17.39 |11.46 | 827 | 6.36 | 5.14 |3.73 1293 |2.11 | 1.15
1.00 | 475 | 3.70 | 299 | 2.48 | 2.13 |1.66 | 1.38 | 1.11 | 1.00
1.25 | 584 | 442 | 351 | 2.88 | 2.41 | 1.85|1.51 | 1.17 | 1.00
1.00| 1.50 | 7.10 | 526 | 4.06 | 3.28 | 2.74 |2.06 | 1.66 | 1.25 | 1.00
1.75 | 847 | 6.09 | 465 | 3.71 | 3.07 |2.28 |1.82 | 1.34 | 1.00
3.00 | 17.35 | 11.02 | 7.77 | 591 | 476 |3.42]2.69|1.93 | 1.07
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Table 4:
The ARL values whenn = 3 & k = 0.5 with different values for ! 5& h
Using MRSS CUSUM
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! 5 0.00 |0.125| 0.25 [0.375| 0.50 |0.75|1.00 | 1.50 | 3.00
1.00 | 11.20 | 8.78 | 7.02 | 5.71 | 4.74 |3.44 |2.63 | 1.78 | 1.07
1.25 | 1541 |11.74 | 9.09 | 7.17 | 5.85 |4.08 |3.05 |2.00 | 1.11
0.00| 1.50 | 21.10 | 15.39 | 11.59 | 897 | 7.07 |4.77 |3.50 | 2.23 | 1.16
1.75 | 28.55 | 19.99 | 14.58 | 10.92 | 8.48 |5.53|3.97 248 |1.24
3.00 | 117.81 | 65.74 | 39.46 | 2535 | 17.31 | 9.68 | 6.41 | 3.75 | 1.77
1.00 | 11.23 | 8.85 | 6.97 | 5.69 | 4.68 |3.37|2.58 | 1.75 | 1.06
1.25 | 1541 | 11.66 | 898 | 7.13 | 5.78 |4.00 |2.99 | 1.96 | 1.10
025| 1.50 | 21.08 | 1530 |11.46 | 8.83 | 6.96 |4.68 |3.44 |2.20 | 1.15
1.75 | 28.61 |20.02 | 14.42 | 10.85 | 8.33 |5.44 |3.88 |2.44 | 1.22
3.00 | 117.47 | 65.26 | 38.80 | 24.73 | 16.94 | 9.46 | 6.25 | 3.67 | 1.74
1.00 | 11.24 | 8.69 | 6.82 | 548 | 4.50 |3.21|2.45|1.66 |1.04
1.25 | 1542 | 11.51 | 873 | 6.83 | 5.51 |3.79|2.81 | 1.85 | 1.07
0.50| 1.50 | 21.08 |15.01 | 11.10 | 8.45 | 6.62 |4.41 |3.23 |2.07 | 1.11
1.75 | 28.62 |19.63 | 13.95 | 10.30 | 7.90 |5.10 |3.64 |2.29 | 1.17
3.00 | 117.47 | 63.36 | 36.66 | 23.02 | 15.60 | 8.67 | 5.79 | 3.42 | 1.65
1.00 | 11.22 | 8.36 | 6.50 | 5.09 | 4.12 |2.90 | 2.20 | 1.50 | 1.02
1.25 | 1541 |11.07 | 825 | 6.32 | 499 |3.38|2.51 |1.66 |1.03
0.75| 1.50 | 21.05 |14.59|10.40 | 7.73 | 598 |3.93 |2.85|1.83 | 1.05
1.75 | 28.61 | 18.83 [ 12.94 | 935 | 7.04 |4.48 |3.20 |2.03 | 1.09
3.00 | 117.44 | 58.92 | 32.72 | 19.90 | 13.35 | 7.40 | 4.97 | 3.01 | 1.47
1.00 | 11.21 | 8.12 | 6.09 | 471 | 3.77 |2.62 | 198 | 1.37 | 1.01
1.25 | 15.41 | 10.66 | 7.74 | 5.82 | 4.53 |3.03 |2.24 | 1.50 | 1.01
090 | 1.50 | 21.06 |14.03 | 9.70 | 7.05 | 5.35 |3.47 |2.52 | 1.64 | 1.02
1.75 | 28.64 | 17.98 | 11.96 | 839 | 6.21 |3.95|2.82 | 1.80 | 1.04
3.00 | 117.59 | 54.76 | 28.83 | 17.13 | 11.33 | 6.33 | 4.31 | 2.65 | 1.30
1.00 | 11.22 | 7.86 | 5.77 | 436 | 3.45 |2.37|1.79 | 1.26 | 1.00
1.25 | 15.43 | 1030 | 7.22 | 533 | 4.09 |2.72|2.01 | 1.36 | 1.00
1.00| 1.50 | 21.07 |13.41| 9.00 | 6.40 | 4.81 |3.08 |2.25|1.48|1.01
1.75 | 28.62 | 17.15 | 11.00 | 7.60 | 5.56 |3.49|2.50 |1.62|1.01
3.00 | 117.30 | 50.67 | 25.48 | 14.89 | 9.74 |5.48 |3.77 | 2.37 | 1.16
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Figure 1: CUSUM Control Chart using SRS withn = 3.
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Figure 2. CUSUM Control Chart using RSS withn = 3.
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Figure 3: CUSUM Control Chart using MRSS withn = 3.



