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ABSTRACT

Predictive maintenance is based on observing an indicator of the state of a system, at 
different intervals of time which gives the decision maker some information about the 
exact state. The problem is to obtain an optimal replacement policy minimizing the long 
run expected cost per unit of time and to formulate it as a partially observable Markov 
decision process.
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1. INTRODUCTION

At the heart of decision – theoretical planning is a model called Markov Decision 
Process (MDP) (Bellman, 1957; Puterman, 1990; White, 1991). A MDP model extends 
the classic planning framework in several aspects. First, it allows effects of actions to be 
nondeterministic. More specifically, given the current world state, if the agent executes 
an action, the next time is not unique. Instead, it can be any of several possible states with 
some probabilities. Second, the feedback from the world provides the manufacture action 
and the inspect or replace action.

In this paper we present a model of predictive maintenance based on predicting a 
system’s condition by observing one or more indicators such as vibration level or the 
level of meat particles in a lubricant. The problem is formulated as a POMDP. This 
problem is a generalized version of the one studied by Jardine and Makis (1992).

Rosenfield (1975) and White (1993) studied an optimal replacement problem under 
some logical reasonable conditions reflecting the practical meaning of the deterioration. 
White (1993) formulated the problem as a POMDP and derived similar results to 
Rosenfield (1975) under a weaker assumption.

Our model is general, than Rosenfield and White because the system is not monitored 
at given time period. We have not conditions for the transition probabilities and the cost 
structure. In particular, we illustrate the fact that the rich mathematical structure of 
POMDPS sometimes enables explicit results (e.g. closed form formulas) that give 
considerable insight about the behavior of the physical systems being modeled. This 
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model is a significant model that has many potential application areas. One interesting 
application of this model is medical therapy planning. In this case, states refer to a 
patient’s health status and the feedbacks refer to the symptoms. Actions can be different 
treatment choices. In this problem, two separate but relevant processes are diagnosis of a 
disease and its treatment. The diagnosis process helps to choose appropriate treatment. 
On the other hand, it is often the case that the treatment must be pursued without 
knowing the underlying patient state with certainty. Further complexity stems from
uncertainty associated with the symptoms of a patient to different treatment choices. A 
POMDP model provides a way to make a tradeoff between choosing the investigative 
actions and the diagnosis actions see Goulionis (2005).

There are many other applications of this model. These include decoding noisy 
signals in network communications channel problem (Drake, 1962), coping with the 
possibilities of untruthful answers in questionnaire design Goulionis (2005), attacking 
vast uncertainty in dispatching elevators Crites, Barto (1997), control of attention in 
machine vision systems Drake (1962), searching for a moving target Crites, Barto(1997), 
wind farm operation and maintenance Goulionis (2007), Mobil robot navigation Areh 
(1996). Therefore this model is a general sequential decision–making model.

In Section 2 the model is described in detail and some assumptions are provided. In 
Section 3, 4 an optimal replacement problem is formulated as POMDP. In Section 5 the 
long run expected cost per unit of time is used. In Section 6 one numerical example is 
presented.

2. MODEL DESCRIPTION AND ASSUMPTIONS

This paper deals with a system having a finite number of deteriorated states and 
which is subjected to failure. The deterioration levels of the system are classified into a 
finite number of states1,2, , N�� . The state numbers are ordered to reflect the degree of 
the deterioration. That is, state 1 denotes the best state, which means that the system 
looks like a new one. Also N denotes the most deteriorated state.

We use the Proportional Hazard Model (PHM) described in Condon (1992) to 

represent the failure rate, �� ��( ), tf t X as follows:

�� �� �� ��( ) ( ), ( )t o tf t X f t X� �˜ �< , (2.1)

where ( ){ , 0}tX t �t is the system’s state at time t , ( )of �˜ is a function of the system’s age, 

and ( )�< �˜ is a function of the system’s state. Equation (2.1) means that the system’s 

failure rate depends on its age as well as on its condition.

Accordingly, the conditional reliability of the system is:

�� �� �� ��

0

, ( ), | , (1), (2), , ( )

exp ( ( )) ( ) .
n t

n

R n X t t P T n t T n X X X n

X t f s ds
�'��

�'

� �! �' �� �! �'

�­ �½
� ���<�® �¾

�¯ �¿
�³

��

(2.2)



John E. Goulionis 359

The conditional reliability indicates the probability that the system will survive until 
t n�� �' given that it has survived until n�' , and that the states of the system have been 

(1), (2), ( )X X X n�� at times , 2 , ,n�' �' �'�� . Also the mean sojourn time of the system 

(see [1]) if no maintenance action is performed is:

�� �� �� ��0, ( ), , ( ),z n X t R n X t t dt�'�' � �³ . (2.3)

The state of the system undergoes deterioration according to a stationary discrete –
time Markov chain having a known transition law. The transition probability between one 
state and the other is given by the stochastic matrix [ ]ijP p� , ,i j S�• , where ijp denote 

the 1–step transition probability from state i to state j and ,i j S�• , i.e. 

�� ��Pr ( ) | ( )ijp X t j X t i� �� �' � � . 

In our model, the state of the system is not observable but one or many indicators are 
observed at discrete–times 0, , 2 ,t � �' �' �� , where �' is the constant interval between two 

consecutive observations. The outcome of the monitoring is classified into finite levels. A 
value �T is obtained. This parameter can take any value in a finite set of non–negative 
integers, i.e. {1,2, , }M�T �• �4 � �� . It is also supposed that the value of �T is observed with 

a known probability ir �T when the state of the system is j . R is the stochastic matrix 

which specifies these probabilities i.e. [ ]jR r �T� , j S�• , �T �• �4.

The system’s failure can happen at any time. If it happens, the only action 
performable on the system is Failure Replacement. At any observation point, we can 
decide whether to Replace Preventively or Do–Nothing. Both actions, Failure 
Replacement and Replace Preventively, renew the system to state 1. If the system is 
replaced preventively, the related cost is C , while a failure replacement costs K C�� , 

, 0K C �! .

The system is observed at the first scheduled observation point, after a Failure 
Replacement has occurred. Both actions, Failure Replacement and Preventive 
Replacement, are instantaneous. The objective is to find the optimal replacement policy 
that minimizes the long term expected average cost per unit time.

3. OPTIMAL REPLACEMENT PROBLEM

When the decision maker operates the system for a long time, he is faced with the 
problem of choice a Failure Replacement or Replace Preventively. Since the system’s state 
is unknown at the observation point, the conditional probability distribution is estimated by 
using the history of the system. This includes all the observations and the performed 
maintenance actions until the observation point of time. Using this estimated conditional 
probability distribution; the optimization problem is formulated as a Partially Observed 
Markov Decision Process (POMDP). By solving this problem, the optimal decision 
criterion is derived. Based on this decision criterion and by considering the values of the 
indicators obtained at the specified intervals of time, we decide on whether to replace the 
system or to do nothing and let the system work until the next observation point.
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4. THE PARTIALLY OBSERVABLE MARKOV DECISION PROCESS

State Space: The conditional probability distribution of the system’s state is used as 
the state space of the POMDP. POMDP is general sequential decision – making model 
where the effects of actions are nondeterministic and only partial information about world 
state is available.

In a POMDP, the current feedback does not provide sufficient information about 
world states. Information from previous steps needs to be taken into consideration. All 
such information can be summarized by a probability distribution over the set of states. In 
the literature, this probability distribution is often referred to as a beliefstate. 

We define the conditional probability distribution of the system’s state at period n as 
follows:

0
;0 1 for 1, , , 1 , 0,1, 2,

N
n n n n

i i i
i

i N k
� 

�­ �½
�S � �S �d �S �d � �S � � �® �¾

�¯ �¿
�¦�� �� , (3.1)

where n
i�S represents the probability of being at state i at the k th�� observation point. In 

additional, we consider 0 1, 1

0, 1i
i

i N

� �­
�S � �®

�� �d�¯

Decision space: The decision space of the model is{0, }�f , where 0 means “Replace 

the system immediately” and �f means “Do – Nothing” until the next observation point 
or replace at the failure time, if the failure takes place before the next observation point”.

State transition: The probability of observation �T at the n u�� observation epoch, 

which the conditional probability distribution of the state level at the n th�� period n�S is 
given as follows:

�^ �`
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�T �S � �S�¦ �¦ . (4.1)

At the n u�� observation point, after having observed �T, the prior conditional 

distribution of the system, n�S , is updated to 1( )n
j
���S �T , which is calculated by using the 

Bayes’ formula as follows:
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for 1, ,j N� �� . (4.2)

This updated conditional distribution carries all the history of the observations and the 
actions since the last replacement. At any observation point, if we decide to Replace 
Preventively the system, or after any Failure Replacement, the observation period’s 
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counter will be reset to 0 and the conditional distribution of the system will be set to 0�S . 
The decision cycle is shown as follows:

Dynamic Programming Formulation: Let �� ��, kV n �S denotes the minimum cost per 

renewal period, knowing that at period n the updated conditional distribution of the 
system state is 

�� �� �� �� �� ���^ �`0: , min 0, , , ,n n nV n C V w n g�S �S � �� �S �S , (4.3)

where �� ��00,C V�� �S is the cost of preventive replacement while �� ��, ,nw n g�S , which is the 

expected cost of leaving the system to work until the next observation point �� ��, ,nw n g�S , 

is defined as follows:
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where �� ��00,K C V�ª �º�� �� �S
�¬ �¼

represents the failure replacement’s cost and �� ��1 , ,nR n�ª �º�� �S �'
�¬ �¼

is the probability of having the failure during the n th�� period while the conditional 

probability for the system’s state is at period n�S . g is the average cost of maintenance 

per unit time over an infinite horizon. In addition, �� ���^ �`1

1
, ( ) | ,n nV n u n
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represents the expected future cost of the system at the n u�� observation point provided 
that the failure has not happened during the n th�� period. 

By using a similar approach to that of (Bellman, 1957), it can be shown that �� ��, nV n �S

is a non – decreasing function of n and �S, in Likelihood Ratio (see Jardine and Makis 
(1992). Using a dynamic programming technique to solve the POMDP results in finding 
a stopping – time, gT , such that

�� �� �� ���^ �`*inf 0; 1 , , ,gT n K R gz�V �V�ª �º� �' �t �� �V �S �' �t �V �S �'
�¬ �¼

, (4.5)

If preventive or failure replacement 

is made reset n to 0 and 0n
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�T, at n u��
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on the cost function

Update 1n n
j j

���S �o �S
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where �� ��, ,nR n �S �' and �� ��, ,nz n �S �' are respectively the probability that the system is still 

working during the n u�� period, when the system state conditional probability 

distribution at the n th�� period, n�S , is known. In the next section, the formulation 
leading to the optimum g is presented.

5. OPTIMAL LONG – RUN COST

Let gTC and gTP represent the expected cost and expected length of the replacement 
cycle associated with a replacement policy in which the stopping – time is gT . The long 

run expected cost per unit of time is given by:

�� ��
�� ��min ,

g
g

g

T
r gT

T
g

C KP T TC
h

E T TP

�� �!
� � , (5.1)

where T is the time to failure, �� ��r gP T T�! is the probability of a failure replacement, 

and �� ��min ,gE T T is the expected average length of a replacement cycle. From the above 

equation, it was shown that the stopping–time gT , where * min gTg h� , minimizes gTh . 

The value of *g is the unique solution of ( )g h g� , where ( ) gTh g h� (see Areh 1996).

6. NUMERICAL EXAMPLE

In this example, the system deteriorates with age according to a Weibull distribution. 
Its initial hazard function and its condition are given as follows, (see Arech 1996):

1

0 ( )
t

f t
�E��

�E

�E
� 

�D
, 0, 1, 2t �t �D � �E � and �� �� 0.5( 1)tX

tX e ���< � .

�^ �`, 0tX t �t is a Markov chain having two possible states {1, 2} with the transition 

probability matrix P given by

0.4 0.6

0 1
P

�ª �º
� �« �»

�¬ �¼
.

Also t�T is the value of system’s indicator at time t and has three possible values t�T

and tX , the non –observable state of the system, are related by the probability 

distribution, R , as follows:

0.6 0.3 0.1

0.2 0.4 0.4
R

�ª �º
� �« �»

�¬ �¼
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5C � and 2K � . To find the optimal replacement policy, we solve iteratively the 

following equation, beginning with 1 5g � : 

*5 2 0.5963
8.5

0.7285
gTh

�ª �º���¬ �¼� � we let 2 8.5g � 

and we get 3 3 9.363g g� � . This means that the optimal replacement cycle cost is 9.363. 

By calculating the conditional reliability and the expected mean sojourn time of the 
system, the optimal stopping – time is obtained as follows:

�� �� �� ���^ �`*
*inf 0;2 1 , , 9.363 , ,n n

g
T n R n z n�ª �º� �t �� �S �' �t �u �S �'

�¬ �¼
.

Practically, at period n , an observation is obtained and the long-time run cost ( )g is 

evaluated.

If the inequality holds, the preventive replacement will take place, otherwise the 
system will be left to function until the next observation point ( 1)n�� is reached.

The long – time run cost of the system in this problem is 9.363. It shows an increase 
of 1.233 comparing to the same problem with perfect data given in Areh (1996). Actually 
since we do not know the exact state of the system at the observation points, the cost will 
increase by 1.233 per period.

7. CONCLUSION 

Condition – based maintenance CBM is very appealing because it enables one to 
make maintenance decisions based on the current information about the system. In this 
paper, we propose a CBM model for situations where only partial information is 
available. The objective is to minimize the long run expected cost per unit of time. By 
extending the work presented in Jardine and Makis (1992) the optimal replacement policy 
is obtained. 

We present now some future extensions related to this paper. We are working to 
extend the model presented in this paper in order to optimize the inspection intervals. It 
seems intuitive that the inspection intervals should become shorter as the system becomes 
older. If the optimal inspection schedule can be found then unnecessary interruption of 
the system can be avoided. 

In the model of this paper, it was assumed that the transition probability of the 
deteriorating process of the system and the probabilistic relation between the system and 
the monitoring mechanism are completely known. 

As this assumption does not always hold in real situations, further studies should be 
done on the maintenance problems in the case of lack of knowledge of the underlying 
probabilistic law.
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