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ABSTRACT

Biodiversity is usually represented by species richness, diversity and evenness. Many
indices have been developed to measure the different aspects of biodiversity. But none of
them has considered detectability and sampling technique in account. In our study we
have introduced detectability in the usual indices in a way that is based on some specific
sampling methods and we have estimated the population characteristics through sample
while perceiving the effect of introducing detectability on these usual indices. Significant
differences have been observed by utilizing the line transect method and the capture-
recapture method on locally collected data. The proposed method of considering
detectability and sampling in measuring biodiversity are better than usual method of
calculating indices.

KEYWORDS
Biodiversity, Detectability, Ecological Sampling, Alpha diversity, Diversity index

AMS Classification: 62D05, 62P12, 65C50

1. INTRODUCTION

Biodiversity is a measure of the variety of the Earth’s animal, plant, and microbial
species, of genetic differences within species, and of the ecosystems that support those
species. High biodiversity means there are many different species in an area. The
distribution of diversity on a spatial scale is described within ecology as comprising
alpha, beta and gamma diversity (Whittaker 1960). According to Whittaker (1972), alpha
diversity is the diversity of species within a community of habitat, beta diversity is a
measure of rate and extent of change in species along a gradient, from one habitat to
others and gamma diversity is the richness in species of a range of habitats in a
geographic area (e.g., island) and being seen as a consequence of the alpha diversity of
the habitat together with the extent of the beta diversity between them (Southwood and
Henderson, 2000). These measurements relate to the way that diversity varies with
sampling scale. For conservation and many other purposes we often ignore the third
component, because it reflects something about how samples were collected, not
something about communities in nature. Thus, the focus is on diversity within and among
communities - alpha and beta diversity. Again, beta diversity reflects not only differences
in abundance, but also differences in species composition. In fact, most analyses for
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conservation purposes have focused only on species diversity - attempting to identify
regions with a large number of species. The main aspects of biodiversity are: number of
different species, relative abundance of different species, ecological distinctiveness of
different species, e.g., functional differentiation, and evolutionary distinctiveness of
different species.

In analyzing the contribution of bio-diversity to the function of ecosystem a
quantitative measurement of bio-diversity is crucial. The full information about the
diversity of species in an ecological community is only available in the full description of
the system in terms of the number of different species, their abundances and attributes.
Most often, all the relevant information about the diversity of a system is condensed into
a single real number commonly called a ‘measure of diversitydr ‘diversity index’

In recent times, the term biodiversity is very common in environmental studies, its
conservation and in ecology. All over the world people are too much concerned about the
earth’s biodiversity and hundreds of people and organizations are working for it.

Numerous works have been done on biodiversity indices and these were only related
to the measurement of bio-diversity of some specific region through these conventional
indices. Very few of these research works were concerned with the development of the
biodiversity indices. Therefore, we have a small amount of literature about this study.

Good (1953) proposed a generalized diversity index which includes both Shannon’s
and Simpson’s indices as special cases. Renyi (1961) proposed Renyi Entropy including
species richness and Berger-Parker index. Magurran (1988) expressed that the sample
size should be sufficiently large to adequately represent diversity and, although any
diversity index can be used, the same sample size should be used in all sites under
investigation. Dames and Moore (2000) showed that the biodiversity indices have strict
sampling requirements, including that a significant amount of data be collected for those
species and ecosystems to be assessed.

Beals et al(2000) showed that diversity indices provide important information about
rarity and commonness of species in a community. Because diversity indices provide
more information than simply the number of species present (i.e., they account for some
species being rare and others being common), they serve as valuable tools that enable
biologists to quantify diversity in a community and describe its numerical structure.
Dewdney (2001) found the new dynamical system, called the multi-species logistic or
MSL system, produces species abundance distributions that are statistically
indistinguishable from distributions that biologists and ecologists have been finding in
the field since the beginning of systematic sampling.

Baumgartner (2002) in his paper of ecological and economic measures of
biodiversity has concluded that the measurement of biodiversity requires a prior
normative judgment as to what purpose biodiversity serves in ecosystems and economic
systems. Stevens and Cox (2003) in their paper showed that over the last two decades,
although much has been learned regarding the multifaceted nature of biodiversity,
relatively little is known regarding spatial variation in constituents other than species
richness.
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2. METHODOLOGY

The diversity indices for alpha and beta diversity are vast. In this study we have only
considered alpha diversity. Alpha diversity indices have no assumptions made about the
species abundance distributions and they have no distributional assumptions as well, i.e.,
they are non-parametric. But we are after the parametric version of the indices of the
alpha diversity where assumptions are made about the species abundance through
detectability based sampling techniques. There are mainly three measures of alpha
diversity which are species richness, heterogeneity or diversity, and evenness. McIntosh
(1967) first used the terminology ‘species richness’ whereas ‘heterogeneity’ was used by
Good (1953) which was later called ‘diversity’ by Hurlbert (1971) and finally ‘evenness’
was used by Lloyd and Ghelardi (1964). For species richness people mostly use
rarefaction, Jackknife and bootstrap methods, for heterogeneity diversity measuring tools
are logarithmic series, lognormal distributions, Simpson’s index, Shannon index, Berger-
Parker index, Brillouin index, Mclntosh index, etc and for measuring evenness people
use Pielou’s evenness index or equitability, simpson’s equitability, Brillouin’s
equitability, Buzas and Gibson’s equitability, etc. In this study we only focused on some
of the heterogeneity measuring bio-diversity indices namely, Simpson’s index, Shannon
index, Berger-Parker index, Brillouin index, and McIntosh index. We introduce newly
formed diversity indices considering detectability based sampling techniques.

The Simpson’s Diversity Index takes into account the number of species present, as
well as the abundance of each species. The standard expression of Simpson’s index is to
calculate the probability that two consecutive samples will be of different species, which
is 1 — (the probability that the samples will be of the same species), so is calculated as
follows:

S
D 1 _:1 P up 2.1
I

where p; = the proportion made up by the i species, i.e., P

S the number of species, N; the number of individuals in the ith species and D is

the standard symbol for the Simpson’s index. This version of Simpson’s index ranges
from zero (meaning zero diversity) to unity (meaning infinite diversity).

The Shannon index is also known as Shannon-Weaver index (Krebs, 1985). The basis
of the index relates to the calculations of the maximum possible information content of
data, and is calculated as:

S \
Hc _:l’bl uog p, (2.2)
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where, H (is the standard symbol for the Shannon index, and log(|p;) the logarithm of
P, , the proportion of the species i . For the simplest case (a community with only one

species, where by definition p,= 1.0) the diversity is zero. For more complex
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communities, the index reflects both the number of species and their relative balance. For
a community with S species, the maximum possible value of Shannon index is log(S)-this
occurs when all species occur at equal frequency.

The Brillouin index is recommended as a substitute for the Shannon index and
calculated as:

In(N) 1 In(n1)
il

HB '
N

2.3)

where, HB the Brillouin index, N  total number of individuals in the sample,
n, = number of individual of species i, N! factorial of N,In X natural logarithm of
X.

The Mclntosh index is calculated as

NEETINE G

The Berger-Parker index is the simplest and most easily understood diversity index:

2.4)

d N max
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It may also be expressed as its reciprocal, which has the advantage that low values
indicate a low-diversity community and vice versa.

The actual method used to investigate population size depends on whether we are
measuring an open or closed population. A closed population means one in which we
assume there is no immigration or emigration and no births or deaths. In practice, there
are very few completely closed populations. Closed population methods applied to an
open population will produce biased results and open population methods produce less
precise estimates of population size. A great variety of different methods involves
different assumptions or different statistical calculations to arrive at a population
estimate.

All the diversity indices described in this study gave weight on the number of
individuals of corresponding species in the selected sample and calculate diversity. Each
of these indices is based on the Simple Random Sampling to obtain the desired sample, in
which detectability is equal to every individual. We know that Simple Random Sampling
method may not be applicable everywhere. The indices that we have mentioned here
assume that all animals in the population are equally catchable. However, ‘catchability’
of animals may vary with different life stages, seasons, times of day etc. It is therefore
better to do sampling under as similar conditions as possible and with the same amount of
effort.

Many studies have calculated various indices of “biodiversity,” but contributed very
little about the significance of these measures. This is due to the fact that, in essence, they
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have none. Secondly, it is unclear how a single number is supposed to express both
species richness and the range of abundances that those species have.

2.1 Detectability and Ecological sampling

There are various types of estimation procedures for estimating abundance and each
of them are concerned with detectability as the probability that an object in a selected unit
is observed-whether seen, heard, caught or detected by some other means. That is
detectability refers to an ability to correctly identify objects (events) that are non-chance
regardless of how dramatic or subtle. Suppose that the detectability for a given species is
some constant probability p throughout a region of area A (Thompson, 1992). If p is

known, an unbiased estimator of the population total Vis, "W l The variance of the

estimator is var("W M i with unbiased estimator var("W sz) But, in most
©P p

situations, we frequently use estimated probability of detection p which would be
estimated by one method or another. For example, for an aerial survey p could be

estimated by comparing the number of animals seen from the air to the number found by
ground crews, either in the same study area or in similar areas. Other methods of
estimating detectability include double sampling; capture-recapture methods and methods
using radio-collared animals; distance-based methods that relate the number of animals
detected to factors such as aircraft speed. Multiple regression methods (Caughley, 1974
and Caughley et al. 1976, summarized in Pollock and Kendall, 1987 and Seber, 1982)
have been suggested for correcting for imperfect detectability in aerial surveys. Ramsey
et al. (1987) combined a general regression model for such variable with the distance-
based methods of line transects and variable circular plots.

The effect of estimated detectability just adds a term to the variance i.e., for estimated

detectability an estimator of the population total Vis "W % with variance

var("W ~|1—2 i\(ar(y) Whvar( p) ;’/4 V\M . imzlvar( )
p ©p 1t p

where, P is an estimate of the detection probability which is approximately unbiased
for p and is uncorrelated with the number y of animals observed in the present survey.

As the indices have already considered simple random sampling we discuss other
related sampling methods. Line transect methods and belt transect methods are systematic
sampling methods and another one we used in this study is capture-recapture methods.
Krebs (1989) reported that capture-recapture methods are only used when density
estimation is needed and we need data on individuals whereas if we don’t need data on
individuals but population is exploited when population is mobile we use change in ratio
methods. But if population is not being exploited and dispersion is not random then we
use line transect methods. He also pointed out that in sample size determination in case of
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estimating some specialized variables there are some approximate techniques like
capture-recapture methods, line transect methods and change-in-ratio methods.

2.1.1 Line Transects methods
Line transect methods have been used for many types of populations, including bird,

mammal, and plant species as well as other objects for which detectability depends on
location relative to the observer. A line transect is characterized by a detectability
functiongiving the probability that an animal (or plant) at a given location is detected. In
most situations the probability of detection can be expected to decrease as distance from
the transect line increases. Most of the line transects density of abundance estimators are
based on average detectability, effective area observed or density of detections along the
line.

Density can be estimated for line transects through different methods. In Narrow-Strip
it assumes that along the line in which detectability is virtually perfect. Then by using
only those observations within the strip and ignoring the more distant observations, one
may consider the strip as a conventional unit or plot and estimate the population total or
density in the usual way.

Let L denote the length of the transect and let W, be the maximum distance from the
line to which detectability is assumed perfect. Then the width of the strip is 2w, and its
area is 2W,L. Let Yy, be the number of objects detected within the narrow strip. Then

estimate of the density D is: D 2 Yo L If the study region has area A, the total number
Wo
~ A
of objects in the study region is estimated as "W AD 5 yOL .
Wo

When objects are observed in a strip plot — that is, every object within the strip of
half-width w and length L is observed — then the estimate of density is the number of

objects observed divided by the area of the plot, D % . When objects are observed
w

from a line transect with a detectability function g X having perfect detectability on the
line and decreasing with distance X away from the line, the distance to observe objects
from randomly placed transects will tend to have a probability density f X of the same

shape as the detectability function but scaled so that the area under the probability density
function f equals one. With perfect detectability on the line, the density estimate is

yf(0) and the estimate of the population total is "W AD A @% Here the
© 1
crux of the problem is estimating f 0 , the density at zero distance from the line. The

. . . . . . 1
relation between the line transect and the effectively equivalent strip plot is f(0) —
W

and w is called the “effective half-width” of the transect. In terms of effective half-width,
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the density estimate based on an estimate W of w is D % Thus, one may
W

equivalently proceed either to estimate f 0 or to estimate w.

Two of the simplest parametric detectability functions, the exponential and the
half-normal, are described here mainly because they lead to simple estimators of density.

The exponential class of detectability function is g X exp X/W . The larger the

value of the parameter W, the higher the detectability of objects far from the transect line.
The maximum likelihood estimator for w is W X, that is, the average distance of
detection  (Ramsey, 1979). The half-normal detectability  function is

, y
ag(x) exp S /4wW? . The maximum likelihood estimate of W is W 2—8 ! Xiz .
Yi

In order to avoid assumptions about the shape of the unknown detectability functions,
nonparametric density estimation methods (Thompson, 1992) can be used. Two
important nonparametric methods are the Kernel Method and the Fourier Series Method.

2.1.2 Capture-Recapture methods
Capture-recapture methods may be used to estimate detectability for a given species.
For example, to estimate catchability p in a fish trawl survey, a known number of fish

are captured, marked and released back into the population. Then, using the usual trawl
survey methods and taking the area swept by the net into account, the ratio of marked fish
caught to the total number of marked fish in the population is used as an estimate of
catchability in further surveys (Thompson, 1992). Capture-recapture estimation methods
can also be used in surveys in which two independent observers record or map detections;
animals detected by one observer serve as marked animals to the other. This method have
also been used to estimate the abundance of animal populations including bird, mammal,
fish, reptile and other species to estimate the detectability of animals for other survey
methods, and to estimate survival and other population parameters. This method have
also been used to estimate the abundance of elusive human population such as homeless,
to adjust for census undercounts of minority groups, and to estimate the number of vital
events such as accidents in a population.

In a simple capture — recapture survey of an animal population, an initial sample of
X animals is captured, marked, and released back into the population. A second sample
of y animals is then independently captured, of which some number X are observed to

be marked. The unknown population total V gives the Petersen estimator
wEx.
X
An estimator of the variance of 'V (Seker and Deming, 1949) is

vai(w XX 8.
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Because the number X of marked animals in the second sample may be zero, the
estimator 'V does not have finite variance. Therefore, the following modified estimator \
was proposed by Chapman (Seber, 1982):

w X Dy D
x 1)

An approximately unbiased estimator of the variance of this modified estimator
(Seber 1970, 1982) is

(X Dy DX Xy X
(x D*(x 2) '

var( W

We can also estimate the probabilities of detection with the capture — recapture
methods for estimating population size. For example, the Petersen estimator has the

form "W ¥where p x/ X estimates the detection probability in the second sample.

Capture — recapture methods can also be used to estimate detectability for other,
independent, surveys to be done with the sampling methods of the second sample.

2.2 Detectability based biodiversity indices

Our study mainly concerned with the measurement of biodiversity indices with
respect to detectability. We have tried to find out some realistic and logical support to
measure these biodiversity indices with respect to the estimated population totals of the
species by considering estimated detectability. There are various methods to estimate
detectability and we use a very few of them in our study.

2.2.1 By Ratio Estimation
Here the detectability for a given species i throughout a region A is $ and has been

estimated as a ratio,

; ;

% 1Y

[ |
n ' n

3

<l |_><|
Nl
N
»
I

where, X;  the number of individuals of the jth species detected in the jth plot by the

standard survey method, y;  the actual number of individuals of the it species present

based on intensive searching of the plot. We can also consider separate ratio estimate of
detectability and then for the j™ plot, the estimated detectability for the i™ species is

X . e I L X%
§ —— and the average estimated detectability is $ — | § — | —. Now the
nj

Yi njllyij

Yi. .

g:

n
estimated population total for i™ species is, W Yi. | Y; and estimated
j1
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S
population total for the region is, "W | "Y\. Thus the estimated proportion made by the

h species is,

8
b Wyt
W S Y,
@19 1
According to this new approach the standard formula for Simpson’s index becomes,
a_ ]}20
o
S R R S «o y o
D1 | pup 1 :<®73/4>. (2.6)
i i $ & v
<& D)
4 © ¥ i¢ ¥
The standard Shannon’s index becomes
a _ § .18
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He | gog 2 3& @7
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The Brillouin Index becomes

s ags y. . © A =)
InCW | InCW) In « y§| '» «In ®§y '%’

LB o “®1 1;'4141 o 1 b3 2.8)
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© %1
The Mclntosh index becomes
) 1122 7Y (EEI §y 2§//2
WE W R S Aer
Dy oy " 1 (2.9)
= W -
| «I »
i1 4169 iy,

The Berger- Parker index becomes
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Wmax é
w i

i1

imax (2 10)
Yi '

2.2.2 By Capture-Recapture Method
By capture-recapture method the estimated catchability or detectability for the it
species is, '$ Ll where, X;  the number of individuals of the i species captured in
[
an initial sample. y;  the number of individuals of the it species captured in the
second sampling occasion. X,  the number of marked individuals of the i species in
the second sample.

Thus we have the estimated population total for the i™ species and for the study

A S S V.
region which are "W %"Xi A Xiand W | 'W ! A X; respectively.
: X il 1%

Yy
th ~ W% B
The estimated proportion made by the i™ species is B~ -
WK
i 1 X|
Therefore, the standard Simpson’s index can be written as
S
o §£ xi o
s ° o5 i °
D 1 thup) 1 e — @.11)
il °| §y|
ol x <]
TreN 1
The standard Shannon’s index becomes
a_ . _ 18
S (€ gl XI 1 I g 8 ©/ 8)}
Hc | <@ /Jog@ ¥ (2.12)

ERY X
((e- I XI 1 | o e; 1 o_l/j
The other indices are obtained as follows:

The Brillouin Index:
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The Mclntosh Index:
2
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The Berger-Parker Index:
£ X i
LA (2.15)
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2.2.3 By Distance based methods
Among various distance based methods we only work with the Parametric Method.

Let we have the area of the study regionis A. I5i estimated density for the i species,

Yj  the number of individuals of the i species observed or detected with respect to
the jth transect line, L;  length of the jth transect line, \ivj effective half-width of
the j™ transect line, X distance of the k™ individual of the i™ species from the j™
transect line, X;  the average distance of detection of the i species from the j™

transect line, "W the estimated population total for the it species, ‘W the estimated

entire population total. With perfect detectability on the line, the density estimate for the
ith
i

species is,
A 1N .
D — 1Dy
n] 1
where,
Y fO i 1,238 A
D; % 50O and f;(0) !
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For exponential detectability function the MLE of w is \ivj X;j and for the half-

normal detectability function the MLE of w is W, — 1 %k -

The estimated population total for the i species is W A"f)I and the estimated

S

entire population total is "W | "W . Thus the estimated proportion made by the i
il

species can be expressed as under

("
R W j|12LJ\fV]
Wy
||1jI 12Lj\i\/]
Therefore the standard Simpson’s index can be viewed as
2
D1 t(pup) 1 1 2 (2.16)
u ® .
||1 ? ' il ? In yij >
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The standard Shannon’s index can be estimated as
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We can also obtain the estimated indices for the Brillouin index, the McIntosh index,
the Berger-Parker index and also for the equitability in the same way. Though these
formulas are quite complex and time consuming in calculation but they give the
approximately accurate estimated measurement of biodiversity.

The Brillouin index,

InCwy i (w1 f<§? o 1 T in Zgr: i 'vi
n n AN YRV i
N KOOIV 101 A 1 iy
HB il KO) ity KG) Wi 1y 018
W ? |n yij
i1 20W,

The Mclntosh index,
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The Berger-Parker index,
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3.DATA

Since the collection of ecological data is quite costly and time consuming, there is a
scarcity of reliable data on this purpose to compare the two approaches namely the
conventional approach and the proposed approach discussed in this study. We have
collected the data from Dhaka, Bangladesh by ourselves. We have employed two distinct
sampling methods of data collection and they are the Line-transect methods (for plant
survey) and the Capture-recapture method (fish survey). First we have collected data
using the well-known sampling method for plant species: the line-transect method. We
then drew a straight baseline of length 750 meter on the map of the study region and
randomly selected three transect locations V;, V,, V; at a regular distance. We have

drawn three transect lines perpendicular to the baseline through these selected locations
and the transects were run completely across the study area. We have used long rope for
indicating the lines while collecting distance data. We went along the transects and took
approximate perpendicular distances of the identified nearest' plant species from the
transects. In this way we have found 123 individuals of 15 different plant species. For
capture-recapture data we have taken an initial sample 200 individuals of different marine
species. Actually we captured them from five different random points and marked those
using paints® and released them in the pond. The second sample of size 100 individuals
was taken after two and half-hours of releasing. We observed 39 marked individuals of
10 different species identified in the initial sample.

4. EMPIRICAL RESULTS

Since we consider only two methods of estimating the population total, namely the
Line transects method and Capture recapture method we figured out our calculation
according to this order. In line transects method we first considered the exponential class

! By the term nearestwe meant the distance not more than 25 meters.
?We have used paintsbecause it was not possible for us to identify individuals by natural
markings.
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of detectability function and by this method the value of the parameter w.]j is quite larger
i.e., 8.18 m on an average which shows that the detectability of objects far from the
transect line is higher. Considering this estimated detectability, we calculated the
estimated totals for each species and finally obtained the biodiversity indices, which are
given in table 1.

Table 1:
Diversity Indices for Line Transect Data

Standard Propo.sed Approach Conventional

Index Exponential | Half-normal Approach
function function

Simpson 0.710866 0.704285 0.854520
Shannon 0.753141 0.745780 0.973810
Brillouin 1.714307 1.697835 2.054560
Mclntosh 0.471026 0.465950 0.679882
Berger Parker 0.488851 0.495924 0.243902

Secondly, we considered the half normal detectability function to estimate the
parameter W. ] . This value is also large (10.42m on an average) and we conclude that the

detectability of objects is higher. We calculated the bio-diversity indices according to the
earlier approaches which are given in table 1.

These figures show that there are some differences among the values of the index.
The two values, calculated using proposed approach, are quite similar but they vary from
the value obtained by using the traditional approach. This happened for the other indices.
We can also notice that using the proposed method the Simpson and the Shannon indices
are closer to each other but vary when we have used those earlier approaches. Similarly
same results obtained by using the Capture-Recapture method of estimating population
total.

Table 2:

Diversity Indices using Capture-recaptured Data
Standard Index i;‘;ggii‘lll COAI;)‘::J:ZEM
Simpson 0.72360 0.85170
Shannon 0.75971 0.90722
Brillouin 1.72305 1.99106
MclIntosh 0.49437 0.66169

Berger Parker 0.49020 0.25000
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These comparisons are graphically represented in the following figures.

a. Differences among the Indices due to Detectability (L-T method)
25
2.0 4
15 O Exponential
| Half-Normal
1.0 @ Conventional
0.0 4 T T T T
Simpson Shannon Macintosh Berger Parker Brillouin
Indices
b. Differences among the Indices due to Ditectability (C-R method)
25
2.0 4
15 4
O Proposed
@ Conventional
1.0
N ’_I " d |_h
0.0 T T
Simpson Shannon Macintosh Berger Paker Brillouin
Indices

Fig. 1: Difference among Indices due to Detectability
(line transects data and capture-recapture data)

In both the figures we can observe that the values of the indices calculated by the
proposed methods are lower than the conventional method except for the Berger-Parker
index.

5. CONCLUSION

Usually we use the biodiversity indices in which nothing is specific about the
methods of sampling, especially the way of collecting sample from a population. Through
existing diversity indices, diversity can be measured just only using the sampled data,
neglecting sampling methods. We know that sample is a representative part of a
population and there are some logical and legitimate sampling methods to collect
samples. These methods provide us some legitimate estimators of the population
characteristics. While in ecological survey we have to be concerned about the type of the
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population and about the sampling units whether they are to be detected or not. The
ecological sampling techniques provide us the estimate of variance of the estimated
population total and also that of the estimated detectability.

We have introduced detectability of species individuals while measuring biodiversity
using the existing indices. In this context, we have chosen line-transect sampling method
and capture-recapture sampling method to estimate the study population and finally have
introduced a new concept, which is detectability based biodiversity index. Using the
locally collected data, we found from our study that estimated values of the indices for
the new approach are more stable and closer to each other but vary among them with
quite higher differences for the conventional approach. Therefore, we conclude that we
must consider detectability of each individual in the sample while calculating biodiversity
of the species of a specific region.

This paper introduced detectability concept while measuring biodiversity but the
distributional properties are yet to be determined. Therefore, scope remains to find these
formulas in a simple form with distributional properties. Again, we have taken a small-
scaled data for a single region and simply compared the measured values that we have
obtained using several biodiversity indices. Therefore, further scope remains to test the
accuracy of the proposed approach and find standard distribution for these indices. In
addition, there is a scope to construct a general diversity index based on richness,
abundances, and attributes, which contain the existing indices as special cases.
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