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ABSTRACT

In this paper we derive some general recurrence relations satisfied by the single and 
product moments of order statistics from a general class of doubly truncated distributions, 
which unify the earlier results in this direction due to several authors.
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1. INTRODUCTION

Order statistics and their moments have great importance in many statistical 
problems. Linear functions of order statistics are found to be extremely useful in the
estimation of parameters and also in testing of hypotheses problems. Knowledge of the 
moments of order statistics, in particular their means, variances and covariances, allows 
us to evaluate the expected value and variance of a linear function of order statistics, and 
hence permits us to obtain estimators and their efficiencies. With the primary intention of 
reducing the amount of direct computation of these moments, many authors have 
investigated and derived several recurrence relations and identities satisfied by these 
moments of order statistics. For more details, see Malik, Balakrishnan and Ahmed 
(1988), Balakrishnan, Malik and Ahmed (1988), Balakrishnan and Sultan (1998), Khan et 
al. (1983a,b), Ahmad (2001) and Saran and Pushkarna (1999a,b,c; 2000a,b). In some of 
these references, a particular distribution is considered and the recurrence relations for 
moments of order statistics are obtained by using the corresponding characterizing 
differential equation.

Let 1: 2 : :n n n nX X X�d �d �} �d be the order statistics obtained from a population having 

an absolutely continuous cumulative distribution function (cdf) ( )G x and a probability 

density function (pdf) ( )g x . Then the pdf of :r nX , 1 r n�d �d , is given by 

�^ �` �^ �`1
: { ( ) 1 ( ) ( ), ,

r n r
r nC G x G x g x x

�� ��
�� �� �f �� �� �f (1.1)

and the joint pdf of :r nX and : (1 )s nX r s n�d �� �d is given by 
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�^ �` �^ �` �^ �`1 1
, : ( ) ( ) ( ) 1 ( ) ( ) ( ), ,

r s r n s
r s nC G x G y G x G y g x g y x y

�� �� �� ��
�� �� �� �f �� �� �� �f (1.2)

where 

: , :
! !

 and .
( 1)!( )! ( 1)!( 1)!( )!r n r s n

n n
C C

r n r r s r n s
� � 

�� �� �� �� �� ��

Let 

�^ �` �^ �`1( )
: : :( ) ( ) 1 ( ) ( )

r n rk k k
r n r n r nE X C x G x G x g x dx

�� �����f
���f�P � � ���³ (1.3)

and 

�� ��
�^ �` �^ �` �^ �`

( , )
, : : :

1 1
, : ( ) ( ) ( ) 1 ( ) ( ) ( ) .

j k j k
r s n r n s n

r s r n sj k
r s n x

E X X

C x y G x G y G x G y g x g y dydx
�� �� �� �����f ���f

���f

�P � 

� �� ���³ �³

(1.4)

For simplicity, we shall denote (1)
:r n�P by :r n�P and (1,1)

, :r s n�P by , :r s n�P .

The pdf in the case of truncation from both sides is given by 

1 1
( )

( ) , ,
g x

f x Q x P
P Q

� �d �d
��

(1.5)

where 
1 ( )Q g x dx Q���f � �³ (1.6)

and 

1
( ) 1 ,P g x dx P���f � ���³ (1.7)

i.e., Q and 1 P�� ( )Q P�� are, respectively, the proportions of truncation on the left and 

right of the pdf ( ).g x The quantities Q and P are assumed to be known and are 

functions of 1Q and 1P .

By letting 0,Q �o this distribution reduces to the right truncated distribution and, by 

letting 1,P �o it reduces to the left truncated distribution. Further, by letting 0Q �o and

1,P �o it becomes the original non-truncated distribution with pdf ( )g x , .x���f �� �� �f

Thus, for the doubly truncated distribution having pdf ( ),f x as given in (1.5), and cdf

( ),F x we have 

�^ �` �^ �`1

1

1( )
: : ( ) 1 ( ) ( )

r n rPk k
r n r n QC x F x F x f x dx�� ���P � ���³ (1.8)

and 

�^ �` �^ �` �^ �`1 1

1

1 1( , )
, : , : ( ) ( ) ( ) 1 ( ) ( ) ( ) .

r s r n sP Pj k j k
r s n r s n Q xC x y F x F y F x F y f x f y dydx�� �� �� ���P � �� ���³ �³

(1.9)



Saran and Pushkarna 329

In this paper, we derive some general recurrence relations satisfied by the single and 
product moments of order statistics from a general class of doubly truncated distributions 
with pdf ( )f x (as in (1.5)) and cdf ( )F x satisfying the following characterizing 

differential equation: 

�^ �`�� ��
0 0

( ) 1 ( ) ,
p q

i j
i j

i j
a x f x b x c F x

� � 

�§ �·�§ �·
� �� ���¨ �¸�¨ �¸

�© �¹ �© �¹
�¦ �¦ (1.10)

or, equivalently, 

�� ��
0 0

( ) ( ) ,
p q

i j
i j

i j
a x f x b x d F x

� � 

�§ �·�§ �·
� ���¨ �¸�¨ �¸

�© �¹ �© �¹
�¦ �¦ (1.11)

where 1d c� �� and 1 1Q x P�d �d . Here p and q are integers and a 's, b 's and c are 

arbitrary real constants.

It is worth mentioning here that several doubly truncated distributions, for example, 
doubly truncated Lomax, Weibull, Weibull-gamma, Weibull-exponential, log logistic, 
exponential, generalized exponential, Rayleigh, generalized Rayleigh, generalized Pareto, 
linear-exponential and Burr satisfy the characterizing differential equation defined in 
(1.10) or (1.11) with appropriate choices for p , q , a ’s, b ’s and c as demonstrated in 

Remarks 2.1 and 2.2 in Section 2. Therefore, the recurrence relations for single and 
product moments of order statistics from the above mentioned doubly truncated 
distributions can be easily deduced from the results derived in Sections 2 and 3, 
respectively, as special cases. Thus, the results presented in this paper will unify the 
earlier results in this direction due to some authors like Balakrishnan and Joshi 
(1981,1982,1984), Balakrishnan and Malik (1986, 1987), Khan and Khan (1987), Saran 
and Pushkarna (1999a,b,c; 2000a,b), etc., for the moments of order statistics from some 
specific continuous distributions (truncated as well as untruncated). Throughout this 
paper, we shall assume that all of the integrals exist and are finite.

2. RELATIONSHIPS FOR SINGLE MOMENTS

In this section, we shall establish several recurrence relations for single moments of 
order statistics from a doubly truncated continuous distribution satisfying the 
characterizing differential equation (1.10) or, equivalently, (1.11).

Theorem 2.1. For 0,1,2,t � �� , 

�� ��( 1) ( ) 1 1
1 11:1 1:1

0 0 0
,

1 1

q p q
t i k t t i t ii i

k
i k i

b b
a dQ cP

t i t i
�� �� �� �� �� �� ��

� � � 

�§ �· �§ �·
�P � �P �� ���¨ �¸ �¨ �¸�� �� �� ���© �¹ �© �¹

�¦ �¦ �¦ (2.1)

and, for 2,n �t

�� ��( 1) ( ) ( 1)1
11: 1: 1: 1

0 0 0
,

1 1

q p q
t i k t t it ii i

kn n n
i k i

b b
n a n dQ c

t i t i
�� �� �� �� ���� ��

��
� � � 

�§ �· �§ �·
�P � �P �� �� �P�¨ �¸ �¨ �¸

�� �� �� ���© �¹ �© �¹
�¦ �¦ �¦ (2.2)

where 1Q and 1P are finite.
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Proof. Using (1.8), we have, for 1n �t and 0,1,2, ,t � ��

�> �@

�> �@

�> �@

1

1

1

1

1

1

1( )
1:

0 0

1

0

0

( , 1) ( , )
0 0

1 ( ) ( )

1 ( )

1 ( )

,

p pnPk t t k
k kn Q

k k

q nP t i
i Q

i

q nP t i
i Q

i

q q

i t i n i t i n
i i

a n x F x a x f x dx

nc b x F x dx

n b x F x dx

nc b I n b I

����

� � 

����

� 

��

� 

�� �� ��
� � 

�§ �·
�P � �� �¨ �¸

�© �¹

� ��

�� ��

� ��

�¦ �¦�³

�¦ �³

�¦ �³

�¦ �¦ (2.3)

upon using (1.10), where 

�> �@1

1
( , ) 1 ( ) .

bP a
a b QI x F x dx� ���³

Integration by parts (treating ax for integration and �> �@1 ( )
b

F x�� for differentiation) 

directly gives, for ,a t i� ��

1 1
1 1

( , 1) ( 1) 1
11: 1

( ) / ( 1), when 1

( ) / ( 1), when 2

a a

a n a a
n

P Q a n
I

Q a n

�� ��

�� �� ��
��

�­ �� �� � �°� �®
�P �� �� �t�°�¯

and 
( 1) 1

( , ) 11:( ) / ( 1), when 1.a a
a n nI Q a n�� ��� �P �� �� �t

Substituting these expressions in (2.3), simplifying the resulting equations and using 
(1.8), we derive the recurrence relations in (2.1) and (2.2).

Theorem 2.2. For 2 1r n�d �d �� and 0,1,2,t � �� , 

�� ��( 1) ( 1)( 1) ( )
: : -1: 1 : 1

0 0 0
.

1 1

q p q
t i t it i k ti i

r n k r n r n r n
i k i

b b
n a n d c

t i t i
�� �� �� ���� �� ��

�� ��
� � � 

�§ �· �§ �·
�P � �P �� �P �� �P�¨ �¸ �¨ �¸�� �� �� ���© �¹ �© �¹

�¦ �¦ �¦   (2.4)

Proof. For 1n �t and 0,1,2, ,t � �� we have from equation (1.8), 

�> �@ �> �@

�> �@ �> �@

�> �@ �> �@

1

1

1

1

1

1

1( )
: :

0 0

1
:

0

1 1
:

0

: :
0 0

( ) 1 ( ) ( )

( ) 1 ( )

( ) 1 ( )

( , ) ( , 1),

p pr n rPk t t k
k r n r n kQ

k k

q r n rP t i
r n i Q

i

q r n rP t i
r n i Q

i

q q

r n i r n i
i i

a C x F x F x a x f x dx

cC b x F x F x dx

C b x F x F x dx

cC b E t i n r C b E t i n r

�� ����

� � 

�� ����

� 

�� �� ����

� 

� � 

�ª �º
�P � �� �« �»

�¬ �¼

� ��

�� ��

� �� �� �� �� �� ��

�¦ �¦�³

�¦ �³

�¦ �³

�¦ �¦ (2.5)
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upon using (1.10), where 

�> �@ �> �@1

1

1
( , ) ( ) 1 ( ) .

r bP a
QE a b x F x F x dx

��
� ���³

Integration by parts (treating ax for integration and the rest of the integrand for 
differentiation) directly gives for a t i� �� and , 1b n r n r� �� �� �� , 

( 1) ( 1)
: 1 1: 1

: 1 1: 1

( 1)
( , ) , 2 1.

( 1) ( 1)

a a
r b r r b r

r b r r b r

b r
E a b r n

a C a C

�� ��
�� �� �� �� ��

�� �� �� �� ��

�P �P��
� �� �d �d ��

�� ��

Now substituting for ( , )E t i n r�� �� and ( , 1)E t i n r�� �� �� in equation (2.5) and 

simplifying the resulting expression, we derive the relation in (2.4).

Proceeding exactly on similar lines, one can easily derive the following recurrence 
relation:

Theorem 2.3. For 2n �t and 0,1,2, ,t � ��

�� ��( 1)( 1) ( ) 1
: : 11: 1

0 0 0
,

1 1

q p q
t it i k t t ii i

n n k n n n n
i k i

b b
n a n d cP

t i t i
�� ���� �� �� �� ��
�� ��

� � � 

�§ �· �§ �·
�P � �P �� �P ���¨ �¸ �¨ �¸�� �� �� ���© �¹ �© �¹

�¦ �¦ �¦ (2.6)

where 1P is finite.

Remark 2.1. Setting 

1, when 0

0, when 1 1

, when ,

, when 1

0, when 1,

i

j

i

a i p

i p

p j p
b

j p

� �­
�°

� �d �d ���®
�°�T � �¯

�Q �T � ���­
� �®

�z ���¯
and 

2 2 2(1 ) / ( ) ,  say (i.e., 1 ,  say),c P P Q P d P Q� �� �� � � �� � (2.7)

we observe that (1.11), for 1q p�t �� , reduces to 

�� �� �� ��1
21 ( ) ( ) ,p px f x p x Q F x���� �T � �Q �T �� (2.8)

which is the characterizing differential equation for the doubly truncated Burr type XII 
distribution (cf. Khan and Khan (1987) and Saran and Pushkarna (2001)) with pdf in the 
form 

1 ( 1)

1 1
(1 )

( ) , , 0, 0, 0.
( )

p pp x x
f x Q x P p

P Q

�� �� �Q���Q �T �� �T
� �d �d �Q �! �! �T �!

��
(2.9)
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For the above values of ia , jb , c and d , as given in (2.7), the recurrence relations 

in (2.1), (2.2), (2.4) and (2.6) reduce, respectively, to the following results for the doubly 
truncated Burr type XII distribution: 

( ) ( )
2 21:1 1 1 1:1

( ) ( ) ( )
2 21: 1 1: 1 1:

( ) ( )( ) ( )
: 2 2 :1: 1 : 1

( ) ( )
1 ,

( ) ( )
1 , 1,

( ) ( )
1 , 2

t p t p t p t

t p t p t p t
n n n

t p t pt p t
r n r nr n r n

t p t p
Q Q P P

p p

t p t p
Q Q P n

n p n p

t p t p
Q P

n p n p

�� �� ��

�� �� ��
��

�� ����
�� �� ��

�ª �º�� ��
�� �P � �� �� �P�« �»�Q �Q �T�¬ �¼

�ª �º�� ��
�� �P � �� �P �� �P �t�« �»�Q �Q �T�¬ �¼

�ª �º�� ��
�� �P � �P �� �P �� �P�« �»�Q �Q �T�¬ �¼

1,r n�d �d ��

and 

( )( ) ( )
: 2 2 :1: 1 1

( )
1 , 1.t p t pt p t

n n n nn n
t p t p

Q P P n
n p n p

�� ����
�� ��

�ª �º�� ��
�� �P � �P �� �� �P �!�« �»�Q �Q �T�¬ �¼

These results agree with Khan and Khan (1987) for doubly truncated Burr type XII 
distribution. We can derive similar recurrence relations for doubly truncated Lomax, 
Weibull, Weibull-gamma, Weibull-exponential, log logistic, exponential, generalized 
exponential, Rayleigh, generalized Rayleigh and generalized Pareto distributions, since 
these distributions are some versions of Burr type XII distribution by taking different 
values of the parameters involved as discussed in Tadikamalla (1980) and Saran and 
Pushkarna (2001).

Remark 2.2. On setting

1, when 0

0, when 0,i
i

a
i

� �­
� �®

�z�¯

, when 0

, when 1

0, when 2,
j

j

b j

j

�O � �­
�°� �Q � �®
�° �t�¯

and 

2 2 2(1 ) / ( ) ,  say (i.e., 1 ,  say),c P P Q P d P Q� �� �� � � �� � (2.10)

we observe that (1.10), or equivalently (1.11), reduces to the well-known characterizing 
differential equation for the doubly truncated linear-exponential distribution and also the 
recurrence relations given in equations (2.1), (2.2), (2.4) and (2.6) reduce to the 
corresponding results for the doubly truncated linear-exponential distribution, which 
agree with the results due to Saran and Pushkarna (1999b), Mohie El-Din et al. (1997) 
and Balakrishnan and Sultan (1998, p.202).
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3. RELATIONSHIPS FOR PRODUCT MOMENTS

In this section, we shall derive various recurrence relations for the product moments 
of order statistics from a doubly truncated continuous distribution with pdf ( )f x and cdf

( )F x satisfying the characterizing differential equation (1.10).

Theorem 3.1. For 1 2r n�d �d �� , 0j �t and 0,k �t

�^ �`( , ) ( , 1) ( 1)
, 1: , 1: 1 : 1

0 0 ( 1)

p q
j k i j k t j k tt

i r r n r r n r n
i t

b
a nc

k t
�� �� �� �� �� ��

�� �� �� ��
� � 

�ª�P � �P �� �P�«�¬�� ��
�¦ �¦

�^ �`( , 1) ( 1)
:, 1:( ) j k t j k t

r nr r nn r �� �� �� �� ��
��

�º�� �� �P �� �P �»�¼
(3.1)

and, for 1 1r s n�d �� �d �� , 2s r�� �t , 0j �t and 0,k �t

�^ �`( , 1) ( , 1)( , )
, : , : 1 , 1: 1

0 0 ( 1)

p q
j k t j k tj k i t

i r s n r s n r s n
i t

b
a nc

k t
�� �� �� ����
�� �� ��

� � 

�ª�P � �P �� �P�«�¬�� ��
�¦ �¦

�^ �`( , 1)( , 1)
, : , 1:( 1) .j k tj k t

r s n r s nn s �� ���� ��
��

�º�� �� �� �P �� �P �»�¼
(3.2)

Proof. From equation (1.9), we have for 1 1r s n�d �� �d �� and , 0j k �t , 

�> �@

�> �@
�> �@

1 1

1

1

1

1( , )
, : , :

0 0

1

1
, :

( ) [ ( )

( )] 1 ( ) ( ) ( )

( ) ( ) ( ) ,

p p rP Pj k i j k i
i r s n r s n i Q x

i i

n ss r

rP j
r s n Q

a C a x y F x F y

F x F y f x f y dydx

C x F x f x I x dx

���� ��

� � 

���� ��

��

�P � 

�� ��

� 

�¦ �¦ �³ �³

�³
(3.3)

where 

�> �@ �> �@1 1

1
( ) ( ) ( ) 1 ( ) ( ) .

p s r n sP i k
ix

i
I x a y y F y F x F y f y dy

�� �� ��

� 

�§ �·
� �� ���¨ �¸

�© �¹
�¦�³

Making use of (1.10) and splitting the integral accordingly into two, we have 

0, 1,
0 0

( ) ( ) ( ),
q q

t t t t
t t

I x c b E x b E x
� � 

� ���¦ �¦ (3.4)

where 

�> �@ �> �@1 1
, ( ) ( ) ( ) 1 ( ) , 0,1.

s r n s mP k t
m t xE x y F y F x F y dy m

�� �� �� ����� �� �� � �³

Considering the expression for , ( )m tE x and integrating it by parts treating k ty �� for 

integration and the rest of the integrand for differentiation, we get for 1,s r� ��
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�> �@

�> �@1

1
1

,

21

( ) 1 ( )
( 1)

( 1 )
1 ( ) ( ) ,

( 1)

k t
n r m

m t

n r mP k t
x

x
E x F x

k t

n r m
y F y f y dy

k t

�� ��
�� �� ��

�� �� ���� ��

� �� ��
�� ��

�� �� ��
�� ��

�� ��
�³

and for 2s r�� �t and ,s n�z

�> �@ �> �@

�> �@ �> �@

1

1

21
,

1 11

( 1)
( ) ( ) ( ) 1 ( ) ( )

( 1)

( )
( ) ( ) 1 ( ) ( ) .

( 1)

s r n s mP k t
m t x

s r n s mP k t
x

s r
E x y F y F x F y f y dy

k t

n s m
y F y F x F y f y dy

k t

�� �� �� ���� ��

�� �� �� �� ���� ��

�� ��
� �� �� ��

�� ��

�� ��
�� �� ��

�� ��

�³

�³

Upon substituting for 0, ( )tE x and 1, ( )tE x in (3.4) for both cases, viz. 1s r� �� and

2s r�� �t separately, and then substituting the resulting expression for ( )I x so obtained 

in equation (3.3) and simplifying, it leads to the recurrence relations given in (3.1) and 
(3.2), respectively.

In a similar manner, recurrence relations given in the following Theorem 3.2 can be 
easily established.

Theorem 3.2. For 1 2r n�d �d �� , 0j �t and 0,k �t

�^ �`( , 1) ( , 1)( )( , ) 1 ( , 1)
, : 1 , :: 1 , 1: 1 , 1:

0 0 ( 1)

p q
j k t j k tjj k i k t j k tt

i r n n r n nr n r n n r n n
i t

b
a nc P

k t
�� �� �� ���� �� �� �� ��

�� �� �� ��
� � 

�ª �º�P � �P �� �P ���P �� �P�« �¼�¬�� ��
�¦ �¦

(3.5)
and, for 2n �t , 0j �t and 0,k �t

�^ �`( , ) ( , 1)( ) ( 1) ( 1)1
11, : 1: 1 1: 1 1, : 1:

0 0
,

( 1)

p q
j k i j k tj j k t j k tk tt

i n n n n n n n n n n n n
i t

b
a nc P

k t
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� � 

�ª �º�P � �P �� �P ���P �� �P�« �¼�¬�� ��
�¦ �¦

(3.6)
where 1P is finite.

Now, we derive some more recurrence relations for product moments.

Theorem 3.3. For 2 1r n�d �d �� and , 0,j k �t
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(3.7)
and, for 2 r s n�d �� �d , 2s r�� �t and , 0,j k �t
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Proof. For 2 r s n�d �� �d and , 0,j k �t we have from (1.9) 
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Making use of relation (1.11) and splitting the integral in ( )J y accordingly into two, 

and then following similar steps as those used earlier in proving Theorem 3.1, one can 
easily establish the relations in (3.7) and (3.8).

Proceeding exactly on similar lines, one can easily derive the following recurrence 
relation.

Theorem 3.4. For 2n �t and , 0,j k �t

�^ �`( , ) ( 1, )( 1) 1 ( ) ( 1)
1,2 : 1: 1 1 1: 1 1,2 : 2 :

0 0
,
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(3.10)
where 1Q is finite.

Remark 3.1. For special values of ia , jb , c and d , as given in (2.7), recurrence 

relations in equations (3.1), (3.2), (3.5), (3.6), (3.7), (3.8) and (3.10) reduce, respectively, 
to the following results for the doubly truncated Burr type XII distribution:

For 1 2,r n�d �d �� 0j �t and 0,k �t
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and, for 0j �t and 0,k �t
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First four of the above mentioned results agree with Khan and Khan (1987) for 
doubly truncated Burr type XII distribution and the remaining results are new ones. As 
mentioned earlier in Remarks 2.1 and 2.2, the recurrence relations for product moments 
of order statistics from doubly truncated Lomax, Weibull, Weibull-gamma, Weibull-
exponential, log logistic, exponential, generalized exponential, Rayleigh, generalized 
Rayleigh, generalized Pareto and linear-exponential distributions can be easily deduced 
from the results of Section 3 as special cases.
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