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ABSTRACT

In this paper we derive some general recurrence relations satisfied by the single and
product moments of order statistics from a general class of doubly truncated distributions,
which unify the earlier results in this direction due to several authors.
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1. INTRODUCTION

Order statistics and their moments have great importance in many statistical
problems. Linear functions of order statistics are found to be extremely useful in the
estimation of parameters and also in testing of hypotheses problems. Knowledge of the
moments of order statistics, in particular their means, variances and covariances, allows
us to evaluate the expected value and variance of a linear function of order statistics, and
hence permits us to obtain estimators and their efficiencies. With the primary intention of
reducing the amount of direct computation of these moments, many authors have
investigated and derived several recurrence relations and identities satisfied by these
moments of order statistics. For more details, see Malik, Balakrishnan and Ahmed
(1988), Balakrishnan, Malik and Ahmed (1988), Balakrishnan and Sultan (1998), Khan et
al. (1983a,b), Ahmad (2001) and Saran and Pushkarna (1999a,b,c; 2000a,b). In some of
these references, a particular distribution is considered and the recurrence relations for
moments of order statistics are obtained by using the corresponding characterizing
differential equation.

Let X;., dX,., d } dX,., be the order statistics obtained from a population having

an absolutely continuous cumulative distribution function (cdf) G(X) and a probability

density function (pdf) g(X). Then the pdf of X 1 dr dh,is given by

rn »
C..h0" 'Y e g, f x f, (1.1)
and the joint pdf of X,., and X4., (1 dr s dh) is given by
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CenB By G Gy " Cgay, fox yf, (12

where

C LandC n' .
N (S () SN s 1 DI(n 9!
Let
B E(X) Crn3iXB0" ' G0 " " g(xdx (1.3)
and

Coondl XV 807 ' 8(y) G0 Gy ™ g0y dydx

(1.4)
For simplicity, we shall denote P?l:)n by R., and I?lsl)n by Rg.n-
The pdf in the case of truncation from both sides is given by
9
f(X , dx P, 1.5
(%) P Q Q 1 (1.5)
where
fgdx Q (1.6)
and
%lfg(x)dx 1 P, (1.7)

ie, Qand 1 P (Q P)are, respectively, the proportions of truncation on the left and
right of the pdf g(X). The quantities Q and P are assumed to be known and are

functions of Q and B .
By letting Q 0 0, this distribution reduces to the right truncated distribution and, by
letting P 0 1, it reduces to the left truncated distribution. Further, by letting Q 0 0 and
P o0 1, it becomes the original non-truncated distribution with pdf g(x), f x f.
Thus, for the doubly truncated distribution having pdf f(X), as given in (1.5), and cdf
F(x), we have

B Con $XCF00T T Fo ™ T (0dx (1.8)

and
BIEY Coond BIVFOOT TRy FOO® A F(y) ™ (0 f(y)dydx
(1.9)
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In this paper, we derive some general recurrence relations satisfied by the single and
product moments of order statistics from a general class of doubly truncated distributions
with pdf f(Xx) (as in (1.5)) and cdf F(X) satisfying the following characterizing

differential equation:

-§?q>é (%) §?bjxj c N F(x, (1.10)
®o 1 @0 i

or, equivalently,
§?ai>3 (%) ‘§?ij] d F( , (1.11)
®o 1 @0 i

where d 1 c and Q dx ® . Here p and q are integers and a's, b's and c are
arbitrary real constants.

It is worth mentioning here that several doubly truncated distributions, for example,
doubly truncated Lomax, Weibull, Weibull-gamma, Weibull-exponential, log logistic,
exponential, generalized exponential, Rayleigh, generalized Rayleigh, generalized Pareto,
linear-exponential and Burr satisfy the characterizing differential equation defined in
(1.10) or (1.11) with appropriate choices for p, g, a’s, b’s and ¢ as demonstrated in

Remarks 2.1 and 2.2 in Section 2. Therefore, the recurrence relations for single and
product moments of order statistics from the above mentioned doubly truncated
distributions can be easily deduced from the results derived in Sections 2 and 3,
respectively, as special cases. Thus, the results presented in this paper will unify the
earlier results in this direction due to some authors like Balakrishnan and Joshi
(1981,1982,1984), Balakrishnan and Malik (1986, 1987), Khan and Khan (1987), Saran
and Pushkarna (1999a,b,c; 2000a,b), etc., for the moments of order statistics from some
specific continuous distributions (truncated as well as untruncated). Throughout this
paper, we shall assume that all of the integrals exist and are finite.

2. RELATIONSHIPS FOR SINGLE MOMENTS

In this section, we shall establish several recurrence relations for single moments of
order statistics from a doubly truncated continuous distribution satisfying the
characterizing differential equation (1.10) or, equivalently, (1.11).

Theorem 2.1. For t 0,1,2, ,

9§ i p a8 h - : :
[ Fﬁ't'l) 1 F()k t) [ d til CPt|1 21
@ i 12t k'oak 11 G i 1t Q ] , 2.1
and, for n t2,
980 g p a8 h - : .
nf S8 i Pamo TR qqit cpin 0o
i'o @i 11 kn k|0ak tn i @ i 11 Q In 1 (2.2)

where Q and B are finite.
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Proof. Using (1.8), we have, for n tl and t 0,1,2,

p §p .
ta B9 ndixt» Foo@ 7' a x<f(x dx
dakh? ng @ “lact i

nc_? h gxt "y Fx @ dx

i 0
q .
n:q%xt "y F(x) [Qbix
i 0
Y Y
nc i n i
i.ob t in 1) i.oh (t iny> 2.3)
upon using (1.10), where
lan  £x* > F(o Bix

Integration by parts (treating x® for integration and » F(X) @for differentiation)
directly gives, for a t i,

(P! Q*"/(a 1), whenn 1

| ®
(an 1 *F??nl)l QR "Y/(a 1), whenn t2

and
la,n) (B2 Q@ Y/@@ 1), whenn tl.

Substituting these expressions in (2.3), simplifying the resulting equations and using
(1.8), we derive the recurrence relations in (2.1) and (2.2).

Theorem 2.2.For 2 dr ch landt 0,1,2, |,
1808 pin ¥ k t 98hb - wi til
n' =41 ﬁ'l) 1 |j') nt = dﬁ'l) CF‘,'), 24
il()@ i 11 rn k|0ak rn iIO@ i 11 r-ln 1 rn 1 2.4)

Proof. For n t1 and t 0,1,2, , we have from equation (1.8),

Va By ., IXF@ > FO O ) B (0 x
k 0 + 0 Y

cCn i Ex ¥ @ > FOO B o
i0

ol X T F00 @ » Foo B dx
i0

C

q q
A VRE Crn 'BE(t i, D,
CCr.ni|0q (t Ln 1 n. Oh (t Ln r 1) (2.5)
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upon using (1.10), where
Eab §xF0@» F fix
Integration by parts (treating X® for integration and the rest of the integrand for
differentiation) directly givesfora t i andb n r,n r 1,
1 1
b B o« n R
(a 1) Cr:b rl (a l) Cr I:b r 1

E(a b , 2dr ch 1.

Now substituting for E(t i,n r) and E(t i,n r 1) in equation (2.5) and
simplifying the resulting expression, we derive the relation in (2.4).

Proceeding exactly on similar lines, one can easily derive the following recurrence
relation:

Theorem 2.3.For nt2 andt 0,1,2, ,

“98hb 4in P Kt 98 h i til
nt =1 _"ptiD g pkb o oporos dBt/Vocpt'l 6
i@ i 1™ Ko " i'v@ i 12 ! 26)

where R is finite.

Remark 2.1. Setting

;1, wheni 0
8 @®, whenld dp 1

iT wheni p,
b @ ,T whenj p 1
! , whenj zp 1,
and
c (1 P/(P Q PR,say(ie,d 1 B Q) say), 2.7)

we observe that (1.11), for g t p 1 , reduces to
I & f0 @F'Q FX . 2.8)

which is the characterizing differential equation for the doubly truncated Burr type XII
distribution (cf. Khan and Khan (1987) and Saran and Pushkarna (2001)) with pdf in the
form

® il 1(1 TS(p) (QD
(P Q

f(X) , Qdx B, QD,p!0 T (2.9)
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For the above values of &, bj , C and d, as given in (2.7), the recurrence relations

in (2.1), (2.2), (2.4) and (2.6) reduce, respectively, to the following results for the doubly
truncated Burr type XII distribution:

a o
t p) (t p)
SR ode ere (R
a o
t p) t p
<_1<| n® i}?t:np) QQ " RRM e Tp?tz)na ntl,
a t o] t
ML A TILL A Rt T
- 4

and

dtp OF§t ) Bt P t t p)
— P : PRREP 2P nil.
<_L| n(D;}“nAn QZ nlnl 2'1 n(@ TnAn

These results agree with Khan and Khan (1987) for doubly truncated Burr type XII
distribution. We can derive similar recurrence relations for doubly truncated Lomax,
Weibull, Weibull-gamma, Weibull-exponential, log logistic, exponential, generalized
exponential, Rayleigh, generalized Rayleigh and generalized Pareto distributions, since
these distributions are some versions of Burr type XII distribution by taking different
values of the parameters involved as discussed in Tadikamalla (1980) and Saran and
Pushkarna (2001).

Remark 2.2. On setting

-1, wheni 0
% %, wheni z0,

whenj 0
whenj 1
whenj t2,

o
\.éo % Ob

and
c 1 P/(P Q PBR,say(ie,d 1 B Q, say), (2.10)

we observe that (1.10), or equivalently (1.11), reduces to the well-known characterizing
differential equation for the doubly truncated linear-exponential distribution and also the
recurrence relations given in equations (2.1), (2.2), (2.4) and (2.6) reduce to the
corresponding results for the doubly truncated linear-exponential distribution, which
agree with the results due to Saran and Pushkarna (1999b), Mohie El-Din et al. (1997)
and Balakrishnan and Sultan (1998, p.202).
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3. RELATIONSHIPS FOR PRODUCT MOMENTS

In this section, we shall derive various recurrence relations for the product moments
of order statistics from a doubly truncated continuous distribution with pdf f(X) and cdf

F(X) satisfying the characterizing differential equation (1.10).

Theorem 3.1.For 1 dr ch 2, j t0 and k tO,

p b q ) . \
ik D) b a _ Agik t 1) ikt
i:oai R tlom pelRE LN RS
. i o
(n D REGLY RS 3.1

and,for1dr s ch 1,s rt2,jt0andKk toO,

Popikh B a Agiktn giken®
i:oai F?fs:nl) t:Om QC F?fs:ntl) I:srfs lztn)l

(n s DR B L (3.2)
Proof. From equation (1.9), we have for 1 dr s ch 1 and j,k tO,

p S p . ’
HaRE Conla g Y F @)
I

i0

FOOP "' » F(y) @ f(x) f(y)dydx

Crsin gxi Fo) @ f01(x)dx (3-3)
where
00 §%ay Y F) FB > FO) B oy
Making use of (1.10) and splitting the integral accordingly into two, we have
00 cih B0 RE 0. (3.4)

where

En® Sy 'F(y) Fo@ '» F(y@® Mdy, m ol

Considering the expression for Ej, (X) and integrating it by parts treating yk ' for

integration and the rest of the integrand for differentiation, we get for s r 1,
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k tl

Enme(X) h} Fo@ ™'

(n r 1 m)f Kt rm2

- 3 > F f(y)dy,

TR v @ (y)dy,
andfor s rt2 and s zn,

Em (X i—zg Y UIEy) Fo » F(yy @ f(y)dy

(n s m:ﬁktl rl
) WUEe Fol@ » Fy @

P (y)dy
Upon substituting for E,;(X) and E ((X) in (3.4) for both cases, viz. s r 1 and

S r t2 separately, and then substituting the resulting expression for |(X) so obtained

in equation (3.3) and simplifying, it leads to the recurrence relations given in (3.1) and
(3.2), respectively.

In a similar manner, recurrence relations given in the following Theorem 3.2 can be
easily established.

Theorem 3.2. For 1 dr ch 2, j t0 and k tO,

-=-0

. . q q . . \ . .

K a/\F9<t1 kot kot ktlho
G P’ PACNL R RN REGD REGD T
i0 tok t D

(3.5)
and, for nt2, j t0 and Kk tO,

p - q ; ; \ ; ;
jk 1) t} a /\FJ<t1 i) jkto ikt jktlho
_:ailjr’wl | o JC'R Bt B R R

A ,n:n tIO(k t 1) n n ni,n:n 1,
(3.6)
where B is finite.
Now, we derive some more recurrence relations for product moments.
Theorem 3.3. For 2 dr ch 1 and j,k tO,
‘,) g1k (,] b ad/\F§jtk1) ngtl,k)‘ /\ngtl,k) ngtkl)‘o
iloai r,r 1:n tlom 2 r:n 1 r Lr:n 1 r r,r l:n r 1:n %
3.7

and,for2 dr s ch,s rt2and j,k tO,

P - q q . . \ . . \
k a Aggi t Lk t 1,k Ngj t Lk t 1L,k) 'O
: a P:,lsln) I .- J;\d pl ) Bl ) r F?fs:n ) Bi )

S: 1 . rsl:nl r ,sl:nl r I,s:n
i0 tO(J v

(3.8)
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Proof. For 2 dr s ch and j,k t0, we have from (1.9)

A aonta BV F0@ Fy) FoE
ur F(y) @ fxf(y dxdy
Cs:n BY > Fy) @ f(yIydy (3.9)
where

Iy éi)?oa% X F@ F@y FoB ' feodk

Making use of relation (1.11) and splitting the integral in J(Y) accordingly into two,

and then following similar steps as those used earlier in proving Theorem 3.1, one can
casily establish the relations in (3.7) and (3.8).

Proceeding exactly on similar lines, one can easily derive the following recurrence
relation.

Theorem 3.4. For n t2 and j,k tO,
‘,)aing i b fl,ld/\ngtkn Qi t1po Y Ritih gitkno
.G 2 tIO—(j t 1) Tin 1 | 1:n 1 1,2:n 2:n v,
(3.10)
where Q is finite.

Remark 3.1. For special values of &, bj, ¢ and d, as given in (2.7), recurrence

relations in equations (3.1), (3.2), (3.5), (3.6), (3.7), (3.8) and (3.10) reduce, respectively,
to the following results for the doubly truncated Burr type XII distribution:

For1dr ch 2, jtOand k tO,

T kP %Gikp (K P g B oagikp gk

» I I In1 1 P g L
< vpn 1 1/4r,r n vpTn n rrokn n n —rrIn rn L/, ' TN

forldr sc 1,s rt2,jt0andKk to,

p (k—p)°F§]—,k p) (k p) pik)

S vpn s 11,"s" vpTn s 1) "
B agik p pgik p o ik p
(n s l) arsnl rstnli, 'rstn >

for1dr ch 2, jt0and k tO,
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a o . . . . .
P kP B P) (k $) B np Bk PBD Rk P O ik

Jn: r,nn rn 1 rnknlij "rnkno>
vp 1, vp

&k p °gik (K P ik ' i K i K
<_1<| vp 1}?11 1, » voT B) I}m nk ;:FlJ< PRI, BIED f/4 Bl

for2 dr ch 1, j t0 and k tO,

1§ P cpipk VPTQ agipk pgipk o VPT 4ipk gk

© (j pt rr Ln G p Srin 1 rLrn 1 1/4(j ) r Ln rr ln>

for3dr sd,s rt2,jt0oand kt0,

VPTr D) gj pky YPTQ ayj pk Bipk o

i p TSN 4 p ~Jr1Lstnl r 2,5 lnli,
Spir ) .- -
D rpen R,

and, for j t0 and k t O,

. TnQ . . . VpT . K
T'% _vp Bl Pk VP api p K i PR 0 pik ] pip k.
G p 1t G p "t Q "Rni1, Azn G p

First four of the above mentioned results agree with Khan and Khan (1987) for
doubly truncated Burr type XII distribution and the remaining results are new ones. As
mentioned earlier in Remarks 2.1 and 2.2, the recurrence relations for product moments
of order statistics from doubly truncated Lomax, Weibull, Weibull-gamma, Weibull-
exponential, log logistic, exponential, generalized exponential, Rayleigh, generalized
Rayleigh, generalized Pareto and linear-exponential distributions can be easily deduced
from the results of Section 3 as special cases.
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