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ABSTRACT

This paper derives a new family of continuous probability distribution based on the 
Whittaker functions which include the product of some well known continuous 
distributions. We have also defined a class of continuous probability distributions based 
on the generalized Pearson differential equation which follows as a special case of our 
general results. Some characteristics of the new distribution are defined. It is observed 
that the new distribution is unimodal, skewed to the right and carries most of the 
properties of skewed distributions. It is hoped that the findings of the paper will be useful 
for researchers in different fields like environmental science, life testing, reliability 
theory, traffic data, among others.
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1. INTRODUCTION

Many researchers have used a variety of special functions in defining probability 
distributions, see, for example, Nakhi and Kalla (2005) and references therein. One of 
these special functions which belongs to the class of confluent hypergeometric functions 
and has a wide range of applications in physics and engineering is Whittaker function
defined by 
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where  1 1 .F and  . denote the confluent hypergeometric functions of Kummer and 

Tricomi respectively (see Appendix A). This paper derives a new family of continuous 
probability distribution based on the Whittaker functions which includes the product of 
the pdfs of several well known classical densities. It is interesting to observe that the 
recent results of Nadarajah (2008), where a probability density function is defined as 
proportional to the product of normal and gamma pdfs, follow as special cases of our 
general distributions considered in this paper. We have also defined a class of continuous 
probability distributions based on the generalized Pearson differential equation. It is 
observed that this new class of Pearsonian distributions also follows as a special case of 
our general results. The following differential equation
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was introduced by Karl Pearson during the late 19th century, where ( )Xf x denotes a 

probability density function for some random variable X , and a , 0b , 1b , and 2b denote 

some real parameters. By proper choice of these four parameters, the solution of the 
Pearson differential equation (1) leads to a large number of well-known families of 
continuous probability distributions such as the normal and Student t distributions 
(known as Pearson Type VII), beta distribution (known as Pearson Type I), and gamma 
distribution (known as Pearson Type III). For details on these, see, for example, Stuart 
and Ord (1994), and Johnson, Kotz and Balakrishnan (1994), among others. In recent 
years, a generalized Pearson differential equation of the form 
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has appeared in literature, from which, by proper choice of the parameters, a vast 
majority of continuous probability density functions can be generated, known as the 
generalized Pearson system of continuous probability distributions, see, for example, 
Dunning and Hanson (1977), and Chaudhry and Ahmad (1993), among others. For 
example, the normal distribution belongs to the generalized Pearson system of continuous 

probability distributions when 2
0 1 0 1 21, 2, , 1, , 0, 0p q a a b b b         . It 

appears from the literature that not much attention has been paid to this kind of study, 
that is, to the family of continuous probability density functions that can be generated as a 
solution to the generalized Pearson differential equation (2).

This paper introduces and develops a new continuous probability density function as a 
solution to the above generalized Pearson differential equation (2), which includes the 
product of exponential and Rayleigh pdfs, the product of gamma and Rayleigh pdfs, the 
product of gamma and Rice pdfs, the product of gamma and normal pdfs, and the product 
of gamma and half-normal pdfs, among others. A generalization of our newly proposed 
distribution in terms Whittaker function is also defined. The organization of this paper is 
as follows. In Section 2, the derivations of the normalizing constant C , and expressions 
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for the pdf and cdf have been provided. Section 3 discusses some characteristics of the 
proposed distribution. The percentage points of the proposed distribution are given in 
section 4. Some concluding remarks are provided in Section 5. The derivations of the 
c.d.f., p.d.f., kth moment, etc, of this paper involve some special functions, which are 
provided in Appendix A. For details on these, see, for example, Abramowitz & Stegun 
(1970), Gradshteyn & Ryzhik (2000), Lebedev (1972), Prudnikov, et al. (1986), and 
Chaudhry and Zubair (2002) among others. 

2. DERIVATION OF THE PROPOSED DISTRIBUITIONS

A new family of continuous distribution based on the Whittaker functions and the 
generalized Pearson differential equation (2) are provided in this section. 

2.1 A Generalized Product Distribution based on Whittaker functions

For some non-negative continuous random variable X and normalizing constant 
0C  , consider the product function
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where  , .M  denotes the Whittaker function. Then, in view of Lemma 1 (see 

Appendix A), it is easy to see that the product function as given in (3) defines a pdf with 

the normalizing constant *C given by
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2.2 Product Distribution based on the Generalized Pearson Differential Equation

We consider the following differential equation
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which is a special case of the generalized Pearson differential equation (2) when 
2, 1p q  , and 0 0b  . The solution to above the differential equation is given by

 2( ) exp , 0, 0, 0, 0Xf x C x x x x           , (5)
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         , and C is the normalizing constant. Using 

Lemma 2 (see Appendix A), it is easy to see that the function ( )Xf x in (5) defines a 

probability density function if the normalizing constant C is given by
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Thus, from (5) and (6), for a random variable X , the following newly proposed 
continuous probability density function in terms of parabolic cylinder function is 
generated from the generalized Pearson differential equation (2): 
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One can also easily express the pdf ( )Xf x as given in (7) in terms of confluent 

hypergeometric functions of Tricomi and Kummer by using the respective definitions 
(see Appendix A). The product densities like the product of exponential and Rayleigh 
pdfs, the product of gamma and Rayleigh pdfs, the product of gamma and Rice pdfs and 
the product of gamma and half-normal pdfs, and several other well known continuous 
probability densities like Rayleigh and half-normal among others can easily be derived 
from (3) by simple transformation of the variable x or by specialization of the parameters
 ,  , a and s .

i) The model proposed in (3) is a natural generalization of our Pearsonian model 
introduced in (7). Using the definitions of the Whittaker, Kummer and parabolic 

cylinder functions (see Appendix A) and applying the transformation 
1

2
    in 

the equation (3), one easily gets the following expression for the pdf
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which readily reduces to the equation (7) for 4   , 
1

a 


and s  . It is 

interesting to observe that following in the same manner as above, that is, by taking 

4 1    , 
1

a 


and s  in the above expression for the pdf ( )Xf x , the recent 

results of Nadarajah (2008), where a probability density function is defined as 
proportional to the product of normal and gamma pdfs, follow as special cases of our 
generalized model proposed in (3).

ii) Product of Gamma and Rayleigh PDF: Consider the product function
( ) . ( ). ( ), 0, 0X X Xf x C p x q x x C   , where C denotes a normalizing constant, and 
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( )Xp x and ( )Xq x denote the pdfs of gamma and Rayleigh distributions respectively 

for some random variable X given by

1( ; , ) , 0, 0, 0
( )

x
Xp x x e x


   

       
 

,

and 
2
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Then it is easy to see that the product function
( ) . ( ). ( ), 0, 0X X Xf x C p x q x x C   , 

defines a pdf as given in (7), with the normalizing constant C given by (6). For 

1  , it defines the product of exponential and Rayleigh pdfs.

iii) Product of Gamma and Rice PDF: Consider the product function
( ) . ( ). ( ), 0, 0X X Xf x C p x q x x C   , where C denotes a normalizing constant, 

and, for some random variable X , ( )Xp x denotes the pdf of gamma distribution, 

and ( )Xq x denotes the pdf of Rice distribution given by
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normalizing constant C given by (6). Note that, when 0  , Rice distribution 

reduces to Rayleigh distribution.

iv) Product of Gamma and Half-Normal PDF: Similar to our newly proposed 
distribution, a continuous probability density function can easily be generated from
the generalized Pearson differential equation (4) by suitable choice of the coefficients, 
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for some random variable X , ( )Xp x denotes the pdf of gamma distribution, and 

( )Xq x denotes the pdf of half-normal distribution given by 
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with the normalizing constant given by
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2.3 Derivation of the CDF

Suppose X is a random variable with the pdf ( )Xf x as given in (3). Then using the 

definitions of the exponential, generalized incomplete gamma, Kummer and Whittaker 
functions, and Pochhammer’s symbol (see Appendix A), it is easy that the cdf of the 
random variable X can be expressed as
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where 
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2
p   , 1 2q    and *C is the normalizing constant given by (4). By 

direct differentiation of the cdf in (10), recalling the definitions of Kummer and 

Whittaker functions, and noting that 
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where C is is the normalizing constant given by (6). One can also easily express 
the cdf (11) in terms of confluent hypergeometric function of Kummer by using 
its definition (see Appendix A). By direct differentiation of the cdf in (11) and noting 

that 
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2.4 Plots of the CDF and PDF of the RV X

In this section we draw the plots of the pdf (8) and cdf (10) of the RV X . Without 
any loss of generality, the plots of the pdf (7) and cdf (11) are given below. For the sake 

of simplicity, by taking  21 2  in the expressions for the pdf (7) and cdf (11), the 
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possible shapes of the pdf and cdf of the RV X are provided for some selected values of 
the parameters in Figures 1 and 2 below. The effects of the parameters can easily be seen 
from these graphs. From these graphs, it is evident that the distribution of the RV X is 
unimodal and right skewed. Similar plots can be drawn for others values of the 
parameters.

(a) (b)

Figure 1: PDF Plots of X for (a) 1  , 0.5  , 0.2, 0.5,1, 2  (left), and 

(b) 1  , 1  , 0.2, 0.5,1, 2  (right).

(a) (b)

Figure 2: CDF Plots of X for (a) 1  , 0.5  , 0.2, 0.5,1, 2  (left), and 

(b) 1  , 1  , 0.2, 0.5,1, 2  (right).
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3. PROPERTIES OF THE NEW GENERALIZED DISTRIBUTION

This section discusses some characteristics of the newly proposed generalized 
distribution with the pdf ( )Xf x as given in (3) and its particular case (7). The detailed 

discussions of the properties of the particular case (7) are omitted here for brevity for 
which the interested readers are referred to Nadarajah (2008).

3.1 Moments and Mode

Using Lemma 2 (see Appendix A), for some integer 0r  , the rth moment of the 

random variable X having the pdf (3) is obtained in terms of the gamma and parabolic 
cylinder function, and Pochhammer’s symbol (see Appendix A), as
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p      , 1 2q    and *C is the normalizing constant given by (4). In 

particular, using Lemma 2 (see Appendix A), for some integer 0k  , the kth moment of 

the random variable X having the pdf (7) is obtained in terms of parabolic cylinder 
function as
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One can also express the kth moment (13) in terms of Kummer’s confluent 
hypergeometric function by using its definition. Using Lemma 2 (see Appendix A) and 
the definition of parabolic cylinder function, the kth (central) moment of the random 
variable X having the pdf (7) is easily given as
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where 0, 0, 0      . Using moments one may obtain the mean, variance, skewenss 

and kurtosis of the distribution. Further, if 0k j    be an integer, then, using 

Lemma 4 (see Appendix A), the kth moment, k , of the random variable X having the 

pdf (7) can be expressed as
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it can easily be verified that the proposed distribution with pdf (7) is unimodal, the mode 
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3.2 Characteristic Function and rth Cumulant

Using Lemma 1 and the definition of parabolic cylinder function (see Appendix A), 
the characteristic function of the random variable X having the pdf (7) can easily be 
expressed as

 ( ) i t X
Xg t E e

0

( )i t x
Xe f x dx


 

  

2
( 1)

( 1)

1
exp

8 4 2
, 0, 0, 0

2

i i t
t t D

D

  

 

                     
 

, (14)

where 1i   is the imaginary number, and 2 1i   . The rth cumulant, r , of the 

random variable X having the pdf (7) and the characteristic function (14) is given by

 

0

ln ( )1
, 1, 2,

r
X

r r r
t

d f t
r

i dt


 
   

  
�� . 
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3.3 Entropy

Entropy provides an excellent tool to quantify the amount of information (or 
uncertainty) contained in a random observation regarding its parent distribution 
(population). A large value of entropy implies the greater uncertainty in the data. As 
proposed by Shannon (1948), entropy of an absolutely continuous random variable X
having the probability density function  X x is defined as

     [ ] ln ( ln ( )X X X
S

H X E X x x dx          ,     (15)

where   : 0XS x x   . Thus, in view of the equation (15) and using the definition of 

exponential function, Lemma 2 and Lemma 3, the entropy of the random variable X
having the probability density function  Xf x in (7) can easily be expressed in terms of 

digamma and parabolic cylinder functions as

   
0

[ ] ln ( ln ( ) ( )X X XH X E f X f x f x dx


      

     2ln( ) ln , 0, 0, 0C E X E X E X            ,

where  lnE X is given as

          1 2
0

11
ln 2 1 2 1 ln

!

jj

j
E X C j j

j






    
                    

 ,

and C is the normalizing constant given by (6) and  . denotes digamma function.

3.4 Survival and Hazard Functions

The survival and hazard functions for our newly proposed distribution are 
respectively given by

     
   21

0

1
1 1 2 1,

!

kk

X
k

C
S x F x k x

k



 

                   
 ,

and
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k x
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


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 
 

            
    



where 0, 0, 0, 0x       , and C is the normalizing constant given by (6). 
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4. PERCENTILES

This section computes the percentage points of our newly proposed distribution with 
the pdf as given in (7). For any 0 1p  , the 100 pth percentile (also called the quantile 

of order p ) of the new distribution with pdf ( )Xf x is a number px such that the area 

under ( )Xf x to the left of px is p . That is, px is any root of the equation 

( ) ( )
px

p XF x f u du p


  . By numerically solving the equation for the cdf in (11) using a 

Maple 11 program, percentage points px associated with the cdf of X are computed for 

some selected values of the parameters. These are provided in the Table 1 and 2.

Table 1:
Percentage Points of the New Distribution for 1 

  75 % 80 % 85 % 90 % 95 % 99 %

0.5 0.20 0.806218 0.869731 0.945524 1.043304 1.192518 1.483466

0.50 0.768436 0.830431 0.904556 1.000387 1.147002 1.433886

1.00 0.709961 0.769369 0.840636 0.933105 1.075198 1.354927

2.00 0.608825 0.663019 0.728449 0.813960 0.946534 1.210850

1.0 0.20 1.561604 1.686613 1.835984 2.028958 2.323942 2.900460

0.50 1.419921 1.538739 1.681271 1.866210 2.150395 2.709854

1.00 1.217650 1.326038 1.456900 1.627920 1.893067 2.421700

2.00 0.918646 1.007711 1.116436 1.260353 1.487164 1.950623

Table 2:
Percentage Points of the New Distribution for 1 

  75 % 80 % 85 % 90 % 95 % 99 %

0.5 0.20 0.521532 0.580071 0.651072 0.744153 0.888616 1.175648

0.50 0.599482 0.658499 0.729691 0.822551 0.965981 1.249731

1.00 0.709961 0.769369 0.840636 0.933105 1.075198 1.354927

2.00 0.888289 0.947973 1.019149 1.110974 1.251251 1.525745

1.0 0.20 0.863073 0.966702 1.093648 1.261925 1.526654 2.062578

0.50 1.008248 1.114222 1.243116 1.412798 1.677866 2.210620

1.00 1.217650 1.326038 1.456898 1.627919 1.893067 2.421700

2.00 1.561794 1.672700 1.805549 1.977802 2.242605 2.765541
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5. CONCLUDING REMARKS

This paper derives a new family of continuous probability distribution based on the 
Whittaker functions which includes the product of exponential and Rayleigh pdfs, the 
product of gamma and Rayleigh pdfs, the product of gamma and Rice pdfs, the product 
of gamma and normal pdfs, and the product of gamma and half-normal pdfs, among 
others. We have also defined a class of continuous probability distributions based on the 
generalized Pearson differential equation which follows as a special case of our general 
results. It is interesting to observe that the recent results of Nadarajah (2008), where a 
probability density function is defined as proportional to the product of normal and 
gamma pdf, follow as special cases of our generalized model based on the Whittaker 
functions. The expressions for the pdf, cdf, kth moment, characteristic function, survival 
and hazard functions, and Shannon’s entropy, are obtained. The plots for the pdf and cdf 
functions of the new distribution are given. The percentile points for some selected values 
of parameters are provided. It is observed that the new distribution is unimodal, skewed 
to the right and carries most of the properties of skewed distributions. It is hoped that the 
findings of the paper will be useful for researchers in different fields like environmental 
science, life testing, reliability theory, traffic data, among others.
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APPENDIX A
Some Useful Mathematical Functions and Lemmas:

The following  0 1z  and    
 n

z n
z

z

 



are known as Pochhammer’s symbols. 

The integrals   1

0

, , 0
x

tx t e dt     , and 1( , ) , 0t

x
x t e dt


     are called the 

incomplete gamma and complementary incomplete gamma functions. Note that 

    1, , a ta t a t
t e

t t
  

  
 

. The integrals    1 1

0

, ; exp
x

x b t t bt dt      , and 

   1 1, ; exp
x

x b t t bt dt


      are called the generalized incomplete gamma 

functions, where , x are complex parameters and b is a complex variable. When the 

argument 0b  , the generalized incomplete gamma functions reduce to the ordinary 

incomplete gamma functions. The functions defined by 
2

0

2
( )

x
uerf x e du


 , and 

22
( ) 1 ( )u

x
erfc x e du erf x


  


 are called error and complementary error functions 

respectively. The following series  1 1
0

( )
; ;

( ) !

k
k

k k

z
F z

k





      
  

 , (where z   ; 

0, 1, 2 , ...    ), is known as the confluent hypergeometric function of Kummer. The 

series

   
     

   1
1 1 1 1

1 1
, ; ; ; 1;2 ;

1
z F z z F z   

        
   

, 

(where z   ; 0, 1, 2, ...    ), is known as the confluent hypergeometric function of 

Tricomi. Note that

   1 1, ; 1;
z

z F z


      


, and    , 1 ;1 ;zz e z      . 

The functions defined by      
1 1

2 2, 1 1
1

;1 2 ;
2

z
M z e z F z

 
 

      
 

and 

     
1 1

2 2,
1

;1 2 ;
2

z
W z e z z

 
 

       
 

are called the Whittaker functions. The 
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function defined by 
 

2

24
1 2

0

( )

z
x

zxp
p

e
D z x e dx

p

 
  

    
   , where Re ( ) 0p  , is called the 

parabolic cylinder function. The following formulas also hold for the parabolic cylinder 
function:

2
3 1 2

/44 2
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2

1 3 3
( ) 2 , ;

2 4 2 2

a z

a

z
D z z e a
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 
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 
,

2
1 1 2

/44 2
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1 1 1
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D z e a
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 
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    
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2
2

/ 2 /4 1
( ) 2 , ;

2 2 2
p z

p
p z

D z e
 

    
 

, 
2 /4

1( )
2 2

z z
D z e erfc

   
        

, 

and

2 2/4 /2
2

2
( )

2 2
z z z

D z e e z erfc


                        
.

The following Lemmas are also needed to complete the derivations.

Lemma 1 (Gradshteyn and Ryzhik (2000), Equation (7.628.3), Page 867).

For Re ( ) 0a  , 
1

Re ( )
4

   and Re ( ) 0s  , we have

        
   

2

2

1 2
2 1 2

,
0

21
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2 8 1 1
3 ,

2 2

(2) 4 1
4

t st
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a s

t
t e M dt

a

as
a s e W
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

 

  

   

 
  
 

 
      

 



Lemma 2 (Gradshteyn and Ryzhik (2000), Equation (3.462.1), Page 337).

For Re ( ) 0p  , and Re ( ) 0  , we have

 
2

2 81 2

0

(2 )
2

c
pp x c x c

x e dx p e D
p

               
 

 
     

 
 ,

where ( )pD z denotes the parabolic cylinder function.
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Lemma 3 (Gradshteyn and Ryzhik (2000), Equation (4.352.1), Page 576).

     1

0

1
ln ln , Re 0, Re 0xx e x dx


 


            

 ,

where ( )x denotes the digamma function.

Lemma 4 (Prudnikov, et al. (1986), Equation (2.3.15.7), Page 344).

For Re ( ) 0p  , Re ( ) 0q  , and positive integer n , we have

2
2

0

( 1)
exp

2 4 2

n n
n p x q x

n

q q
x e dx erfc

p pq p


 

                   
 ,

where ( )erfc x denotes the complementary error function.


