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ABSTRACT

This article proposes a five-parameter exponential-type distribution whose exact mo-
ments and normalizing constant are obtained as inverse Mellin transforms and expressed as
generalized hypergeometric functions. Several commonly used statistical distributions such
as the gamma, Weibull and half-normal turn out to be particular cases of this generalized
distribution. It is shown in a numerical example that the proposed distribution produces a
better fit than the Weibull or inverse Gaussian distributions when used for modeling a data

set consisting of maximum flood levels over a certain time period.
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1 INTRODUCTION

A generalized exponential-type distribution is being introduced. Its density function is

given by
fa(x) = cxSF0eVe PP Ig+(x), (1.1)

where I(x) denotes the indicator function of the set B, R* is the set of real positive
numbers and ¢ is a normalizing constant. While { can take on any real value, the parameters
v, 8, T and p are always nonnegative. The extension proposed in this paper is more general
than the generalized inverse Gaussian model introduced by Jgrgensen (1982). As pointed
out in Section 2, several distributions such as the gamma, Weibull, Maxwell, Rayleigh and
half-normal can be obtained as particular cases.

The inverse Mellin transform technique will be used in Section 3 to determine the
moments and the normalizing constant of the proposed distribution. A brief introduction to
this transform and its inverse is hereby provided.

If f(x) is a real piecewise smooth function that is defined and single valued almost
everywhere for x > 0 and such that [§°x*~!| f(x)| dx converges for some real value k, then
My (s) = J5°x* 7! f(x)dx is the Mellin transform of f(x). Whenever f(x) is continuous, the

corresponding inverse Mellin transform is

fx) : /Himx*st(s) ds (1.2)

o 27” Je—ioo

which, together with M (s), constitute a transform pair. The path of integration in the

complex plane is called the Bromwich path. Equation (1.2) determines f(x) uniquely if

the Mellin transform is an analytic function of the complex variable s for ¢; < R(s) =

¢ < ¢, where ¢ and c; are real numbers and R(s) denotes the real part of s. In the case

of a continuous nonnegative random variable whose density function is f(x), the Mellin

transform is its moment of order (s — 1) and the inverse Mellin transform yields f(x).
Letting

{0 m b+ Bys) f {112 T — - Avs) |

e {H;]':m+] [(1-b; _Bjs)} {Hl(’:nﬂ I(a; +Ais)}

h(s) (1.3)

where m,n, p,q are nonnegative integers suchthat 0 <n < p, 1 <m<gq, A;,i=1,...,p,
Bj, j=1,...,q, are positive numbers and a;, i=1,...,p, b;, j=1,...,q, are complex
numbers such that —A;(bj+Vv) # Bj(1 —a;+A) forv,A=0,1,2,..., j=1,...,m,and i =
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1,...,n, the H-function can be defined as follows in terms of the inverse Mellin transform
of My (s):
(a1 A]) (a A ) 1 Cioo —
x)=H"" x A :—/ h(s)x*ds 1.4
f( ) p,q( (b17Bl)7...,(bq,Bq) 27 Je—ioo ( ) (1.4

where A(s) is as defined in (1.3) and the Bromwich path (¢ —ieo, ¢ +io0) separates the points
s=—(bj+Vv)/Bj, j=1,...,m, v=0,1,2,..., which are the poles of I'(b; +B;s), j=
1,...,m, from the points s = (1 —a;+X)/A;, i=1,...,n, A=0,1,2,..., which are the
poles of I'(1 —a; — A;s), i=1,...,n. Thus, one must have

Maxl < Sm9ﬁ{fbj/Bj} <c< ﬂl/[in1 < S1191{(1 —a;)/A;}. (1.5)

If, for certain parameter values, an H~function remains positive on the entire domain,
then whenever the existence conditions are satisfied, a probability density function can
be generated by normalizing it. For example, the Weibull, chi-square, half-normal and
F distributions can all be expressed in terms of #~functions. For the main properties of
the #H-function as well as its applicability to various disciplines, the reader is referred to
Mathai and Saxena (1978) and Mathai (1993).

WhenA;=Bj=1 fori=1,...,pand j=1,...,q, the #H-function reduces to Meijer’s
G—function, that is,

ma [ [@ee8p ) _ gomn ‘(al,l),...,(ap,l) 16

Pa (x bl,...,bq> ~ e <x (b1,1),...,(bg, 1) | (0
Moreover, the G—function satisfies the following identity:

mn ag,...,ap nm l‘l—bl,...,l—bq

. =g = ) 1.7

p’q<x’b],...,bq> P (X l—al,...,l—ap (1.7)

It is shown in Section 4 that the density functions of products and ratios of certain
exponential-type distributions can be expressed in terms of the moments of the proposed
five-parameter exponential-type distribution, and thus, too, have a closed form representa-
tion.

A certain data set on maximum flood levels is successfully fitted by the proposed model
in Section 5. Two goodness-of-fit measures are being utilized, namely the Anderson-
Darling and the Cramér-von Mises statistics. The generalized exponential-type model turns
out to provide the best fit among several other models.
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2 PARTICULAR CASES OF INTEREST

Many distributions are special cases of the generalized exponential-type distribution intro-
duced in Section 1. For instance, the following distributions arise as particular cases of
(1.1) wherein T = 0:

(i) The gamma distribution, denoted I'(0, ¢), with density function

2~ exp(—x/9)
0°1(8)

is obtained by letting { =0—-2,v=1/pand = 1.

f(x): IR+(x)7 ea¢>07

(i1) The Weibull distribution with density function

f(x) =00x*exp(—0x?) I+ (x),

is obtained by letting { = —1,v=0and & = 0.

(iii) The Maxwell distribution with density function

_ 4x?exp(—x*/0?%)
B v

is obtained by letting { =0, v =1/6 and § = 2.

f(x) I+ (x),

(iv) The half-normal distribution with density function

_ 2exp(—’/(26%)

f(x) ot

IR+(X), 0 >0,

is obtained by letting { = —2, v =1/26% and § = 2.

(v) The exponential distribution with density function

7@ = 2R, 90,

is obtained by letting{ = —1,v=1/kand d = 1.
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(vi) The chi-square distribution with density function

x> lexp(—x/2)

F0 = —Ara)

I]R+()C)7 v > 0,
is obtained by letting { =v/2—-2,v=1/2and d = 1.

(vii) The Rayleigh distribution with density function

X exp(—x%/(2a%))
)

f(x) Ig+ (x),

is obtained by letting { = —1, v =1/(24) and § = 2.

The density function of the inverse Gaussian distribution with real parameters u € R
and A > 0 has the following form:

10 = g exp(Ax— )/ (202)) fe (1), @1

We note that several other parameterizations are possible and that, in this case, p # 0. This
density function is a particular case of the density function given in (1.1) with { = —5/2,
v=MA/(2u?),8=1,t=A/2andp = 1.

Jgrgensen (1982) proposed the so-called generalized inverse Gaussian distribution whose
density function is given by

(0/0*> 5y

flx) = A lexp(—(0x " +0x)/2) Lt (%), 22)

- 2Ki(1/69)
where K (+) is a Bessel function of the second kind. The density function given in (2.2) is a
special case of the five-parameter exponential distribution with { =A—-2,v=0¢/2,8 =1,
t=6/2andp=1.

One can also obtain special cases from the symmetrized form of (1.1), that is,

_ Ja(lxl)
2

fs(x) Iz(x).

For instance, the normal distribution with density function

1
cV2T

flx)= exp(—x*/(26%)) Ix(x),6 >0,
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is obtained by letting T =0, { = —2, v = 1/(26?) and & = 2. The lognormal(u,c) dis-
tribution is then obtained via the transformation y = ¢*. Another example is the double-
exponential distribution with density function

1) =3 exp(-8Jx]) (1), 6> 0,

which can be obtained as a particular case of fs(x) by lettingt=0, {=-1,v=10
and & = 1. Moreover, a location parameter m can be readily incorporated in the density
functions by replacing x with x — m.

3 THE MOMENTS OF THE GENERALIZED
EXPONENTIAL-TYPE DISTRIBUTION

Consider a random variable X whose density function is given by (1.1). In order to deter-

mine its 4" moment, one has to evaluate the integral,

c/ R I 3.1
0

To this end, we define two random variables such that the density function of their product
can be expressed as an integral of the type given in (3.1). By also determining the density
function of the product as an inverse Mellin transform, a closed form representation of the
integral is then obtained. So, let X; and X, be independently distributed random variables

whose density functions are

5
gi(x1) =crafe ™V I+ (xy)

and

P
hi(x2) =cre™ Ip+(x2),

whose (t — 1) moments are respectively

VT ()
5

(&

and
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TG

p

c1 and ¢, being normalizing constants. Thus the (¢ — 1) moment of U = X;X, can be
expressed as

—

_t+e
v T (50T (5)

k(t) =cC1C 8[)

The density function of U = X; X, obtained by taking the inverse Mellin transform of k(z),
that is,

1 —t
— k(t)dt
5w k@)

where i = 4/—1 and (C is a contour of integration which encompasses the poles of I' (é)

andF(%—k%),can be expressed as
c1czv_% 1/ 1\ ! r+¢€ t
—_— 5) I'| — || =) dt 3.2
5p 2mi c(uv) ( 5 ) (p) G2

, (3.3)

where the #-function is as defined in the Introduction.

When 3 and p are rational numbers such that 8 = v/d and p = w/r, where v, d, w and
r are positive integers, one can express the integral in (3.2) as a Meijer’s G-function by
letting z =¢/(v w) and making use of the Gauss-Legendre multiplication formula,

_ a1l r
[(r+gs) = (ZR)Iqu’J”I-“*% HF( j]_r +s). (3.4)
k=0

The density function of U then becomes
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rv_dw
2

de
creadrv vy (2m) 2
1 uvwvwd
X [ S —
2mi /C, ((rv)"’(dw)dw

that is,

Ydw)¥ =3 (rv) "2

Z{dﬁl(z+k;j)}{’g‘r(fv+z)}dz, 35

k=0

~— +

creadrv. S (2m) 2 T dw) S 2 (rv) 12

vwywd
« dw+rv,0 u-v
go,dw+rv (rv)”(dw)dw

e (3.6)
@M,k_amdwuﬁ”k_mmwv1>

Now, considering the transformation U = XX, and V = X, it is seen that the density

function of U is also given by

r(u)

/m1 g1(Wh(u/v)dv
0o v

<1
= cz/ fvge_wﬁe_w/")pdv, 3.7
0 v

and letting € = {48+ h+ 1 and u = t'/, the integral in (3.7) is seen to coincide with that
appearing in Equation (3.1). Thus the #"moment of X is

_§+848rh+1
_V 20 1/py,1/8
my (h) = ¢ —<——9H¢, <1: v (3.8)
op (0,1/p), (S5 1)

or, in light of Equation (3.6),

21~ FH (dw) et ) (rv)~1/2

mg(R)(h) =c®garv

,.crvvwd
dw+rv,0
X goﬁdw-s—rv (rv)r"(dw)dw

7d(§+h+1)71

k=0,..,rv—1 >

(3.9)

k+d(§+vh+1) +1

w )

k=0,..,dw—1;%

Sy
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when p and § are rational numbers with 8 =v/d and p = w/r.
Now assuming that = p and letting w =1/8, e = {+8+h+1 and u = t'/? in the

integral in (3.2), one obtains the 2" moment of X as

bl

i) () =) e G <vfc

) , (3.10)
O, C+g+l + 1

which can also be expressed in terms of Kj (-), a Bessel function of the second kind, as

h4C+8+1
_ h+ 84841 ( 11 +C2+5+
3

1 1
vﬁfcs) Kpitis41 <2 VM:S>
H
3

Since the null moments are equal to one, the normalizing constant ¢ is seen to be the

inverse of the moment expressions my (1), m;R) (h) and mng)(h), wherein £ is set equal to

2v
B

3.11)

zero and ¢ is omitted. When there are no restrictions on 8 and p, the normalizing constant
in (1.1)1s

Saps!
= dpvE . (3.12)

0.1/p), (5L + 1, 1) )

When & and p are rational numbers, the normalizing constant becomes

Vd(c;rl)+l(Zn)%erTWil(dw)fd(g;rl)f%(rv)l/z
R — dr (3.13)
gdw+rv,0 < rvywd
0,dw+ v(dw)dw d(C+1)
wirv | ) (dw) B k=0, dw— 1K k=0,..,rv—1
and when 8 = p, one has
Sl
Vs
B (3.14)
2,0
g0’2<w 0,5t 41 )
v
8vc+g+l

= . (3.15)




106 A Generalized Exponential-Type Distribution

4 RELATED DISTRIBUTIONAL RESULTS

It is shown in this section that the density functions of products and ratios of certain
exponential-type random variables can be expressed in the integral form obtained for the
moments of the proposed distribution and thus, in terms of generalized hypergeometric

functions.

(i) Let X; ~ T(8;,¢;) with p.d.f. fi(xi)) = x{'"exp(—xi/0:)/(0:7T(6:)) ks (x;), 67, ¢; > 0,
i = 1,2, and consider the transformation of variables z; = x;x, and z; = x,. The absolute
value of the Jacobian of the inverse transformation being é, the joint p.d.f of Z; and Z; is
obtained as fj (%)fz(@)é. Thus, the marginal p.d.f of Z; = X X5 is

gi(z1) = /wal(%)fz(zz)idzz

1 1 [ 8] — L -l
= CIPXCH Z?l 1/ Zgz o le 02 02 dzs.
['(6)I'(62)0," 0,

This corresponds to the expression givenin (3.1) with k=0, ¢~! =T(8,)T(8,) ?1 gzzi_e‘ ,

{=0,—0,—2,v= ¢%’ 0=11t= é—'} and p = 1. Clearly, this result also holds for chi-

square and exponential distributions, which are particular cases of the gamma distribution.

(i) Let X; ~ Weibull(6;,0;) with p.df. fi(x;) = 6;0;x% exp(—0,x) L+ (xi), i = 1,2.
Again, letting z; = x1xp and 2o = x, the absolute value of the Jacobian of the inverse

transformation is é and the marginal p.d.f of Z; = X1 Xj is then given by

() = /Ooof1<%)f2(22)zlzd22

1% 0r—b1—1 _pg..22 _g. 0170
010281 8,2" /0 e e n gy,

which is also in the form of the expression specified by (3.1) with 2 =0, ¢ = 0;0,6,6,3 ",
=—01—1,0=0, v=0,,71= Glz‘fl, and p = ¢1. This result holds as well for the
Rayleigh and exponential distributions, which are particular cases of the Weibull distribu-
tion with ¢ =2, 8 = 1/(24%) and ¢ = 1, © = 1/« respectively.
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(iii) Now, if one lets X;, i = 1,2, be distributed as in (1.1) with common parameters ({;,
d1,V1, 11, P1), then, on letting z; = % and 7o = x,, one finds that the absolute value of the

Jacobian of the inverse transformation is z, and that the p.d.f of Z; = % is

/Omﬁ (z122) f2(22)22d22

e 3 3 —P1 P
_ C1C2Z1€1+81/ Z§C|+25l+|e—(v1z1 5! o= R g
0

g3(z1)

which corresponds to the expression appearing in (3.1) with h =0, { =2L; +8;+1, v=
Vlz?] +Vvi,8=298;, 1= rlzfp‘ +1,and p =p;.

Thus, in light of the representations of the moments of the generalized exponential-type
distribution provided in (3.8) and (3.9), the density functions g;(z;), i = 1,2, 3, respectively
obtained in (i), (ii) and (iii) are seen to be expressible in terms of generalized hypergeomet-

ric functions.

S A NUMERICAL EXAMPLE

In order to assess the goodness-of-fit of a model with respect to a given data set, one can
make use of the following statistics among others:

(1) The Anderson-Darling statistic denoted by A% and given by

0.2 1 &, .
A2 (1 n ﬁ) (_n_ ﬁi;(zl ~log (z(1 _z,m,i)))
where z; = cdf(x;), the x;’s, i = 1,...,n, being the ordered observations;

(i) The Cramér-von Mises statistic, which is
0.2 d 2i—1\2 1
Wi =1+ ) (L -5 ) + 1)
o=\t ,; T ) T iom

The smaller these statistics are, the better the fit.

The inverse Gaussian, Weibull, lognormal, generalized inverse Gaussian and the pro-
posed generalized exponential-type distributions were fitted to the data set presented in
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Table 1, which consist of maximum flood levels (in millions cubic feet per second) for the

Susquehanna River at Harrisburg, Pennsylvania over 20 four-year periods, ¢f. Dumonceaux

Table 1: Maximum Flood Levels
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Figure 1: CDF (solid line) and empirical CDF (dots) for the fitted models. Left panel: inverse Gaussian

distribution; Right panel: Weibull distribution.

We made use of the symbolic computing package Mathematica in which the G—function

is built in, in conjunction with the command NMaximize applied to the loglikelihood func-

tions to estimate the parameters, first assuming Weibull, inverse Gaussian and lognormal

models, and then making use of the generalized inverse Gaussian distribution whose den-

sity function is given in (2.2) and the general model as specified by (1.1) withd=v/d =5/2

and p =w/r=35/2. Plots of the cumulative distribution functions of the resulting fitted dis-

tributions are superimposed on the empirical cdf of the data in the graphs shown in Figures

1, 2 and 3. It can be seen from the results presented in Table 2 that the proposed generalized

exponential-type distribution provides the best fit.
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Figure 2: CDF (solid line) and empirical CDF (dots) for the fitted models. Left panel: lognormal distribution;

Right panel: generalized inverse Gaussian distribution.
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Figure 3: CDF of the generalized exponential-type distribution (solid line) and empirical CDF (dots).

Table 2: Estimates of the Parameters and Goodness-of-Fit Statistics

A

e o [l | m [ w
Inverse Gaussian -5/2 15.745 | 2.819 — 7.17061 | 1.56141
Weibull -1 14.450 0 3.526 | 0.8213 | 0.13998
Lognormal(—0.898,0.269) - - - - 0.34701 | 0.05396
d=p=1 —16.572 | 0.001 | 5.736 | — | 0.28605 | 0.04488
d=p=5/2 —8.698 1.608 | 0.199 | — | 0.26880 | 0.04371
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