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ABSTRACT

In this article, the problems of unbiased estimation of parameters in linear and
quadratic mixture models have been revisited. We have studied some standard mixture
designs for this purpose. The information matrices of the parameters involved in the
linear and quadratic mixture models have been displayed for these standard designs.
Some generalizations of the axial designs have been proposed and a comparative study of
these designs, in respect of their information matrices, has been considered. Other types
of mixture models viz. Becker’s homogeneous model and Draper - St. John’s model have
also been briefly studied and the estimation problems have been addressed by using some
axial type designs.
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1. INTRODUCTON

Mixture experiments were first discussed in Quenouille (1953). Later on, Scheffe
(1958, 1963) made a systematic study and laid a strong foundation. A comprehensive
study up to modern developments can be found in Cornell (2002). Mixture experiments
deal with typical multiple regression models wherein the regressors are the proportions of
the mixing components. Thus, mixture experiment is useful in the study of the quality of
products like polymers, paint, concrete, alloys, glass, etc., which depend on the relative
proportions of the ingredients in the products. Examples of mixture experiments are also
found in the pharmaceutical industry and the food industry.

Let X X, %}, Xq denote the vector of proportions of q mixing components and

K x be the corresponding response. Obviously the factor space is the simplex, given by
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;x| % t0,i 1,2,},9, x 1. (1.1

Scheffe (1958) introduced the following models in canonical forms of different
degrees to represent the response function KX :

Linear [Homogeneous]: Kx ! EX; (1.2)
Quadratic: Kx | Bx | EXX; (1.3)
Full Cubic: Kx ! Bx | Exx iJ,:k B % X i:j Gx% % X (1.4
Special Cubic: KX .: EX i;j E XX ij:k BiX % X - (1.5)

Using the identity | x 1, model (1.3) can be converted to the canonical
homogeneouguadratic model:

Kx | EX 1 Exx. (1.6)
i i
In the present study we shall only be concerned with the canonical models (1.2) and

(1.6). It is to be noted that the use of the identity | % 1 may lead to re-modeling very

deceptively. For example, the quadratic model (1.3) may be modified to the special cubic
model, thus inviting more parameters and more design points for estimation. Also proper
interpretation of the parameters may be a bit complicated.

Scheffe (1958, 1963) introduced Simplex Lattice Designs and Simplex Centroid
Designs for estimation of the parameters in the mean response function. Later on,
considering only the interior points of the simplex, Axial Designs were introduced (cf.
Cornell, 2002) Optimality of mixture designs for the estimation of parameters was
considered by Kiefer (1961, 1975), Atwood (1969), Galil and Kiefer (1977), Draper and
Pukelsheim (1999), Mandal and Pal (2008), Mandal et al (2008), among others. We will
not discuss this aspect in our paper.

The paper is organized in six sections. In Section 2, some standard mixture designs
have been described and the estimation of parameters of the model (1.2) has been taken
up. In Section 3, some generalizations of the class of axial designs have been proposed
and a comparative study has been made in respect of the information matrices for
parameters in canonical homogeneous linear mixture model. In Section 4, the problem of
parameter estimation in canonical homogeneous quadratic mixture models has been
studied and the related information matrices have been derived for the standard designs.
In Section 5, some other types of models viz. Becker’s homogeneous model of degree
one (1968) and the Draper-St. John’s model (1977) have been considered and an attempt
has been made to estimate the parameters involved therein. In Section 6, concluding
remarks have been given.
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2. SOME STANDARD MIXTURE DESIGNS AND ESTMATION
OF PARAMETERS IN HOMOGENEOUS
LINEAR MIXTURE MODELS

There are some “standard” mixture designs suggested in the literature. These ensure

i) full column rank condition;
ii) general structure for the information matrix for routine computation of the
variance and covariance of the estimates of the model parameters.

Following three are the most commonly used standard designs.

A. Simplex-lattice designs: This class of designs consists of all feasible
combinations of the mixing proportions wherein each proportion comprises of the

values 0,1/m2/m} , m/m 1 fora given integer parameter m !1. Though
there are m 19 possible combinations, only those combinations

X%, }, X, are feasible which satisfy X, % } X; 1.Ina lattice design

with q components and a given integer parameter m, the support set of design
points is called a g, m simplex lattice. Fora g, m simplex lattice design, there

g m1-
o =
© m 1

ar design points.
B. Simplex Centroid Designs: The centroid of a set of q non-zero coordinates in a
g -dimensional co-ordinate system is the unique point 1/0,1/q,} ,1/q . On the

other hand, centroid of a set of t non-zero coordinates in a g-dimensional

co-ordinate system is not unique. There are 3 ~centroid points of the form

A/,1/1,..,1/1,0,0,..,0 ;'1/t,1/t,..,0,1/1,0,0,...,0 ;...°0,0,..,0,1/t,1/t,..., 1/t %,

A simplex centroid design deals exclusively with the centroids of the co-ordinate
systems, starting with exactly one non-zero component in the mixture [having
g centroid points] and extending upto q non-zero components [having unique
centroid point displayed above]. Thus a simplex centroid design in the

g -dimensional coordinate system contains 29 1 points.

As an example, for q = 4, there are 15 points altogether in the simplex
centroid design : [{1/4, 1/4, 1/4, 1/4}; {1/3, 1/3, 1/3, 0}; {1/3, 1/3, 0, 1/3};
{1/3, 0, 1/3, 1/3}; {0, 1/3, 1/3, 1/3}; {172, 1/2, 0, 0}; {1/2, 0, 1/2, 0};
{12, 0, 0, 1/2}; {0, 1/2, 1/2, 0}; {0, 1/2, 0, 1/2}; {0, 0, 1/2, 1/2}; {1, 0, 0, O};
{0, 1,0, 0}; {0,0, 1, 0}; {0,0,0, 1}].

C. Axial Designs: It is to be noted that both simplex lattice and simplex centroid
designs contain boundary points i.e. points on the vertices, edges and faces

etc. except the centroid point 1/q,1/q,} ,1/q which lies inside the simplex.
On the other hand, designs with interior points on the axis joining the points
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% 0,%x 1/g 1 j(zi)and x 1 x; 0 j(zi) are called axial designs.
Thus the axial design contains points of the form [{1+(q-1) '} /q,(1-"')/qQ, ...,

(1-')/q] and its permutations, —1/(¢-1) < ' <1.

q
Let X, %, } Xgi - with |ox 1, i 1,2,} ,N,be N design points. For any of
il
the above standard designs, it may be noted that every ordered pair of proportions used in
the design occurs an equal number of times in any two columns of the design matrix.
This implies that the information matrix is completely symmetric in the sense that all
diagonal elements are equal to Tand all off-diagonal elements are equal to G, i.e.

N
2 ; N
A X0 T X

i Xie G ] 7« 2.1

ji
il

(|

q
Again the restriction ! x; 1,1 1,2,} ,N,implies that
il

T qg1GN/q. 2.2)

So it is enough to find the explicit expression for either Tor C. It also suggests that
we can deduce algebraic expressions for both Tand Cand develop an identity involving
design parameters.

We now give below expressions for the elements of the information matrices for the
individual designs.

m1.
I) Simplex-Lattice Designs : For g, m lattice design consisting of 3 ipoints
© m
it can be readily seen that
a r 2 .0
! o[rm)? & 4 (2.3)
r m r 1]7
rot gn r t g 3-
G ! ! —)(—)[2 5 2.4
PR Gl (24)
rd,r tdn

where G,  Kronecker's delta.

It follows as a general rule that T+ (g—1) C= N/ g holds good in all cases. Also the
information matrix is positive definite so that all parameters are estimable.

II) Simplex-Centroid Designs: In this design with g components, we have N 29 1.
Further, it is easy to verify that
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g 1.
= 1 T
T 1 }/r@© o 2.5)
g 2.
e 1 v
C= } ¥ @@r . (2.6)

It follows that, T q-1 G ! gl/q N/q.
rlo @ /1

Here also the information matrix is positive definite, so that all parameters are
estimable.

IIT) Axial Designs: For given q [the number of mixing components], let “'” be a given

quantity satisfying the condition: 1/ g 1 1. Consider the N g design

points indexed by ':

[{1+(q-1) '}/q, (1-")/q, ..., (1-")/q} and its permutations]. 2.7

It follows that for the mixture design exclusively based on the above set of q points,

T=[{1+(c-1) "1+ (1) (1-)* )/ g={1+(a-1) "*}/q (2.8)
and

G=[2(1- ) {1+ "} + (@)1= )V’ = (1-"?)/a. 2.9

It is ecasy to see that T+ (g — 1) C = 1 = N/q, whatever be the choice of
',—1/(q—1) < ' <1.Further, T> C, since 0 < "2 < 1 and hence the information matrix
is positive definite so that the all parameters are estimable.

Remark 2.1: For homogeneous linear mixture models of the type (1.2), since the number
of parameters is the same as the number of mixing components ¢ , the order of the

information matrix is ¢ and it has been straightforward to assert that the information

matrices are positive definite for the standard mixture designs. This settles the question of
estimability of the underlying linear model parameters. However, for homogeneous
quadratic mixtures, asserting the positive definiteness of an information matrix is far
from being a routine task, even for standard mixture designs. Therefore, it is advisable
that one bypasses the problem of direct verification of positive definiteness of the
information matrices and instead, argues in a way to establish estimability of the
parameters for standard mixture designs with a reasonable number of support points. This
has been explicitly demonstrated in Section 4.

3. GENERALISATIONS OF AXTIAL DESIGN AND THEIR COMPARISON

Generalised Axial Design of Type I (D,):

For a specified ', t copies of the axial design (2.7) are taken. We call the generated
design as Generalised Axial Design of Type 1. Obviously N=qt and the information
matrix of this design is completely symmetric with diagonal elements as T and off-
diagonal elements as C; where
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T=t{l+(a-1) '*}/q (3.1
and
G=t(1-'H/q. (3.2)

Generalised Axial Design of Type II (D,):

The design obtained by union of t axial designs of the type (2.7) with the parameters
1 2 e o —U(OF]) < 'i<1,1=1,2,...,t. Obviously N=qt and the information matrix is
completely symmetric with diagonal elements as T and off-diagonal elements as G,
where

T 11 a1 ?yg (3.3)

G ! 17 /g (34)

We want to compare the two designs in terms of their information matrices which are
both completely symmetric. The difference of the information matrices of two designs is
also completely symmetric with diagonal elements as

T T q14? ! '?:/q a say. (3.5)

I
Also this difference matrix has row [column] sums zero. Then it follows that the off-
diagonal elements of the difference matrix are all equal to 2a/ g 1 9. Hence the

difference matrix is non-negative definite iff a ! 0. In order to make a comparison

between the two designs, we now assume that t' | ;. Subject to this restriction, it
i

turns out that a ! 0. Hence, we get the following theorem.

.. 149 . . .
Theorem 3.1: Under the condition — 1", Generalised Axial esign of Type II

dominates Generalised Axial design of Type I in terms of their information matrices.

Generalised Axial Design of Type III (D5):

Let fy,f, },f, be p 1 proper positive integers with :ipo f, 0 Then the

design with N ! /Il f;! points given by

p
1
1 ' '
il il 1_1 1_1 p p

p
|
N

(3.6)

P o@ ox!
<
N.0 O0W 00
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i !
is repeated f, times and

i

and their permutations, where is repeated f;

times, i 1,2,},p is called a Generalized Axial Design of Type III with parameters as
stated above. This design is denoted as

_§1 p fo Yy
o B T v .
° i > 8 ' :
D3 ® 5 " 7' 15 29 s p 3/ (37)
°. s ©9q 1 °
—© i ¢
Note that ';’s must satisfy
. . g '
0 <min {1+ f"i}/g —— ,i=12,.,p}
i ©9q 1
. g '
<max{l+ | f ' }/q; —— ,i=1,2,...,p} <L (3.9)
i ©9q 1

The permutations jointly give rise to N design points and also lead to complete
symmetry of the underlying information matrix.

Example 3.1: q =4, p=2; f, = 1, f; = 1, f, = 2. Explicitly written, with these
combinations, there are N = 12 design points as displayed below:

[(1+ " +2 "5)/4, (1-"1)/4,(1- " 2)/4, (1-"2)/4];
[(1+"+2 "5)/4, (1-"2)/4,(1- " 1)/4, (1-"2)/4];
[(1+"+2 "5)/4, (1-"2)/4,(1- " 2)/4, (1-")/4];
[(1-")/4, (1+ " +2 '5]/4,(1- "0)/4, (1- 1 5)/4];
[(1-"2)/A4,(1+ " +2 "5 )/4,(1- " )/4],(1- " 2)/4];
[(1-"2)/4,(1+ " +2 "5 ]/41,(1- " 2)/4,(1-"1)/4];
[(1-" )4, (1-")/4,(1+ " +2 7, )/4, (1- " 5)/4];
[(1-"2)/4, (1-")/4,(1+ " +2 ", )/4, (1-",)/4];
[(1-"2)/4,(1-"2)/4, (1+ " +2 ", )/4, (1- " )/4];
[(1-"1)/4,(1-"2)/4, (1- " )/4,(1+ " (2 7 1]/4];
[(1-"2)/4,(1-"1)/4, (1- " o)/4,(1+ " (+2 " 5]/4];
[(1-")/4,(1-"2)/4, (1- " D/4,(1+ " +2 ' ,]/4].

In the following discussions, we assume

p
fo=l,%=[1+ ! f '} x=(-")/qfori=1,2,..,p. (3.9)
il

In terms of the x’s, it follows that the common diagonal element T and off-diagonal
element G; are given respectively by
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F=%".N/q+ 6x*i[N/q] (3.10)

=26 fING@DI+ |G [NoG@-1)]

i1 i1l
+2 1 xxfif [INa-1)] (3.11)
i

Note that the Cs do not depend on the particular pair of components in the product
moments.
Again the identity:
a+1 it ) fid-"v=aqa (3.12)

implies, as expected, that
T+ (0-1) G=N/q.
Using (3.10) and (3.11) it can be proved that
T,— G=[N(gG-D][ 6% -X)*fi] * (3.13)

where

p
x=1 fix/ ! fi=1/q, (3.14)
i0 i

Since 'i’s in (3.9) are unequal, we have T> G,

Therefore, the information matrix is positive definite, whatever be the choice of the
'i’s, all distinct from one another, for a given p 2.

Comparison between Generalised Axial designs of Type II (D,) and Type I1I (D;):

Let D, be written as

D, Dy (3.15)

e l-c 1 :
_8 @D , —~, ,— and the permutations (3.16)
© d q q !

D; is given by (3.7). We assume fy=1. To compare D, with D; we make the following
reasonable assumptions:

(a) Number of observations in D, and D; is the same, i.e.
N"=q! /I f; 1=t (3.17)
implying



Sinha, Das, Mandal and Pal 85

t=N"/q=(1/q) q! /1L f; !. (3.18)
(b) The average of ';’s of D, is the same as the average of 'i’s of D3, i.e.
- 1 |
i a1 li:lfi i (3.19)

From (3.3), (3.10), (3.17) and (3.19) the common diagonal element of the difference
of the information matrices of D, and D5 can be found to be

T 7 %[\2 q VJ (3.20)
where
v ﬁ_?lfi('i Ty (3.21)
V. %? ('c . (3.22)
il

So by the same reasoning as given in proving Theorem 3.1, it follows that D,
dominates D; iff T T Oie iff 1k ¥, Sowe get the following theorem:

Theorem3.2:
Under the conditions (3.18) and (3.19), Generalised Axial design of Type II

dominates that of Type III iff AV ‘%/( where V and \/2.( are given by (3.21) and
(3.22) respectively.

4. ESTIMATION OF PARAMETERS IN CANONICAL HOMOGENEOUS
QUADRATIC MIXTURE MODEL

In the homogeneous quadratic mixture model (1.6), in its canonical form, there are

. parameters. It would be interesting to address the [unbiased] estimation issue for
1

© 2
all the parameters on the basis of the designs introduced above.
q
Let, as before (Xji, Xai,. ... Xg)> | X 1 i L2, ,N be the N experimental points.

il

The ith row of the design matrix is xlzi,xzzi, ,Xéi,xlixm,xli)gi, XgiiXgi > 171,20

A typical element of the information matrix is 20, B, Q 7, | X“D leg xq?‘,
where D 10, | D 4.

Unlike in the case of homogeneous linear mixture models, it turns out that the
information matrix for a homogeneous quadratic mixture model is not completely
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symmetric in the sense of the diagonal elements being equal to each other and also the
off-diagonal elements being equal to each other.

However, the information matrix is symmetric in a generalized sense. This is the
sense of invariance with respect to all possible permutations of the components. This is
due to the fact that in all the above designs, the proportions of any experimental point are
permutated among the components. Five distinct elements denoted by a, b etc. of the
information matrix correspond to

4= X, =2
i) [2.2]= 1 X)X =D
iii) [3, 11= 1} Xi X =G

V) [2, 1, 1= XG0 Xy Xy = G
u

V) [LLLIT= 1 Xi0XiuXrnXsy =& 4.1
u
The information matrix is as such a block matrix having the composition
s §'s-
I A B 4.2)
o C1

A= ((&b,Db, ..., b)) is acirculant [square] matrix of order ¢
B= ((....ccccccc...dddd) is a matrix of order g uz ~with each row formed of

(g-1) c’s forming a single run and the rest are all d’s;
C= ((...dddd...eeee...b...eeee...dddds a square matrix of order 2 with

b along the diagonal i.e., in each row, there is single appearance of b and

2(0-2) appearances of d and the rest are all €’s.
4.3)

Next we study the designs introduced above for estimation of the parameters in the
model (1.6) and find the elements of the information information matrices. As stated in
Remark 1 we proceed as follows.

A) Estimability of parameters using (g, m) simplex lattice design (m t 2):
As described in Section 2, a (q, m) lattice design contains the q extreme points which

are permutations of (1, 0,...,0) and the set of 2 _points which are permutations of
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8t ! 0, ,0 ~among other points. These are sufficient for unbiased

> >

@n m
estimation of E's and E's involved in the model (1.6).

Information Matrix
Here the expressions for the quantities in (i) to (v) in (4.1) are as follows:

aT(L)gnrqz-
rim @ moroo1
gn r t q 3
I
bld.t()()(2<?a)©mrt .
r tdn
gn t q 3-
I_
Cldlt()()(z Q)@mrt .
r tdn
rt s qié4-

d 6 | ()()()

ldtsan M M Mm@ m-r-t-s 1
rt sdm
r t gn 2r t q 4.
30 (P> e @)F
ldteh M M © m-2r-t 1
r tdn
m r, 8 3r g 4
(=)
r1 Mm@ m-3r 1
3r dn
r t_ s &n rt s pq4-
e 24 | O SD:
IdtspanM M M Mg m-r-t-s-p 1
rts pdm

2r t 5.
2o ()()(S)gﬂr = 9

ldtsan M M m m-2r-t-s 1
rt sdm
3r t 4.
4 L)3l.§n q
¢t M M @ mM-3r-t 1
3r tdn
m r gn 4r q 5-
L)t e (4.4)
r1 M © m-4r 1
4r dn

B) Estimability using simplex-centroid Designs:
Among the N(g)= 2% — 1 points of the centroid design, there are points which are

1.
permutations of (1,0,...,0) and (1/2, 1/2, 0,...,0). These '§12 . points are sufficient
©
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1-
to estimate the 3 ) 4 parameters of quadratic model (1.6) unbiasedly.
©

Information Matrix
The expressions for the quantities (i) to (v) in (4.1) are given below.

T8 1]

2 i ® 11(?)4
RSN
@ fg o
e i?lz :;%)4 (4.5)

C) Estimability using axial type designs:
The standard axial design (2.6) contains only ¢ points and as such, these points

1-

cannot estimate of 3 5 4 parameters of the quadratic model (1.6). For the case
©

of homogeneous quadratic mixture model, we assert below that a set of

N=2q+ 3 design points ensures estimability of all the [q + 2 ] parameters.

For this, we define the following sets of design points:
S-1 = Set of all permutations of
[{1+(a-1) ", 3/, (1= ") /..., (1= "y) /q]. (4.6)
S.,  Setof all permutations of

[i+@-1) "2 3/a,(1- ) /q,.... (1= ",) /q] 4.7

taking0< ', z ',<1.

Note that S.  %&. gives a Generalized Axial Design of Type II with t=2.

Additionally, we define

S. = Set of all permutations of
[(A+{(a-2) "/12})/q, (A+{(a-2) "/2})/q; {1-"}/q, .....{1-"}/q] (4.83)

which gives a generalized axial design of type III with f;=2, f;=f=... f;o=1.
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We consider the set S S, %&. %8 of 2q + 2 _ design points which may be

termed as Generalized Axial Design of Type IV (Dy).
Let where Y1, Y1,,..., Yiq are the observations corresponding to the design points in S.l .

Then

Elyn]= B R°+Q [E- Bl +PQ[ El+ Q' [+ E] (4.9)
where
E E £ .. Eq
E B F ..
q q
J 11 & (4.10)
i1j1
i
Pr={I+(a-1)"1}/gqand Q; = (1-"1) /. (4.11)
Adding these q expectations E(yy;), i=1,2,...,q, it may be calculated that
EWio)= [ R+ (k-1) Q)] EX [2PQ + (k-2) Q7] J (4.12)

Similarly, from points in (4.7), it may be seen that we derive
E(ya0)= [P+ (k-1) Q)] E+[2P,Q + (k-2) Q7] J (4.13)
where P,=(1+(Q-1) *,)/q, Q:=(1-",)/q

From (4.12) and (4.13), we can solve for Eand J The determinant of the coefficient
2 x 2 matrix turns out to be

(P1Q:—PQ) [P, (2-0Q) - Q. (2—-qPy]. (4.14)

Our choice of the design parameters '; and ', should ensure that the above is non-
zero. Next, we make use of (4.9) and its analogue from S-2 [in terms of P, and Q,] to

solve for B, and E. This is possible whenever the underlying 2 u2 coefficient matrix is

non-singular. This happens whenever
(P1Q: — P,Qy) (P — Qi) (P, Qy) 20. (4.15)
Note that our choice of ' >0 and ',>0 ensures P;> Q, and P, > Q,.

Therefore, in effect, (4.15) requires (P;Q, — P,Q;) z0 i.e., the first factor in (4.14) to
be non-zero. Hence, (4.15) is a built-in condition in (4.14).

This is how all the E'sand E's are estimated.

We have yet to ascertain estimability of the E's fori zj. This time we will use the
points of (4.8).
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Set

P={1+(g2)'/2}/gand Q= (1-")/q (4.16)
so that 2P + (¢-2)Q = 1. The model expectation of the observation corresponding to the
design point [P, P, Q, Q, ..., Q] in (4.8) involves the only unknown parameter E,, apart
from the parameters E E,, B,, J Eand E, which are already estimated. It turns out
that the coefficient of , is given by (P—Q)* + Q* which is positive.

Thus we get the following theorem.

Theorem 3.3: The Generalized Axial Design of Type IV ensures estimibility of the
parameters of canonical homogeneous quadratic model of (1.6).

Information Matrix
The expressions for the quantities (i)-(v) of (4.1) the elements of the information matrix
of the design are given below:

a (o' m) @ a)an @ %4 @2

2 1

b P* 2p’q pg P°Q°(@ 2)] Q 222; @ &)a 2)
c pa 4p 4 me Gp P (PQ QPXa 2) (@ @) 2)
ot
d 2P'Q (g 2P’Q” 2(q 3)Q°P Q° 223; [pd 2P (a4 3)q']
[p3cE 265p (@ 3]
e 4PG pa) 6P°Q° 4Q 4HPQ’ 224})4

5. OTHER MIXTURE MODELS

In the literature, some other mixture models have been introduced and studied. Below
we take up symmetrized version of two such models viz. Becker’s homogeneous model
of degree one (1968) and Draper-John’s model (1977) and discuss the estimability issues
at length.

5.1 Estimation of parameters in Becker’s homogeneous model of degree one
The model is given by

X % E . X3 1%
X X% T X X

[ 10 iz (5.1)

E(y) Ex EX Ex B
0dx d, i x,

1

X
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Below we describe a design D based on 2q + 2 _points which ensure estimability of

3
all the model parameters. It is obtained as union of three sub-designs, i.e. D D

where

Sub  asignI(D,) Sub  a@sign 2 (D,) Sub  asign 3 (D5)

H a g a-H a a a- $baa .a-
a b g a2 b a & 8 - (-2)
- . > .andall ~ >
. s s @ °1 -
G a 3 bi@ a & by i gpermutations 3

It is to be noted that D is actually a Generalized Axial Design of Type IV (Dy)
described in Section 4(C).

Define
E : E’ J : ﬁ’ E iE E,il E,il EK; [ 1’29 q.
1d j &
Let Vi, Yy cand V5. denote ith, ith and ialc observations of D, D, and D;

g .

respectively, i,1€ 1,2,...,q,1 &¢,2,...,

2
Ey, ak b(E p 22 g By

- ;10142 5.3
a b 2 B q (5.3)

~ o 23,y a °.
Summing overis: E(o) [ (@ DBIE ot (@ 22,0 (54)
2 b 2y,

. 42a,)b, a °
Similarly fromD,: E(y,,) [& (@ Db]E «———=— (9 2)— »J (5.5
2 Db 2y,

From (5.4) and (5.5) we can solve for Eand J

Consider the equations

a ; 8ah & .
E(yi) (&-Q)E b E 5 J o b 2 1E (5.6)
and
a5 Sab &
E(y) (& b)E b, E > J @ b 2 1E (5.7
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Substituting Eand Jin (5.6) and (5.7) we can estimate Eand E,i 12, ,q

Though the part totals E’s are estimated, E; & are still to be estimated individually. For

this, we consider the points of Dj;. Let us consider the design point (b, b, &, a,..., @) and
the corresponding observation Yy It can be derived that

a, gab a. g 2ab -
Byn) baXE B DESJ TE DR B T SR G9)

Estimates of all other parameters except B, are known. So E, can be estimated. From

the 3 observations of D, 2 parameters viz. B, Bs,..., E.4can be estimated.

Thus we get the following theorem.

Theorem 5.1: Axial Design of Type iv ensures estimability of the parameters of the
Becker’s model (5.1)

5.2 Another competing design:

Below we provide yet another competing design based on q(g-1)+1 design points
which also ensures estimability of all the model parameters in (5.1). This design is also
easy to analyze and this compares favourably with the earlier one.

Design Description and Estimability:
The design D* consisting of N(q)= q(g—1)+1 design points, be defined as

D" D; %D, (5.9)
where
. ° Yy, .
D, = @ll permutation of '%, z, l, ,l 3, D, '§l, l, l, ,l (5.10)
< © a9 9qg qig @ g q q1
Let T = total of all observations on the points of D;*.
It can be easily shown that
ET) (q nE 9 264D, (5.11)
6q
where
q
E'E J ! - (5.12)
il 1d jd
Again, let y be the observation at the experimental point of Dg .
Then
1 1
E(y —E —J (5.13)
qa 2q
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From (5.11) and (5.13), Eand Jcan be estimated as the determinant of the coefficient

matrix of Eand Jfrom (5.10) and (5.12) is 29 1 which is positive for all values of q.

3q
Now we try to estimate
q .
E 1 E:i L2 ,q (5.14)
i
Let us consider the following set of 2(q-1) design points from D," and the corresponding
observations

Design points Observations
Xi X X3 eee X¢
2 1 1
0 £ = il
- K Yu
0 12 1 Y12
k k k
Y13
o L 1 2 (5.15)
k k k Yik
2, 1 1
k k k Y22
2 1 1
Lr )k ya3
2 1 1
- - = 0
K kK K Yok
It can be proved in the usual manner that
-4 %2 D 3g 5 1
Eal oy v 723 DeG9 9,0 D, (5.16)
) ¢ a 3q 3q

As the estimators of Eand Jare already available, the estimator of E can be obtained
from (5.16).

Considering the sums of suitable pairs of observations, the estimators of other Es can
be obtained. We have still to find the estimators of BEs. For this we consider the
q

expectation of | y,; , which is given by
i 2
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q 3g-1 . 3 1 2
E('y,) BE—/——J — = (5.17)
1) BTSSR O
From equation (5.17), an estimator of E can be obtained by using the estimators of E
Jand E. Considering such suitable partial sums of y’s, other Es can be estimated.

Below we provide a table indicating a comparison of the number of support points of
the two competing designs.

number of model No. of design points
q Parameters Design D Design D*
2 3 5 3
3 6 9 7
4 10 14 13
5 15 20 21
gy 1. g
o5 O 2 7 a1+

Remark 5.1: For g t5, the number of design points in D is less than that in D*.
Estimation of parameters in Draper and St. John’s model (1977):
The model is given by
K K EXq ] % 0 x 1 i (5.18)

Define E | E, D | D
Consider the design D** which is the union of the following two sub-designs D;"
and D,".

Sub  asign I Sub asign II
H a g a - H a a & -
o a : . A a a *
D y, b3 &~ D, , b & 2
@& & b i & & b, i

Generalized Axial Design of Type II (D,).
Let y;i and Y, be the i™ and jth observations of D; and D, , respectively. Then it

follows that, i=1,2,...,q, ]=1,2,...,0.

D §1 1 -
E(y;) 4E— (I a)F — — D; i L2, q
YT ob a1

Adding over i, we get
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1
E(yo) (b (q Da)E B (@ D) g (5.19)
ah
Similarly,
E(vo) (b (q Day)E B @ DBy, (5.20)

a,b,
From (5.19) and (5.20) we can estimate Dand E

Again from
8§ D - a b
E(y; E— e S
() REL, B a)E S50
§ D - a b
E(Yy D E— (b
(y2|) Q Qi( aQ)% azbz Q

Dand Ecan be estimated. Thus we get the following theorem:

Theorem 5.2: Generalised Axial Design of Type-II ensures estimation of the parameters
of the Draper-St.John’s model (5.18).

6. CONCLUDING REMARKS

For the estimation of the parameters in canonical homogeneous quadratic model (1.6),
we have exploited the model expectations of suitably chosen experimental points, as
indicated in Remark 1. It has been noted that each of the designs the information matrix
has desirable property that the elements are invariant for permutation of the components.
It may be a good exercise to examine the estimability of the parameters on the basis of
non-estimability of the information matrix.

Again we have seen that the generalized axial designs of different types play a good
role in the estimation of the parameters in the quadratic and other types of models. The
status of these designs may be examined in respect of optimality.

REFERENCES

1. Atwood C.L. (1969). Optimal and efficient designs of experiments. Ann. Math.
Statist, 40, 1570-1602.

2. Becker N.G. (1968). Models for the response of a mixture. J. Roy. Statist. Soc., B0,
349-358.

3. Cornell .A. (2002). Experiments with mixture3:® Ed. John Wiley and Sons, NY.

4. Draper N.R. and Pukelsheim F. (1999). Kiefer ordering of simplex designs for first
and second degree mixture models, J. Statist. Plann. Infer79, 325-348.

5. Draper N.R. and St. John, R.C. (1977). A mixture model with inverse terms,
Technometricsl9, 37-46.

6. Galil Z. and Kiefer J. (1977). Comparison of simplex designs for quadratic mixture
models, Technometric$9, 445-453.



96 Parameter estimation in linear and quadratic mixture models: A review

7. Kiefer J. (1961). Optimum designs in regression problems II. Ann. Math. Statist32,
298-325.

8. Mandal N.K. and Pal M. (2008) Optimum mixture design using deficiency criterion.
Commun. in Statist. —Theo. and Me¥(10), 565-575.

9. Mandal, N.K., Pal M., Sinha B.K. and Das P. (2008) Optimum Mixture Designs: A
Pseudo-Bayesian approach, Jour. Ind. Soc. Agri. Statistspecial volume in memory
of Prof. K. Kishen). 62(2), 174-182.

10. Quenouille, M.H. (1953). The design and analysis of experime@tsrles Griffin and
Company, London, England.

11. Scheffe H. (1958). Experiments with mixtures. J. Roy. Statist. Soc, B0, 344-360.

12. Scheffe H. (1963). Simplex — centroid design for experiments with mixtures. J. Roy.
Statist. Soc. B5, 235-263.



