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ABSTRACT

In this article, the problems of unbiased estimation of parameters in linear and 
quadratic mixture models have been revisited. We have studied some standard mixture 
designs for this purpose. The information matrices of the parameters involved in the 
linear and quadratic mixture models have been displayed for these standard designs. 
Some generalizations of the axial designs have been proposed and a comparative study of 
these designs, in respect of their information matrices, has been considered. Other types 
of mixture models viz. Becker’s homogeneous model and Draper - St. John’s model have 
also been briefly studied and the estimation problems have been addressed by using some 
axial type designs.
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1. INTRODUCTON

Mixture experiments were first discussed in Quenouille (1953). Later on, Scheffe 
(1958, 1963) made a systematic study and laid a strong foundation. A comprehensive 
study up to modern developments can be found in Cornell (2002). Mixture experiments 
deal with typical multiple regression models wherein the regressors are the proportions of 
the mixing components. Thus, mixture experiment is useful in the study of the quality of 
products like polymers, paint, concrete, alloys, glass, etc., which depend on the relative 
proportions of the ingredients in the products. Examples of mixture experiments are also 
found in the pharmaceutical industry and the food industry.

Let �� ��1 2,  , ,  qx x x x� �} denote the vector of proportions of q mixing components and 

�� ��x�K be the corresponding response. Obviously the factor space is the simplex, given by 
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�^ �`| 0,  1,2, , ,  1i ix x i q x�; � �t � �} � �¦ . (1.1)

Scheffe (1958) introduced the following models in canonical forms of different 
degrees to represent the response function �� ��x�K :

Linear [Homogeneous]: �� ��  i i
i

x x�K � �E�¦ ; (1.2)

Quadratic: �� ��  i i ij i j
i i j

x x x x
��

�K � �E �� �E�¦ �¦ ; (1.3)

Full Cubic: �� �� �� ��  i i ij i j ijk i j k ij i j i j
i i j i j k i j

x x x x x x x x x x x
�� �� �� ��

�K � �E �� �E �� �E �� �G ���¦ �¦ �¦ �¦ ; (1.4)

Special Cubic: �� ��  i i ij i j ijk i j k
i i j i j k

x x x x x x x
�� �� ��

�K � �E �� �E �� �E�¦ �¦ �¦ . (1.5)

Using the identity 1ix � �¦ , model (1.3) can be converted to the canonical 

homogeneousquadratic model:

�� �� 2  ii i ij i j
i i j

x x x x
��

�K � �E �� �E�¦ �¦ . (1.6)

In the present study we shall only be concerned with the canonical models (1.2) and 
(1.6). It is to be noted that the use of the identity 1ix � �¦ may lead to re-modeling very 

deceptively. For example, the quadratic model (1.3) may be modified to the special cubic 
model, thus inviting more parameters and more design points for estimation. Also proper 
interpretation of the parameters may be a bit complicated.

Scheffe (1958, 1963) introduced Simplex Lattice Designs and Simplex Centroid 
Designs for estimation of the parameters in the mean response function. Later on, 
considering only the interior points of the simplex, Axial Designs were introduced (cf. 
Cornell, 2002) Optimality of mixture designs for the estimation of parameters was 
considered by Kiefer (1961, 1975), Atwood (1969), Galil and Kiefer (1977), Draper and 
Pukelsheim (1999), Mandal and Pal (2008), Mandal et al (2008), among others. We will 
not discuss this aspect in our paper.

The paper is organized in six sections. In Section 2, some standard mixture designs 
have been described and the estimation of parameters of the model (1.2) has been taken 
up. In Section 3, some generalizations of the class of axial designs have been proposed 
and a comparative study has been made in respect of the information matrices for 
parameters in canonical homogeneous linear mixture model. In Section 4, the problem of 
parameter estimation in canonical homogeneous quadratic mixture models has been 
studied and the related information matrices have been derived for the standard designs. 
In Section 5, some other types of models viz. Becker’s homogeneous model of degree 
one (1968) and the Draper-St. John’s model (1977) have been considered and an attempt 
has been made to estimate the parameters involved therein. In Section 6, concluding 
remarks have been given.
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2. SOME STANDARD MIXTURE DESIGNS AND ESTMATION 
OF PARAMETERS IN HOMOGENEOUS

LINEAR MIXTURE MODELS

There are some “standard” mixture designs suggested in the literature. These ensure

i) full column rank condition; 
ii) general structure for the information matrix for routine computation of the 

variance and covariance of the estimates of the model parameters.

Following three are the most commonly used standard designs. 

A. Simplex-lattice designs: This class of designs consists of all feasible 
combinations of the mixing proportions wherein each proportion comprises of the 
values �� ��0,1/ , 2 / , ,  / 1m m m m�} � for a given integer parameter 1m �! . Though 

there are �� ��1
q

m�� possible combinations, only those combinations 

�� ��1 2, ,  ,  qx x x�} are feasible which satisfy 1 2 1qx x x�� �� �}�� � . In a lattice design 

with q components and a given integer parameter m, the support set of design 
points is called a �� ��,q m simplex lattice. For a �� ��,q m simplex lattice design, there 

are 
1q m

m

�� ���§ �·
�¨ �¸
�© �¹

design points.

B. Simplex Centroid Designs: The centroid of a set of q non-zero coordinates in a 
q -dimensional co-ordinate system is the unique point �� ��1/ ,1 / , ,1 /q q q�} . On the 

other hand, centroid of a set of t non-zero coordinates in a q-dimensional 

co-ordinate system is not unique. There are 
q

t

�§ �·
�¨ �¸
�© �¹

centroid points of the form 

�^ �` �^ �` �^ �`1/ ,1/ ,...,1/ ,0,0,...,0 ; 1/ ,1/ ,...,0,1/ ,0,0,...,0 ;... 0,0,..,0,1/ ,1/ ,...,1/t t t t t t t t t�ª �º�¬ �¼. 

A simplex centroid design deals exclusively with the centroids of the co-ordinate 
systems, starting with exactly one non-zero component in the mixture [having 
q centroid points] and extending upto q non-zero components [having unique 

centroid point displayed above]. Thus a simplex centroid design in the 

q -dimensional coordinate system contains 2 1q �� points.

As an example, for q = 4, there are 15 points altogether in the simplex 
centroid design : [{1/4, 1/4, 1/4, 1/4}; {1/3, 1/3, 1/3, 0}; {1/3, 1/3, 0, 1/3}; 
{1/3, 0, 1/3, 1/3}; {0, 1/3, 1/3, 1/3}; {1/2, 1/2, 0, 0}; {1/2, 0, 1/2, 0}; 
{1/2, 0, 0, 1/2}; {0, 1/2, 1/2, 0}; {0, 1/2, 0, 1/2}; {0, 0, 1/2, 1/2}; {1, 0, 0, 0}; 
{0, 1, 0, 0}; {0, 0, 1, 0}; {0, 0, 0, 1}].

C. Axial Designs: It is to be noted that both simplex lattice and simplex centroid 
designs contain boundary points i.e. points on the vertices, edges and faces 
etc. except the centroid point �� ��1/ ,1/ , ,1/q q q�} which lies inside the simplex. 

On the other hand, designs with interior points on the axis joining the points 
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�� ��0,  1/ 1i jx x q� � �� ( )j i�� �z and 1,  0i jx x� � ( )j i�� �z are called axial designs. 

Thus the axial design contains points of the form [{1+(q–1) �' } / q, (1-�' ) / q, …, 
(1-�' ) / q] and its permutations, –1/(q–1) < �' < 1.

Let �� ��1 2, , ,i i qix x x�} , with 
1

1
q

ji
j

x
� 

� �¦ , 1, 2, ,i N� �} , be N design points. For any of 

the above standard designs, it may be noted that every ordered pair of proportions used in 
the design occurs an equal number of times in any two columns of the design matrix. 
This implies that the information matrix is completely symmetric in the sense that all 
diagonal elements are equal to �Tand all off-diagonal elements are equal to �G, i.e.

2
1

1
, .

N
N

ji ji j ii
i

x j x x j j�c� 
� 

�c� �T �� � �G �� �z�¦ �¦   (2.1)

Again the restriction
1

1
q

ji
j

x
� 

� �¦ , 1, 2, ,i N� �} , implies that 

�� ��1 /q N q�T �� �� �G � . (2.2)

So it is enough to find the explicit expression for either �Tor �G. It also suggests that 
we can deduce algebraic expressions for both �Tand �Gand develop an identity involving 
design parameters.

We now give below expressions for the elements of the information matrices for the 
individual designs.

I) Simplex-Lattice Designs : For �� ��,  q m lattice design consisting of 
1q m

m

�� ���§ �·
�¨ �¸
�© �¹

points 

it can be readily seen  that

�T= 
r
�¦ [r/m]2 2

  

m r q

m r

�ª �º�� �� ���§ �·
�« �»�¨ �¸���© �¹�¬ �¼

  (2.3)  

( , )
        

,

3
( )( )[2 ]

       m-r-tr t
r t

r t r t m

m r t qr t
m m

�d �� �d

�� �� �� ���§ �·
�G � �� �G �¨ �¸

�© �¹
�¦ �¦ (2.4)

where ,   Kronecker's delta.r t�G � 

It follows as a general rule that �T+ (q–1) �G= N / q holds good in all cases. Also the 
information matrix is positive definite so that all parameters are estimable. 

II) Simplex-Centroid Designs: In this design with q components, we have 2 1qN � �� .

Further, it is easy to verify that 
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�T  = �> �@2
0

1
1/

 1r

q
r

r�!

���§ �·
�¨ �¸���© �¹

�¦ (2.5)

�G= �> �@2
0

2
1/

 2r

q
r

r�!

���§ �·
�¨ �¸���© �¹

�¦ (2.6) 

It follows that, �� ��
0

q –1 /
 rr

q
q N q

�!

�§ �·
�T �� �G � � �¨ �¸

�© �¹
�¦ . 

Here also the information matrix is positive definite, so that all parameters are 
estimable. 

III)Axial Designs: For given q [the number of mixing components], let “�' ” be a given 

quantity satisfying the condition: �� ��1/ 1 1q�� �� �� �' �� . Consider the N q� design 

points indexed by �' : 

[{1+(q–1) �' }/q, (1–�' )/q, …, (1–�' )/q} and its permutations]. (2.7)

It follows that for the mixture design exclusively based on the above set of q points,

�T=[{1+(q–1) �' }2+(q–1) (1-�' ) 2 ]/ q2={1+(q–1) �' 2}/q (2.8)
and

�G= [2(1–�' ){1+(q–1) �' } + (q–2)(1–�' )2]/q2 = (1–�' 2)/q. (2.9)

It is easy to see that �T + (q – 1) �G = 1 = N/q, whatever be the choice of 
�' , –1/(q – 1) < �' < 1. Further, �T  > �G,  since 0 < �' 2 < 1 and hence the information matrix 
is positive definite so that the all parameters are estimable.

Remark 2.1: For homogeneous linear mixture models of the type (1.2), since the number 
of parameters is the same as the number of mixing components �� ��q , the order of the 

information matrix is q and it has been straightforward to assert that the information 

matrices are positive definite for the standard mixture designs. This settles the question of 
estimability of the underlying linear model parameters. However, for homogeneous 
quadratic mixtures, asserting the positive definiteness of an information matrix is far 
from being a routine task, even for standard mixture designs. Therefore, it is advisable 
that one bypasses the problem of direct verification of positive definiteness of the 
information matrices and instead, argues in a way to establish estimability of the 
parameters for standard mixture designs with a reasonable number of support points. This 
has been explicitly demonstrated in Section 4. 

3. GENERALISATIONS OF AXIAL DESIGN AND THEIR COMPARISON

Generalised Axial Design of Type I (D1):
For a specified �' , t copies of the axial design (2.7) are taken. We call the generated 

design as Generalised Axial Design of Type I. Obviously N=qt and the information 
matrix of this design is completely symmetric with diagonal elements as �T1 and off-
diagonal elements as �G1 where
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�T1 = t{1+(q–1) �' 2}/q (3.1)
and 

�G1= t(1–�' 2) /q . (3.2)

Generalised Axial Design of Type II (D2): 
The design obtained by union of t axial designs of the type (2.7) with the parameters 

�' 1, �' 2, …, �' t , –1/(q–1) < �' i < 1, i=1,2,…,t. Obviously N=qt and the information matrix is 
completely symmetric with diagonal elements as �T2 and off-diagonal elements as �G2

where

�� �� 2
2 1 1 i

i
q q�ª �º�T � �� �� �'�¬ �¼�¦ (3.3)

�� ��2
2 1 i

i
q�G � �� �'�¦ (3.4)

We want to compare the two designs in terms of their information matrices which are 
both completely symmetric. The difference of the information matrices of two designs is 
also completely symmetric with diagonal elements as 

�� �� 2 2
1 2 1 ,   say.i

i
q t q a

�ª �º
�T �� �T � �� �' �� �' � �« �»�¬ �¼

�¦ (3.5)

Also this difference matrix has row [column] sums zero. Then it follows that the off-

diagonal elements of the difference matrix are all equal to �� ��/ 1a q�ª �º�� ���¬ �¼. Hence the 

difference matrix is non-negative definite iff 0a �! . In order to make a comparison 
between the two designs, we now assume that i

i
t�' � �'�¦ . Subject to this restriction, it 

turns out that 0a �! . Hence, we get the following theorem.

Theorem 3.1: Under the condition 
1

1
,

q

i
it � 

�' � �'�¦ Generalised Axial esign of Type II 

dominates Generalised Axial design of Type I in terms of their information matrices.

Generalised Axial Design of Type III (D3):

Let 0 1, ,  ,  pf f f�} be 1p �� proper positive integers with 0 .p
ii f q� � �¦ Then the 

design with ! /  !iN q II f� points given by

p p1 1 1 1
1 1 1- 1-1- 1-

,..., ,  ,  , ,..., ,...,
q q q q

p p

i i i i
i i

f f

q q
� � 

�­ �½
�� �' �� �'�° �°�' �'�' �'�° �°

�® �¾
�° �°
�° �°�¯ �¿

�¦ �¦
�� (3.6)  
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and their permutations, where 1
1

p

i i
i

f

q
� 

�� �'�¦
is repeated f0 times and i1-

q

�'
is repeated fi

times, 1, 2, ,i p� �} is called a Generalized Axial Design of Type III with parameters as 

stated above. This design is denoted as

0

1
3

1
1

,  , 1, 2, ,
i

fp
fi i

i i
f

D i p
q q

� 

�­ �½�§ �·
�° �°�� �'�¨ �¸ �� �'�§ �·�° �°�¨ �¸� � �® �¾�¨ �¸
�¨ �¸ �© �¹�° �°
�¨ �¸�° �°�© �¹�¯ �¿

�¦
�� . (3.7)

Note that �' i’s must satisfy

0 < min {1+
i
�¦ fi �' i}/q; 

1 i

q

�� �'�§ �·
�¨ �¸
�© �¹

, i = 1, 2, ..., p} 

< max{1+
i
�¦ fi �' i }/q; 

1 i

q

�� �'�§ �·
�¨ �¸
�© �¹

, i=1, 2, …, p} < 1. (3.8)

The permutations jointly give rise to N design points and also lead to complete 
symmetry of the underlying information matrix.

Example 3.1: q = 4, p = 2; f0 = 1, f1 = 1, f2 = 2. Explicitly written, with these 
combinations, there are N = 12 design points as displayed below:

[(1+�' 1+2�' 2]/4, (1-�' 1)/4,(1-�' 2)/4, (1-�' 2)/4];
[(1+�' 1+2�' 2]/4, (1-�' 2)/4,(1-�' 1)/4, (1-�' 2)/4];
[(1+�' 1+2�' 2]/4, (1-�' 2)/4,(1-�' 2)/4, (1-�' 1)/4];
[(1-�' 1)/4, (1+�' 1+2�' 2]/4,(1-�' 2)/4, (1-�' 2)/4];
[(1-�' 2)/4,(1+�' 1+2�' 2]/4,(1-�' 1)/4],(1-�' 2)/4];
[(1-�' 2)/4,(1+�' 1+2�' 2]/4],(1-�' 2)/4,(1-�' 1)/4];
[(1-�' 1)/4, (1-�' 2)/4,(1+�' 1+2�' 2]/4, (1-�' 2)/4];
[(1-�' 2)/4, (1-�' 1)/4,(1+�' 1+2�' 2]/4, (1-�' 2)/4];
[(1-�' 2)/4,(1-�' 2)/4, (1+�' 1+2�' 2]/4, (1-�' 1)/4];
[(1-�' 1)/4,(1-�' 2)/4, (1-�' 2)/4,(1+�' 1+2�' 2]/4];
[(1-�' 2)/4,(1-�' 1)/4, (1-�' 2)/4,(1+�' 1+2�' 2]/4];
[(1-�' 2)/4,(1-�' 2)/4, (1-�' 1)/4,(1+�' 1+2�' 2]/4].

In the following discussions, we assume

f0 =1, x0 = [1+ 
1

p

i � 
�¦ fi �' i]/q, xi = (1–�' i)/q for i = 1, 2, ..., p. (3.9)

In terms of the x’s, it follows that the common diagonal element �T3 and off-diagonal 
element �G3 are given respectively by 
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�T3 = x0
2 . N / q + �6xi

2fi [N / q] (3.10)

�G3 = 2x0

1

p

i � 
�¦ fi [N/q(q–1)] + 

1

p

i � 
�¦ xi

2 fi(fi –1) [N/q(q–1)] 

+ 2 
i j��
�¦ xi xjfi fj [N/q(q–1)] (3.11)

Note that the �Gs do not depend on the particular pair of components in the product 
moments. 

Again the identity: 

(1+
i
�¦ fi �' i )+ 

i
�¦ fi (1–�' i) = q. (3.12) 

implies, as expected, that

�T3+ (q–1) 3�G = N/q.

Using (3.10) and (3.11) it can be proved that

�T3 – 3�G= [N/(q–1)][�6(xi – x )2 fi] �•������ (3.13)

where

x = 
0

p

i � 
�¦ fi xi / 

i
�¦ fi = 1/q. (3.14)

Since �' i’s in (3.9) are unequal, we have �T3 > 3�G.

Therefore, the information matrix is positive definite, whatever be the choice of the 
�' i’s, all distinct from one another, for a given p �• 2.

Comparison between Generalised Axial designs of Type II (D2) and Type III (D3):

Let D2 be written as

2 2 ,
1

t

i
i

D D
� 

� �� (3.15)

where 

D2i=
i i1 ( 1) 1- 1-

,  ,  ,  and the permutations iq

q q q

�c �c �c�� �� �' �' �'�§ �·
�¨ �¸
�© �¹

�� (3.16)

D3 is given by (3.7). We assume f0=1. To compare D2 with D3 we make the following 
reasonable assumptions:

(a) Number of observations in D2 and D3 is the same, i.e. 

N* = q! / II fi !=qt (3.17)

implying 
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t= N* /q =(1/q) q! / II fi !. (3.18)

(b) The average of �' j’s of D2 is the same as the average of �' i’s of D3, i.e.

1
1

1 1

1

p
t

j i ij
i

f
t q� 

� 
�c�' � �' � �'

��
�¦ �¦ (3.19)

From (3.3), (3.10), (3.17) and (3.19) the common diagonal element of the difference 
of the information matrices of D2 and D3 can be found to be

*
2 2

2 3 3

( 1)
[ ]

q N
q

q
�c�' �'

��
�T �� �T � �V �� �V (3.20)

where 

2 2

1

1
( )

1

p

i i
i

f
q�'

� 
�V � �' �� �'

��
�¦ (3.21) 

2 2

1

1
( ) .

p

j
jt�c�'
� 

�c�V � �' �� �'�¦ (3.22)

So by the same reasoning as given in proving Theorem 3.1, it follows that D2

dominates D3 iff 2 2
2 3 0 . .  .i e iff k �c�' �'�T �� �T �! �V �! �V So we get the following theorem:

Theorem 3.2:
Under the conditions (3.18) and (3.19), Generalised Axial design of Type II 

dominates that of Type III iff 2 2k �c�' �'�V �! �V where 2 2 and �c�' �'�V �V are given by (3.21) and 

(3.22) respectively.

4. ESTIMATION OF PARAMETERS IN CANONICAL HOMOGENEOUS 
QUADRATIC MIXTURE MODEL

In the homogeneous quadratic mixture model (1.6), in its canonical form, there are 
1

   2

q ���§ �·
�¨ �¸
�© �¹

parameters. It would be interesting to address the [unbiased] estimation issue for 

all the parameters on the basis of the designs introduced above. 

Let, as before (x1i, x2i,…,xqi), 
1

1  1,2, ,
q

ji
j

x i N
� 

� �� � �¦ �� be the N experimental points. 

The ith row of the design matrix is �� ��2 2 2
1 2 1 2 1 3 1, , , , , , , ,i i qi i i i i q i qix x x x x x x x x�� �� i=1,2,…,N.

A typical element of the information matrix is 1 2
1 2 1 2, , , ,  q

q qii ix x x
�D�D �D�ª �º�D �D �D � �¬ �¼ �¦�� ��

where 0, 4i i�D �t �D � �¦ .

Unlike in the case of homogeneous linear mixture models, it turns out that the 
information matrix for a homogeneous quadratic mixture model is not completely 
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symmetric in the sense of the diagonal elements being equal to each other and also the 
off-diagonal elements being equal to each other.

However, the information matrix is symmetric in a generalized sense. This is the 
sense of invariance with respect to all possible permutations of the components. This is 
due to the fact that in all the above designs, the proportions of any experimental point are 
permutated among the components. Five distinct elements denoted by a, b etc. of the 
information matrix correspond to

i) [4] = 4
( , )i u

u
x�¦ = a,

ii) [2,2] = 2 2
( , ) ( , )i u j u

u
x x�¦ = b,

iii) [3, 1] = 3
( , ) ( , )i u j u

u
x x�¦ = c, 

iv) [2, 1, 1] = 2
( , ) ( , ) ( , )i u j u r u

u
x x x�¦ = d, 

v) [1, 1, 1, 1] = ( , ) ( , ) ( , ) ( , )i u j u r u s u
u

x x x x�¦ = e. (4.1)

The information matrix is as such a block matrix having the composition

' 'ii ijs s

I A B

C

�E �E�§ �·
�¨ �¸

� �¨ �¸
�¨ �¸
�© �¹

(4.2)

where 
A = ((a, b, b, …, b)) is a circulant [square] matrix of order q;

B = ((….ccccccc….dddd)) is a matrix of order 
2

q
q

�§ �·
�u�¨ �¸

�© �¹
with each row formed of 

(q–1) c’s forming a single run and the rest are all d’s;

C = ((…dddd…eeee…b…eeee…dddd)) is a square matrix of order
2

q�§ �·
�¨ �¸
�© �¹

with

b along the diagonal i.e., in each row, there is single appearance of b and
2(q–2) appearances of d and the rest are all e’s.

(4.3)

Next we study the designs introduced above for estimation of the parameters in the 
model (1.6) and find the elements of the information information matrices. As stated in 
Remark 1 we proceed as follows. 

A) Estimability of parameters using (q, m) simplex lattice design (m �t 2):
As described in Section 2, a (q, m) lattice design contains the q extreme points which 

are permutations of (1, 0,…,0) and the set of 
2

q�§ �·
�¨ �¸
�© �¹

points which are permutations of 
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1 1
, , 0, , 0

m
m m

���§ �·
�¨ �¸
�© �¹

�� among other points. These are sufficient for unbiased 

estimation of 'sii�E and 'sij�E involved in the model (1.6). 

Information Matrix 
Here the expressions for the quantities in (i) to (v) in (4.1) are as follows:
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�� �¨ �¸

�© �¹
�¦ (4.4)

B) Estimability using simplex-centroid Designs:  
Among the N(q)= 2q – 1 points of the centroid design, there are points which are 

permutations of (1,0,…,0) and (1/2, 1/2, 0,…,0). These 
1

2

q ���§ �·
�¨ �¸
�© �¹

points are sufficient 
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to estimate the 
1

2

q ���§ �·
�¨ �¸
�© �¹

parameters of quadratic model (1.6) unbiasedly.

Information Matrix
The expressions for the quantities (i) to (v) in (4.1) are given below.
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i

q
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r r� 

���§ �·
� �¨ �¸���© �¹

�¦ (4.5)

C) Estimability using axial type designs:
The standard axial design (2.6) contains only q points and as such, these points 

cannot estimate of
1

2

q ���§ �·
�¨ �¸
�© �¹

parameters of the quadratic model (1.6). For the case 

of homogeneous quadratic mixture model, we assert below that a set of 

N = 2q + 
2

q�§ �·
�¨ �¸
�© �¹

design points ensures estimability of all the [q +
2

q�§ �·
�¨ �¸
�© �¹

] parameters. 

For this, we define the following sets of design points: 

1
S�' = Set of all permutations of 

[{1+(q–1) 1�' }/ q, (1– 1�' ) /q,…, (1– 1�' ) /q]. (4.6)

2
S�' � Set of all permutations of 

[{1+(q–1) 2�' }/ q, (1- 2�' ) /q,…, (1– 2�' ) /q ] (4.7)

taking 0 < 1�' �z 2�' < 1. 

Note that 
1 2

S S�' �'�‰ gives a Generalized Axial Design of Type II with t=2.

Additionally, we define

S�' = Set of all permutations of 

[(1+{(q–2)�' /2})/q, (1+{(q–2) �' /2})/q; {1–�' }/q, ....,{1–�' }/q] (4.8)

which gives a generalized axial design of type III with f0=2, f1= f2=… fq–2=1.
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We consider the set 
1 2

S S S S�' �' �'� �‰ �‰ of 2q + 
2

q�§ �·
�¨ �¸
�© �¹

design points which may be 

termed as Generalized Axial Design of Type IV (D4). 

Let where y11, y12,…, y1q are the observations corresponding to the design points in 
1

S�' .

Then

E[y11] = �E11
2

1P + 2
1Q [�E– �E11] + P1Q1[ 1�E�� ] + 2

1Q [�J- 1�E�� ] (4.9)

where

11 22 ... qq�E � �E �� �E�� �� �E

1 12 13 1... q�E � �E �� �E �� �� �E��

1 1

q q

ij
i j

i j
� � 

��

�J � �E�¦ �¦ (4.10) 

P1 = {1+(q–1)�' 1}/ q and Q1 = (1–�' 1) / q. (4.11)

Adding these q expectations E(y1i), i=1,2,…,q, it may be calculated that

E(y10)= [ 2
1P + (k–1) 2

1Q )] �E+ [2P1Q1 + (k–2) 2
1Q ] �J. (4.12)

Similarly, from points in (4.7), it may be seen that we derive

E(y20)= [ 2
2P + (k–1) 2

2Q )] �E+ [2P2Q2 + (k–2) 2
2Q ] �J. (4.13)

where P2=(1+(Q–1) 2�' )/q, Q2=(1– 2�' )/q

From (4.12) and (4.13), we can solve for �Eand �J. The determinant of the coefficient 
2 x 2 matrix turns out to be 

(P1Q2 – P2Q1) [P2 (2 – qQ1) – Q2 (2 – q P1)]. (4.14)

Our choice of the design parameters �' 1 and �' 2 should ensure that the above is non-
zero. Next, we make use of (4.9) and its analogue from 

2
S�' [in terms of P2 and Q2] to 

solve for �E11 and 1�E�� . This is possible whenever the underlying 2 �u2 coefficient matrix is 

non-singular. This happens whenever

(P1Q2 – P2Q1) (P1 – Q1) (P2 – Q2) �z0. (4.15)

Note that our choice of �' 1 > 0 and �' 2>0 ensures P1> Q1 and P2 > Q2. 

Therefore, in effect, (4.15) requires (P1Q2 – P2Q1) �z0 i.e., the first factor in (4.14) to 
be non-zero. Hence, (4.15) is a built-in condition in (4.14).

This is how all the �Eii's and i�E�� 's are estimated. 

We have yet to ascertain estimability of the �Eij's for i �z j. This time we will use the 
points of (4.8).
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Set
P = {1 + (q–2)�' /2}/q and Q = (1–�' )/q (4.16)

so that 2P + (q–2)Q = 1. The model expectation of the observation corresponding to the 
design point [P, P, Q, Q, ..., Q] in (4.8) involves the only unknown parameter �E12, apart 

from the parameters �E, �E11, �E22, �J, 1�E�� and 2�E�� , which are already estimated. It turns out 

that the coefficient of �E12 is given by (P–Q)2 + Q2 which is positive.

Thus we get the following theorem.

Theorem 3.3: The Generalized Axial Design of Type IV ensures estimibility of the 
parameters of canonical homogeneous quadratic model of (1.6).

Information Matrix
The expressions for the quantities (i)-(v) of (4.1) the elements of the information matrix 
of the design are given below:

4 4 4 4 4 4
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5. OTHER MIXTURE MODELS

In the literature, some other mixture models have been introduced and studied. Below 
we take up symmetrized version of two such models viz. Becker’s homogeneous model 
of degree one (1968) and Draper-John’s model (1977) and discuss the estimability issues 
at length.

5.1 Estimation of parameters in Becker’s homogeneous model of degree one
The model is given by

11 2
1 1 2 2 12 1.

1 2 1

E( )
q q

q q k k
q q

x xx x
y x x x

x x x x
��

��
��

� �E �� �E �� �� �E �� �E �� �� �E
�� ��

�� ��

i0 1,  i,  x 0    i ji jx x�d �d �� �� �! �� �z (5.1)
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Below we describe a design D based on 2q + 
2

q�§ �·
�¨ �¸
�© �¹

points which ensure estimability of 

all the model parameters. It is obtained as union of three sub-designs, i.e. 
3

1
i

i
D D

� 
� �� , 

where 

1

1 1 1 1

1 1 1 1

1 1 1 1

esign I (D )Sub d

b a a a

a b a a

a a a b

��

�§ �·
�¨ �¸
�¨ �¸
�¨ �¸
�¨ �¸�¨ �¸
�© �¹

��

��
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��

2

2 2 2 2

2 2 2 2

2 2 2 2
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a b a a

a a a b

��
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�¨ �¸
�¨ �¸�¨ �¸
�© �¹

��

��

�� �� �� �� ��

��

3esign 3 (D )

, , , , ,

and all .
2

permutations

Sub d

b b a a a

q

��

�§ �·
�¨ �¸

�§ �·�¨ �¸
�¨ �¸�¨ �¸�© �¹�¨ �¸�¨ �¸

�© �¹

��
(5.2)

It is to be noted that D is actually a Generalized Axial Design of Type IV (D4) 
described in Section 4(C).

Define

1 , 1 , 1
1

, , ; 1, 2, ,i ij i i i i i i ik
i j k

i q�� ��
�d �� �d

�E � �E �J � �E �E � �E �� �� �E �� �E �� �� �E � �¦ �¦ �� �� �� �� .

Let 1 2 3,   and i i iy y y�c �c�cdenote ith, i�cth and i�c�cth observations of D1, D2 and D3

respectively, i, i�c= 1,2,…,q, i�c�c=1,2,…, 
2

q�§ �·
�¨ �¸
�© �¹

. 

�� ��
2

1 1 1
1 1 1

1 1 1

E ( ) ( ); 1, 2, ,
2i i i i i

a b b
y a b i q

a b a
� �E �� �E �� �E �� �E �� �J �� �E � 

��
�� �� �� (5.3) 

1 1 1
10 1 1

1 1

2
Summing over i's:    E( ) [ ( 1) ] ( 2)

2

a b a
y a q b q

a b

�ª �º
� �� �� �E �� �� �� �J�« �»���¬ �¼

(5.4)

2 2 2
2 20 2 2

2 2

2
Similarly from D :    E( ) [ ( 1) ] ( 2)  

2

a b a
y a q b q

a b

�ª �º
� �� �� �E �� �� �� �J�« �»���¬ �¼

(5.5)

From (5.4) and (5.5) we can solve for  and .�E �J

Consider the equations

1 1 1 1
1 1 1 i 1

1 1

E( ) ( - )    
2 2i i
a a b a

y a b b  
a b

�§ �·
� �E �� �E �� �J �� �� �E�¨ �¸

���© �¹
�� (5.6)       

and

2 2 2 2
2 2 2 i 2

2 2

E( ) ( )  
2 2i i
a a b a

y a b b  
a b

�§ �·
� �� �E �� �E �� �J �� �� �E�¨ �¸

���© �¹
�� (5.7)
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Substituting �̂E and �̂J in (5.6) and (5.7) we can estimate �Ei and ,  1,2, , .i i q�E � �� ��

Though the part totals i�E�� ’s are estimated, �Eij�cs are still to be estimated individually. For 

this, we consider the points of D3. Let us consider the design point (b, b, a, a,…, a) and 
the corresponding observation y31. It can be derived that

31 1 2 1 2 12
a 2

E(y ) (b-a)( ) ( )
2 2 2

ab a a ab
a b a b

�§ �· �§ �·
� �E �� �E �� �D�E �� �J �� �� �E �� �E �� �� �E�¨ �¸ �¨ �¸�� ���© �¹ �© �¹

�� �� (5.8) 

Estimates of all other parameters except �E12 are known. So �E12 can be estimated. From 

the 
2

q�§ �·
�¨ �¸
�© �¹

observations of D3, 
2

q�§ �·
�¨ �¸
�© �¹

parameters viz. �E12, �E13,…, �Eq-1,q can be estimated.

Thus we get the following theorem. 

Theorem 5.1: Axial Design of Type iv ensures estimability of the parameters of the 
Becker’s model (5.1)

5.2 Another competing design:
Below we provide yet another competing design based on q(q–1)+1 design points 

which also ensures estimability of all the model parameters in (5.1). This design is also 
easy to analyze and this compares favourably with the earlier one.

Design Description and Estimability:
The design D* consisting of N(q)= q(q–1)+1 design points, be defined as

* * *
1 0D D D� �‰ (5.9)

where

*
1D =

2 1 1
All permutation of 0,  ,  , ,

q q q

�­ �½�§ �·�° �°
�® �¾�¨ �¸
�° �°�© �¹�¯ �¿

�� , *
0

1 1 1 1
,  ,  , ,D

q q q q

�§ �·
� �¨ �¸

�© �¹
�� (5.10)

Let T = total of all observations on the points of D1*.

It can be easily shown that

( 2)(3 1)
( ) ( 1)

6

q q
E T q

q
�� ��

� �� �E �� �J (5.11)

where
q

i
i 1 1

,       ij
i j q� �d �� �d

�E � �E �J � �E�¦ �¦ (5.12)

Again, let y be the observation at the experimental point of *
0D .

Then
1 1

( )
2

E y
q q

� �E �� �J (5.13) 
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From (5.11) and (5.13), �Eand �Jcan be estimated as the determinant of the coefficient 

matrix of �Eand �Jfrom (5.10) and (5.12) is 
2

2 1

3

q

q

��
which is positive for all values of q.

Now we try to estimate

1
 ;  1,  2,  , .

q

i ij
j
j i

i q
� 
�z

�E � �E � �¦�� �� (5.14)

Let us consider the following set of 2(q-1) design points from D1
* and the corresponding

observations

Design points
x1  x2   x3  …  xk

Observations

(5.15)

2 1 1
0

k k k
1 2 1

0
k k k

1 1 2
0

k k k
2 1 1

0
k k k
2 1 1

0
k k k

2 1 1
0

k k k

��

��

�� �� �� �� ��

��

��

��

�� �� �� �� ��

��

11

12

13

1k

22

23

2k

y

y

y

y

y

y

y

��

��

It can be proved in the usual manner that

1 2 1
2

2( 1) (3 5) ( 1)
( )

3 3

q

i i
i

q q q
E y y

q q q� 

�� �� ���­ �½
�� � �E �� �J �� �E�® �¾

�¯ �¿
�¦ �� (5.16)

As the estimators of �Eand �Jare already available, the estimator of 1�E�� can be obtained 

from (5.16).

Considering the sums of suitable pairs of observations, the estimators of other 's�E�� can 

be obtained. We have still to find the estimators of 's�E . For this we consider the 

expectation of 2
2

q

i
i

y
� 
�¦ , which is given by
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2 1 1
2

3 -1 3 1 2
( )

6 6

q

i
i

q q
E y

q q q� 

��
� �E �� �J �� �E �� �E�¦ �� (5.17)

From equation (5.17), an estimator of �E1 can be obtained by using the estimators of �E, 

�Jand 1.�E�� Considering such suitable partial sums of y’s, other �E’s can be estimated.

Below we provide a table indicating a comparison of the number of support points of 
the two competing designs.

q
number of model

Parameters
No. of design points

Design D Design D*
2 3 5 3
3 6 9 7
4 10 14 13
5 15 20 21

q>5
1

2

q ���§ �·
�¨ �¸
�© �¹

2
2

q
q

�§ �·
�� �¨ �¸

�© �¹
q(q–1)+1

Remark 5.1: For 5q �t , the number of design points in D is less than that in D*. 

Estimation of parameters in Draper and St. John’s model (1977):

The model is given by 

1
1 1

1

   0 1  iq
x q q i

q

x x x
x x

�D�D
�K � �E �� �� �E �� �� �� �� �� ���� �� (5.18)

Define ,i i�E � �E �D � �D�¦ �¦

Consider the design D** which is the union of the following two sub-designs D1
*

and D2
*.

1 1 1 1

1 1 1 1*
1

1 1 1 1

esign I

D

Sub d

b a a a

a b a a

a a a b

��
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2 2 2 2

2 2 2 2*
2

2 2 2 2

esign II

D .

Sub d

b a a a

a b a a

a a a b

��

�§ �·
�¨ �¸
�¨ �¸� 
�¨ �¸
�¨ �¸�¨ �¸
�© �¹

��

��

�� �� �� �� ��

��

Generalized Axial Design of Type II (D2).
Let y1i and y2j be the ith and jth observations of D1

* and D2
*, respectively. Then it 

follows that, i=1,2,…,q, j=1,2,…,q.

1i 1 1 1
1 1 1

1 1
E(y )  a ( ) ;    i 1, 2, ,q.i ib a

a b a

�§ �·�D
� �E �� �� �� �E �� �� �D � �¨ �¸

�© �¹
��

Adding over i, we get
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1 1
10 1 1

1 1

( ( 1) )
( ) ( ( 1) )

a q b
E y b q a

a b
�� ��

� �� �� �E �� �D (5.19)

Similarly,

2 2
20 2 2

2 2

( ( 1) )
( ) ( ( 1) ) .

a q b
E y b q a

a b
�� ��

� �� �� �E �� �D (5.20)

From (5.19) and (5.20) we can estimate �Dand �E. 

Again from

1 1
1 1 1 1 1 1

1 1 1

2 2
2 2 2 2 2 2

2 2 2

( ) ( )

( ) ( )

i

i

a b
E y b a

a b

a b
E y b a

a b

�§ �· ���D
� �D �E �� �� �� �E �� �D�¨ �¸

�D�© �¹

�§ �· ���D
� �D �E �� �� �� �E �� �D�¨ �¸

�D�© �¹

�Di and �Ei can be estimated. Thus we get the following theorem:

Theorem 5.2: Generalised Axial Design of Type-II ensures estimation of the parameters 
of the Draper-St.John’s model (5.18).

6. CONCLUDING REMARKS

For the estimation of the parameters in canonical homogeneous quadratic model (1.6), 
we have exploited the model expectations of suitably chosen experimental points, as 
indicated in Remark 1. It has been noted that each of the designs the information matrix 
has desirable property that the elements are invariant for permutation of the components. 
It may be a good exercise to examine the estimability of the parameters on the basis of 
non-estimability of the information matrix.

Again we have seen that the generalized axial designs of different types play a good 
role in the estimation of the parameters in the quadratic and other types of models. The 
status of these designs may be examined in respect of optimality.
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