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ABSTRACT

Suppose  , 1iX i  be a sequence of independent and identically distributed 

absolutely continuous random variables and (1) (2), ,U UX X  be the upper records from 

the sequence. In this paper we will consider several distributional properties of the upper 
records from the exponential distribution. Based on these distributional properties, we 
present some characterizations of the exponential distribution.

1. INTRODUCTION

Let 1 2, ,...,X X be a sequence of independent and identically distributed 

(i.i.d.) random variables with an absolutely continuous distribution function F and 
the corresponding probability density function f . We define  1 1U  ,  1U n

   ( )min  | ,   j U nj j U n X X   . The sequence     ( ) { }U nX U n is known as upper 

record values (record times). By assumption (1) 1UX X . Let X be a random variable 

(rv) whose probability density function (pdf) is given by

( , ) , 0, 0xf x e x     
= 0, otherwise. (1.1)

We say  X E  if the pdf of X is as given in (1.1).

If  nf x be the pdf of ( )U nX , then

11
( ) ( ( )) ( )

( )
n

nf x R x f x
n




(1.2)

where       ln 1 ,  0 1R x F x F x     . It can easily be shown that

     1
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( )
1 1 ( )
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R x
F x F x
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


  

 
 (1.3)

The joint pdf  , ,m nf x y of ( )U mX , and ( )U nX , 1 m n  , can be written as
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     
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( )
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n m

m n

R x
f x y R y R x r x f y

m n m


  

  
, x y     . (1.4)

In this paper we will discuss several distributional properties of the upper record 
values when    iX E  . We will present some characterizations of the exponential 

distribution based on the distributional properties of the upper records.

2. MAIN RESULTS

If    iX E  , 1, 2,...i  , then it can be shown (see Ahsanullah (2004)).

( ) 1 2 ...U n nX d W W W   (2.1)

where 1 2, ,..., nW W W are i.i.d with the pdf as given in (1.1).

From (2.1), it follows that    1 1– , 2,..., ,i i U i U iZ X X i n    are identically 

distributed as exponential with pdf as given in (1.1).

If  iX E  , then nf , the pdf of ( )U nX is

 
1

( )

n n x

n
x e

f x
n

 



. (2.2)

The joint pdf ,m nf of ( )U nX and ( )U nX , 1 m n  is

 
1 1

,
( )

, , 0 x y
( ) ( )

n m n m
y

m n
x y x

f x y e
m n m

  
 

    
  

. (2.3)

The conditional pdf of    U n U mX X

 
1 ( )

|
( )

| , 0 x y
( )

n m n m y x

n m
y x e

F y x
n m

     
    

 
. (2.4)

For characterizations of exponential distribution using equality of distributions of 

 , ( )–n m U mU nZ X X and ( )U n mX  , see Ahsanullah ( 2004, p. 83). There are several 

characterizations of the exponential distribution using the regression properties of record 
values, see Nagaraja (1977), Ahsanullah (1981). Ahsanullah and Wesolowski (1998),
Dallas (1981) and Dembinska and Wesolowski (2000).

The exponential distribution can be characterized by the equality in distribution of

( )U nX and ( 1) (1)U n UX X  (see the Lemma below).

If F is a distribution function of a non-negative random variable, we will call F is 

"new better than used (NBU)” if        1 1 1F x y F x F y     , and F is “new 
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worse than used (NWU)”        1 1 1 , , 0F x y F x F y x y      . We will say 

F C if F is either NBU or NWU.

Lemma 2.1:
Let 1 2, ,...,X X be a sequence of non-negative i.i.d. random variables with cdf  F x and 

pdf  f x . We assume  0 0F  and   1F x  for all 0x  . Then the following two 

statements are equivalent
a) F is ( )E 
b) ( )U nX d ( 1)U nX W  , where F C , W is independent of ( 1)U nX  and is 

distributed as F for any fixed 1n  .

Proof:
It is easy to show that (a) �� (b).
We will proof here (b) �� (a).

We have

  10  ( ) ( )x
n nF x P X x y f y dy  

= 10 [1 (1 ( )] ( )x
nF x y f y dy  

= 1 10( ) [(1 ( )] ( )x
n nF x F x y f y dy   

i.e.

 1 10( ) ( ) (1 ( ) ( )x
n n nF x F x F x y f y dy     , if F is NBU.

10 (1 ( )) / (1 ( )) ( )x
nF x F y f y dy   , 

Because if F is NBU, then        1 1 1 ,  0F x F x y F y y x         .

Thus

1 10( ( ) ( ))(1 ( )) [(1 ( )] ( )x
n n nF x F x F x F y f y dy    

2

0
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( )

( 1)

n
x R y

r y dy
n




 

1( ( ))

( )

nR x
n






. (2.5)

But by (1.3), we have

    1

1
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( ) ( ) 1 ( )

( )

n

n n

R x
F x F x F x

n



   


Thus (2.5) is a contradiction if F is NBU unless
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       1 1 1F x y F x F y     (2.6)

for almost all 0 y x    .

The solution of (2.6) is

  1 xF x e  (2.7)

where 0x  and 0  .

If F is NWU, then we get the same solution (2.7).

Ahsanullah (1981) proved that if   1, 1  |n n U nVar Z X x   is constant for all x , then 

F is  E  , The following theorem gives a generalization of that result.

Theorem 2.1:
Let 1 2, ,...,X X be a sequence of non-negative i.i.d. random variables with cdf  F x and 

pdf  f x . We assume  0 0F  and   1F x  for all 0x  and  kE X exists for 

some 0k  . Then the following two statements are equivalent

a) F is  E 

b)  1, ( 1)|
k

n n U nE Z X x b    , where b is a constant independent of x for all x > 0 

and F C .

Proof:
From (1.4) 

 
1

1,
( ( ))

, ( ) ( ),
( )

n

n n
R x

f x y r x f y x y
n



      


.

The conditional pdf  , 1, ( 1)|c n n U nf z X x   of  1, 1|n n U nZ X x   is 

 , 1, ( 1)
( )

| ,  0
1 ( )c n n U n
f z x

f z X x z
F x 


  


. (2.8)

Thus if F is ( )E  , then

 , 1, ( 1)|  ,  0,z
c n n U nf z X x e z

     

and hence  1, ( 1)|
k

n n U nE Z X x   is a constant independent of x .

Suppose  1, ( 1)|
k

n n U nE Z X x b    , where b is a constant independent of x.
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From (2.8)

 1, ( 1) 0

( )
|

1 ( )

k k
n n U n

f z x
E Z X x z dz

F x


 


 
 .

Now  1, ( 1)|
k

n n U nE Z X x b    implies

0(1 ( )) ( )kb F x z f z x dz  
1

0 (1 ( ))kk z F z x dz    (2.9)

Taking limit as x0, we get 

1
0 (1 ( ))kb k z F z dz   (2.10)

Substituting (2.10) in (2.9), we get on simplification

    1
0 1 ( ) 1 ( ) 1 ( ) 0kk z F z x F x F z dz          (2.11)

If F C , then (2.11) to be true for all x and almost all z , we must have 

    1 ( ) 1 ( ) 1 ( ) 0F z x F x F z      (2.12)

The solution of (2.12) for all 0x  and almost all 0z  , is 

  1 xF x e  (2.13)

where all 0x  and 0  .

From (2.10) it is easy to see that  kb E X . The following theorem gives a 

characterization of the exponential distribution using this property. 

Theorem 2.2:
Let 1 2, ,...,X X be a sequence of non-negative i.i.d. random variables with cdf  F x and 

pdf  f x . We assume  0 0F  and   1F x  for all 0x  and  kE X exists for 

some 0k  . Then the following two statements are equivalent

a) F is  E 

b)    1, ( 1)|
k k

n n U nE Z X x E X    for all x 0 and F C .

Proof:
It is easy to show that (a)�:�� b). We will prove here (b)�:���D������We have 
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 , 1 ( 1) 0

( )
| )  

( )
k k

n n U n
f z x

E Z X x z dz
F x


 


  

= 1
0

( )

( )
k F z x

k z dz
F x

  
 (2.14)

  1
0 ( )k kE X k z F z dz   (2.15)

Equating (2.14) and (2.15), we obtain

1
0 ( ) ( ) ( ) 0kk z F z x F x F z dz       (2.16)

If F C , then (2.16) to be true for all x and almost all z , we must have 

(1 ( )) (1 ( ))(1 ( )) 0F z x F x F z      (2.17)

The solution of (2.17) for all x > 0 and almost all z >0, is 

  1 xF x e  (2.18)

where all 0x  and 0  .

We have seen that ( )U nX is distributed as  ,G n  . We say  ,X G r  if the pdf 

of X is as follows

 
1

, , 0, 0,  0
( )

r r
xx

f x e x r
r




     


.

The following Theorem gives a characterization of the exponential distribution using 
this property.

Theorem 2.3:
Let 1 2, ,...,X X be a sequence of non-negative i.i.d. random variables with cdf  F x and 

pdf  f x . We assume  0 0F  and   1F x  for all 0x  . Then the following two 

statements are equivalent
a) F is  E 

b)  ( ) , .U nX G n 

Proof:
It is easy to show that (a) �� (b).

We will proof here (b) �� (a).

 ( ) ,U nX G n  implies
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1

0 0
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( )

( ) ( )

n n n
x xtt R t

e dt f t dt
n n





  

= ln(1 ( ))
0 ( )

n
F x tt

e dt
n

  



Now writing 

1

0 ( )

n n
x tt

e dt
n




 = 
1

0 ( )

n
x tt

e dt
n


 

 ,

We have 

1

0 ( )

n
x tt

e dt
n


 

 = ln(1 ( ))
0 ( )

n
F x tt

e dt
n

  

 (2.19)

for all x .

The solution of (2.19) is

  ln 1  F x qx  

i.e.

  , 0., 01 x xF x e    .
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