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ABSTRACT

Suppose {Xi,izl} be a sequence of independent and identically distributed
absolutely continuous random variables and Xy ), Xy (2),... be the upper records from

the sequence. In this paper we will consider several distributional properties of the upper
records from the exponential distribution. Based on these distributional properties, we
present some characterizations of the exponential distribution.

1. INTRODUCTION

Let X, X,,.., be a sequence of independent and identically distributed
(i.i.d.) random variables with an absolutely continuous distribution function F and
the corresponding probability density function f . We define U(1)=1, U(n+1)

=min{ jili>U(n), X; > Xu(n)}. The sequence {Xu(m}({U (n)}) is known as upper
record values (record times). By assumption Xy ;) = X;. Let X be a random variable
(rv) whose probability density function (pdf) is given by

f(x,0)=0e x>0,0>0
= 0, otherwise. (1.1)

Wesay X e E(O) if the pdf of X is as givenin (1.1).

If f,(x) be the pdf of X, , then

£.00 =%(R( o)™ (%) (1.2)

where R( X) = —1n(l— F (X)), 0<F (X) <1. It can easily be shown that

n1 (R(%)’
1-F,(x)=(1-F
=) E R

(1.3)

The joint pdf f., (X, ¥) of Xym,and Xy, 1<mM<n, can be written as
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(R( X))m—l

fm’n(x,y):m r(X)f(y),—OO<X< y<oo. (14)

)n—nH

(R(Y-R(®

In this paper we will discuss several distributional properties of the upper record
values when {X;} € E(6). We will present some characterizations of the exponential

distribution based on the distributional properties of the upper records.
2. MAIN RESULTS
If {Xi} € E(O) , 1 =1,2,..., then it can be shown (see Ahsanullah (2004)).
Xum d WHW, +.+W, 2.1
where W, W,,...,W,, are i.i.d with the pdf as given in (1.1).

From (2.1), it follows that Z,__, = Xu(i) - XU(i_l), i=2,..,n, are identically
distributed as exponential with pdf as given in (1.1).

If X; € E(0), then f, the pdf of Xumy 18

en Xn—le—ex
f(X)=—— 2.2
T e2)
The joint pdf f., ) of Xy, and Xy, 1sm<n is
enxfTFl(y_ X)n—rrH 0
fo.(xy)= eV, 0<x<y<mw. 2.3
m,n( Y) T(mI(n—m) y (2.3)
The conditional pdf of XU(n) Xu(m)
n-me., s \n-m-1_-6(y-x
Fn|m(y|x):e (y=% € ,0<x<y<o. (2.4)

r'(n-m
For characterizations of exponential distribution using equality of distributions of
Zom= Xu(n) = Xy(m and Xy_m, see Ahsanullah ( 2004, p. 83). There are several

characterizations of the exponential distribution using the regression properties of record
values, see Nagaraja (1977), Ahsanullah (1981). Ahsanullah and Wesolowski (1998),
Dallas (1981) and Dembinska and Wesolowski (2000).

The exponential distribution can be characterized by the equality in distribution of
Xumy and Xypopy + Xy (see the Lemma below).

If F is a distribution function of a non-negative random variable, we will call F is
"new better than used (NBU)” if 1-F (X+ y) < (l— F (X))(l— F (y)) , and F is “new
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worse than used (NWU)” 1-F (X+ y) > (l— F (X))(l -F (y)), X, y>0. We will say
F e C if F is either NBU or NWU.

Lemma 2.1:
Let X, X,,..., be a sequence of non-negative i.i.d. random variables with cdf F(x) and

pdf f(X). We assume F (0) =0 and F (X) <1 for all x>0. Then the following two
statements are equivalent
a) F is E(9)
b) Xy g Xun-n tW , where FeC, W is independent of Xy, and is
distributed as F for any fixed n>1.

Proof:
It is easy to show that (a)  (b).
We will proof here (b)  (a).

We have
Fa(X)= [y P(X < X=y) f,y (y)dy
= [{1I=(=F(x=y)] f, ;(y)dy
= F (0= [y A= F(x=y)] i, (y)dy
1.€.
Fr (0= Fy () = [ [A=F(x=y)] f,_ (y)dy, if F is NBU.
> [ (1=F())/(1-F(y)) f, (y)dy,

Because if F is NBU, then 1-F () <(1-F (x=y))(1-F(y)), 0 y<x<ow.

Thus
(Fos (0= F, (00)1 = F(x) = [{[(1=F(y)] f,; (y)dy
n-2
=l 7(?((:)3 TR
_ (ROY™
= 7F(n) . (2.5)

But by (1.3), we have

R n-1
Fo (00— F (0 =(1- F(x))%

Thus (2.5) is a contradiction if F is NBU unless
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1-F (x=y)=(1-F(x))(1-F(y)) (2.6)
for almostall 0 < y<X<oo.
The solution of (2.6) is
F(x)=1-¢e 2.7)
where x>0 and 6>0.
If F is NWU, then we get the same solution (2.7).
Ahsanullah (1981) proved that if Var( Zyinl XU(n—l) = X) is constant for all X, then
F is E(G) , The following theorem gives a generalization of that result.

Theorem 2.1:
Let X, X,,..., be a sequence of non-negative i.i.d. random variables with cdf F(x) and

pdf f(X). We assume F(O)=O and F(X)<l for all x>0 and E(Xk) exists for

some K > 0. Then the following two statements are equivalent

a) F is E(0)
k
b) E( Zo g0 | Xygnoy = X) =D, where b is a constant independent of X for all x>0
and FeC.
Proof:
From (1.4)
R X n-1
foin (% Y) :&r(x) f(y),—o<X<y<ow.

r'(n)
The conditional pdf fo o1 n (2] Xy(not) = X) of Zy i | Xy(nyy = X is

_f(z+ X% .
C1-F(x)’

fc,n—l,n (Z| ><U(n—l) = X) (2.8)

Thus if F is E(0), then
fc,n—l,n (Z| XU(n—l) =X ) = eeiez, z>0,
k
and hence E(Zn_Ln | Xumeny = X) is a constant independent of X.

k
Suppose E(Zn,l,n | Xy = X) =Db, where b is a constant independent of x.
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From (2.8)

k F(z+X dz

K o
E(Zn_l,n|xu(n—1)=x) =l z 1-F(x)

k
Now E(Zy 0| Xygoiy =X) =b implies

b(1- F(x) = | 2* f(z+ ® dz
= [Tk 27 (1-F(z+x) dz (2.9)
Taking limit as x—0, we get
b=JrkZ"(1-F(2)dz (2.10)
Substituting (2.10) in (2.9), we get on simplification
[ k27 [(1-F(z+ %) -(1-F(0)(1-F(2)) ]dz=0 (2.11)
If F eC,then (2.11) to be true for all X and almost all z, we must have
(1—F(z+ x)):(l—F(x))(l—F(Z)):O (2.12)
The solution of (2.12) for all x>0 and almostall z>0, is
F(x)=1-¢&"° (2.13)
where all X=0 and 6>0.

From (2.10) it is easy to see that b= E(Xk) . The following theorem gives a

characterization of the exponential distribution using this property.

Theorem 2.2:
Let X, X,,..., be a sequence of non-negative i.i.d. random variables with cdf F (X) and
pdf f(x). We assume F(0)=0 and F(x)<1 for all x>0 and E( Xk) exists for
some K > 0. Then the following two statements are equivalent
a) Fis E(G)
K k
b) E(Zyin| Xy =X) =E(X¥) forall x>0 and FeC.

Proof:
It is easy to show that (a) : b). We will prove here (b) : D We have
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w_k T(Z+X
E(Zn,n—l | XU(n—l)): 0 = Zk(ﬁfx))dz
_ oy k1 F(Z+X)
lo kz Foo dz (2.14)
E(xk):jg’kzk—llf(z)dz (2.15)
Equating (2.14) and (2.15), we obtain
[ k27 [Fz+x-F()F(2]dz=0 (2.16)

If F € C, then (2.16) to be true for all X and almost all z, we must have
(1-F(z+x)=01-F(X)(1-F(2) =0 (2.17)
The solution of (2.17) for all x > 0 and almost all z >0, is
F(x)=1-¢e" (2.18)
where all x>0 and 6>0.

We have seen that X, is distributed as G(n.6). We say X € G(r,0) if the pdf

of X is as follows

ry -1
f(x,0)= er>(<f) e,x20,0>0,r>0.
r

The following Theorem gives a characterization of the exponential distribution using
this property.

Theorem 2.3:

Let X, X,,..., be a sequence of non-negative i.i.d. random variables with cdf F(x) and

pdf f(X). We assume F (0) =0 and F (X) <1 for all x>0. Then the following two

statements are equivalent
a) F is E(0)

b) Xym € G(n,@).
Proof:
It is easy to show that (a)  (b).
We will proof here (b)  (a).
Xy € G(n6) implies
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« oMt
0 ——e
r(n)

oty rx (R())"
dt=[; T f(t)dt

(- t"
) In(1-F (%)) ot dt

‘ ()
Now writing

ngn-1 n-1
X 9t 0t _ Ox t

~t
o T(n) 0 r(n)e a,

We have

tn—l tn

'(n)

0x
* T(n

etdt=[ " et dt (2.19)

for all x.

The solution of (2.19) is
~In(1-F(x))= ax

ie.
F (X) =1- efex.»o.,ew )
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