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ABSTRACT

Modified maximum likelihood estimators of the parameters in a second order
polynomial regression model are derived. They are shown to be considerably more
efiicient and robust than the commonly used least squares estimators. Real life examples
are given.
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1. INTRODUCTION

In the multiple linear regression model, the variances of the LSEs (least squares
estimators) of the regression coefficients are sensitive to location and scale of the design
variables and to design anomalies (e.g., outliers); see Akkaya and Tiku (2008a). To
rectify the situation, Akkaya and Tiku introduced the reparametrized multiple linear
regression model
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They obtained LSEs of the parameters in (1.1) and showed that the estimators are (a)
invariant to location and scale of the design variables, and (b) their variances are fairly
insensitive to designs and design anomalies. Features (a) and (b) are enormously useful,
particularly in engineering applications (Dedieu and Ogorzalek, 1977; Voss, Timmer and
Kurths, 2004; Akkaya and Tiku, 2008a, Examples 1-2). However, LSEs are not efficient
if the random error (noise) in the model is non-normal (non-Gaussian), and non-normal
distributions occur frequently in practice (Spj Itvoll and Aastveit, 1980; Elveback et al.,
1970). Islam and Tiku (2004) considered three distinct families of non-normal
distributions consisting of (i) LTS (long-tailed symmetric) distributions with kurtosis
greater than 3, (ii) skew distributions, and (iii) STS (short-tailed symmetric) distributions
with kurtosis less than 3. Since MLEs (maximum likelihood estimators) are elusive

© 2010 Pakistan Journal of Statistics 49



50 Estimation in Multifactor Polynomlal Regression under Non-Normality

because of numerous complexities, they obtained MMLEs (modified maximum
likelihood estimators) of the parameters in the model. The methodology of modified
maximum likelihood estimation originated with Tiku (1967, 1968, 1989) and Tiku and
Suresh (1992); see also Tiku (1994, 2009) who points out the correct authorship of these
estimators. The resulting MMLEs are explicit functions of sample observations and are,
therefore, easy to compute. They are enormously more efficient than the LSEs for all
sample sizes n, particularly large n. MMLEs are known to be asymptotically fully
efficient under very general regularity conditions; rigorous proofs are given in
Bhattacharyya (1985) for censored samples and Vaughan and Tiku (2000) for complete
samples. For small n, MMLEs are known to be essentially as efficient as MLEs and the
two are numerically very close to one another (Tiku and Vaughan, 1997, pp.890-892;
Schneider, 1986, p.104; Tiku et al., 1986, pp.106-107; Vaughan, 2002, p.228; Tiku and
Akkaya, 2004, p.52; Kantar and Senoglu, 2008, Examples 1-2). The purpose of this paper
is to extend the work of Akkaya and Tiku (2008a) to multifactor polynomial regression.
Specifically, MMLEs and LSEs of the parameters in the second order polynomial
regression model are obtained. Both are (1) invariant to location and scale of the design
variables, and (2) the former are considerably more efficient and, for any non-normal
distribution, the relative efficiencies of LSEs are the same (almost) and less than 1 for all
designs considered. Real life examples are given. There are, of course, situations when
the design variables in model (1.1) are also stochastic. MMLEs and LSEs in those
situations are worked out in Vaughan and Tiku (2000), Sazak et al. (2006), Tiku et al.
(2008) and Islam and Tiku (2009), the former being considerably more efficient and
robust; see also Tiku et al. (2009). Their work can perhaps be extended to multifactor
polynomial regression; we do not attempt that in this paper.

2. SECOND ORDER POLYNOMIAL REGRESSION MODEL
The second order polynomial regression model is
? ? 2 ql1 |q i
oo b 1T 1 HYw b Ty & (Ldi d, (2.1)
i1 i1 j1k j1
e being a measurement error in y; ¢; (1 di ) are assumed to be iid. Model (2.1)

reduces to (1.1) if T; and Ty are all zero.

Least squares estimators:
Equation (2.1) can be written in matrix form as

Y UTe. 2.2)

Assuming that e; are iid with mean zero and variance \, the LSEs obtained by

minimizing e e are obtained:

T UU)'UY)and V s (2.3)
where
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We also write U; Uy Y, (1 di<k dq).

Invariance:
The LSEs T, T, T (1dj dy), T (1dj kdg and V are invariant to
location and scale of the design variables x;, i.e., if x; are replaced by aj+bix; (1 di dh)

the estimates remain unchanged. The variance-covariance matrix of Tis

n
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Since | u; 0, T and Vareuncorrelated with T 1 dj dj . Also T, and Vare

ij
il

uncorrelated with one another if the error distribution is symmetric. Asymptotically (Roy
and Tiku, 1962)

v L q
A B 3 25
nd 59, @ FR (2.5)

BV being the variance and P, the fourth central moment of the distribution. For a
normal distribution, Q 0.

3. LONG-TAILED SYMMETRIC DISTRIBUTIONS
Assume that g (1 di d) in (2.1) have the LTS distribution
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k 2p 3and pt2; Ee OandV e V. The distribution of t /( Qk)(e/
is Student’s t with Q 2p 1 degrees of freedom.

The likelihood function is

_nna ! oP
LV'§l — & v U-DW U-D». (3.2)
Vi g k \ v,

The MLEs (maximum likelihood estimators) are the solutions of the equations
winL/ wel 0, wnbL/wT 0, vinL/wj 0 (1dj dy,

3.3
wnl/wJ 0 (1dj kdg) and wnl/wVo. (3-3)

These equations do not have explicit solutions because they involve the intractable
functions

9z z/1 WKZ,z q/V (d d) (3.4)
For example,

wnL 2p " wnL 2pn .
_— )y 0 and —— —!'uw9g(z) 0(d .
Wi kvi.lg(z) wT kv 9(z) 0 (1dj dp

Solving the (c+1) nonlinear equations in (3.3) by iteration is enormously problematic
(Puthenpura and Sinha, 1986; Akkaya and Tiku, 2008a; Islam and Tiku, 2004). For
example, the iterations may never converge or converge to wrong values (e.g., they
correspond to local rather than global maximum of L). Moreover, there are too many
equations to iterate simultaneously which is a formidable task.

To derive MMLESs, we first express the likelihood equations (3.3) in terms of the
ordered variates Z;, 1 di dn ;

;) dz, d.. dzp,,. (3.5)
This is accomplished simply by replacing z in the equations by Z;, . The second step

is to replace g Z;, by linear functions

9(zi) # B i, (1di ) (3.6)

so that the differences between the two sides converge to zero as n becomes large. The
coefficients D and E are obtained from the first two terms of a Taylor series expansion

of g Z;, around the population quantiles t;, obtained from the equation
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An IMSL subroutine in FORTRAN is available to determine t;,. The resulting DO

and E are

D 2/k t(3i)/‘l /e, " and B 1 (/K8 '/‘1 e . 68

The third step is to incorporate (3.6) in (3.3). The resulting equations are the modified
likelihood equations Win L / wol 0, vin L / w;T 0, etc. The solutions of these equations
are the following MMLEs:

K DVand 1 %% nC/ Jnn c (3.9)

where

K W BV) "W B) (K)),D (W' BV) ‘W O) (D), E diag(F), D diag(D),

1 L., B 2p | D &g | wa@s, and C 2— | E @b | KWP@SZ
and
WP@ 1, WP@ UP@ (1 dl d:])
2
Uo (g | d2g)
U@ 2qg | k dc).

Note that the matrix W is exactly the same as U with v , uif (1dj dy and
u; 1 dl Kk dy replaced by the corresponding concomitants W»@ (defined in the
next section).

4. COMPUTATIONS

The LSEs T, T;, Tj

increasing order of magnitude) the estimated residuals

1dj oy and Ty 1 dj k dg are first used by ordering (in

q
& ¥ b : Ty, y Ty | : -Gkub@<' (4.1)
The i concomitant vector

yb@ub@"" UP@ U%P@"" U?P@ U»@z, U>@3, ...,UP@‘ 1q
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corresponds to the i™ ordered value iy (1 di d). Using these concomitants, the

A

MMLE:s are calculated from (3.9). The LSEs are then replaced by A'B, A'I}, T; and A'I]Tk

and new concomitants obtained. The revised MMLEs are computed from these new
concomitants. The process is repeated one more time. Thus, the MMLEs are computed in
two iterations besides computing the LSEs initially. Not more than two iterations are
needed for the estimates to stabilize sufficiently. The reason is that only the relative
magnitudes (not necessarily the true values) of @ are required for computing the

MMLE:s; see also Islam and Tiku (2004) and Akkaya and Tiku (2008a)

Comment:
The coefficients E 1 di dh increase until the middle value and then decrease in a

symmetric fashion. Therefore, if E is positive then all the E coefficients are positive
and 'V is real and positive. For small p and large n, however, E (and a few other E
coefficients) can be negative as a result of which 'V can cease to be real.

To rectify this situation, if E turns out to be negative, we replace D by
0 1/k t(3i)/‘1 1k € and Eby E 1/‘1 1/k €7 1di . This does
not alter the asymptotic properties of the MMLESs since z;, t; #0 and, consequently,
9z #b (B

Thus, 'V is always real and positive. It may be noted that g Z%;, , Ij and E are

all bounded and soare D and E.

Asymptotic variances and efficiencies:
The MMLEs are known to be asymptotically equivalent to the MLEs and are,
therefore, fully efficient (asymptotically) as said earlier. The variance-covariance matrix

of A'B,Al'l,'..., A'l[", Tl,..., A'Eq, A'[z,..., A'E_Lq is given by the inverse of the Fisher

information matrix I. Thus (see the Appendix)

cov” # v P D® 372 (vt and vy #Mi; 42)
o(p 1/2) 2(p 1/2) n

A'B and 'V are uncorrelated with A'I] 1 dj dy .If the error distribution is symmetric, A'B

and 'V are uncorrelated with one another.

Relative efficiencies:

From equations (2.4) and (4.2), it follows that relative efficiencies (ratio of the
variance of the MMLE to the variance of the LSE) of the LSEs are asymptotically the
same (and less than 100 percent) irrespective of the design. To study this phenomenon for
small n, we simulated the means and variances of the estimators for the following

designs, which are very diverse from one another (X; treated as nonstochastic):
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L. For each j, the design values X; (1 di dn) were generated from Uniform (0,1).

Il. Foreach j, n r X; were generated from normal N 0, \} and independently r

generated from N 0,4 Vo
III. For each j,X; 1 di dh were generated from Generalized Logistic (Section 5)
with b 0.5.

In designs II and III, Vwas taken to be 1 without loss of generality. The error
distribution was, for illustration, taken to be (3.1) with p 2.5.

The simulated variances and the relative efficiencies are given in Table 1. Means are
not given since the bias in all the estimators was found to be negligible. It is seen that the
relative efficiencies are nearly the same for all designs, even for small sample sizes. It
may be noted that the asymptotic efficiencies of the LSEs of all the regression

coefficientsis 100’ p 1 p 3/2 /p p 1/2 * which is 70 percent for p 2.5.

Table 1:

Values of n/ \V} Variance and relative efficiencies; n 20
error distribution is (3.1) with p 2.5

L3 1 T L
Var | RE | Var | RE | Var | RE | Var | RE
1 372 | 79 1.24 86 1.56 84 1.57 90
11 2.02 81 2.74 86 | 2.72 90 | 7.10 89
111 2.17 83 1.44 88 0.92 91 2.63 90

Design

Robustness of estimators:
Since deviations from an assumed error distribution are very common, one can not
feel comfortable with assuming a particular distribution and believing it to be exactly
correct. That brings the robustness issue in focus. An estimator is called robust if it is
fully efficient (or nearly so) for an assumed distribution and maintains high efficiency for
plausible alternatives (Tiku et al., 1986, Preface; Tiku and Akkaya, 2004, Preface).
Consider, for illustration, the situation when the underlying distribution is (3.1) with
S :H ZzLOO FDOO LW WKH SRSXODWLRQ PRGHO DQG GHQRWH
alternatives, we consider the following which we will call sample models.

Misspecification of the distribution:

Horoo1
i) | 1 LV WKH SRSXODWLRQ PRGHO
i) 11

Outlier model:
iv)(n-t)e; FRPH ITURP | 1
and independently r come from | I=[0.5+0.1n]. 4.3)
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Mixture model:
v) Outofn,90%e¢; FRPH IURP | 1 DQG IURP | 1

Contamination model:
vi)(n-r)e; FRPH IURP | 1 DQG U IURP 8QLIRUP U > Q@

The generated ¢,V ZHUH VWDQGDUGL]J]HG WR KDYH WKH VDPH YDULDQF
i.e., V. Note that the sample models (iv)-(vi) frequently occur in regression analysis
(Tan,1986)

Given in Table 2 are the simulated variances for n=20, 50 and 100 for Design L (for
each j,xij 1 di ch are generated from a logistic distribution, i.e., b=1 in (5.1), and

treated as nonstochastic values). The variances of the MMLEs A'B, A'[, A'[l and A'[z only

are reported since the results for A'I; and A'Ez are essentially the same as for A'[ and Tl ,

respectively. The means of the estimators are not reported since the biases in both LSEs
as well as MMLEs are negligible for all the models (i)-(vi). It can be seen that the
MMLEs are robust and considerably more efficient than the LSEs. Also, the relative
efficiencies of the LSEs decrease as n increases which is disconcerting. Since the MMLE
V is known to be robust and considerably more efficient than the LSE V (Akkaya and
Tiku, 2008a), its means and variances are not given for conciseness.

Comment:
The robustness of the MMLEs is due to umbrella-ordering of the E coefficients:

They increase until the middle value and then decrease in a symmetric fashion. Thus,
extreme observations receive small weights and their influence is automatically depleted.
This gives MMLEs the inherent robustness properties they posses.

5. GENERALIZED LOGISTIC

Assume now that the error distribution is (b>0)
f(e Evexp e/V/N exp e/V‘bl, f e f; (5.1
E(e)="\(b) \(1) land V(e)={\'(b) \'() %

\(X) being the psi-function and \'(x) its derivative (Abromowitz and Stegun, 1985).

The distribution is negatively skewed for b<1 and positively skewed for b>1. For b=1, it
is the well known logistic distribution.

The likelihood equations (expressed in terms of the ordered variates z;), e / V)
involve the intractable functions

9 % 1/‘1 exp %; ' (5.2)

and have no explicit solutions. As in Section 3, the modified likelihood equations are
obtained by replacing g(z;) by the linear functions
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9%, #Db g6 ld d. (5.3)
Here,
D 1 exp(t) texp(t)/(1 exp(t) * and E exp(t)/ 1 exp(t) 2 s Tty
ty g™ 1,q i/m D, 1d d. (5.4)
Table 2:
Values of (n/ % ) Variance and the relative efficiencies of LSEs;
error distribution is (3.1) with p=3.5.
Var Var
b 1 I b b T I b
Model(i) Model(ii)
n=20
MML 2.872 0.989 2328 1.263 4.017 1370 1.667 1.633
LS 71 77 78 82 92 95 95 96
n=50
MML 2235 0.715 1.636 0.733 3.556 1.032 1.250 1.042
LS 65 69 68 70 90 91 91 91
n=100
MML 2301 0.580 1.449 0.631 3385 0910 1.195 0916
LS 56 54 58 51 88 87 87 89
Model(iii) Model(iv)
n=20
MML 4280 1389 1.790 1.669 6.323 2312 2944 3.170
LS 97 98 99 98 59 65 66 72
n=50
MML 3486 1.089 1315 1.103 5275 1.659 2.019 1.716
LS 96 97 96 98 58 58 58 63
n=100
MML 3362 1.011 1312 0.979 5079 1.457 1.841 1.510
LS 96 97 96 98 55 57 56 58
Model(v) Model(vi)
n=20
MML 2.632 0963 1.220 1.237 3917 1370 1.716 1.715
LS 59 70 67 75 90 94 93 95
n=50
MML 2293 0.679 0.822 0.732 3468 1.002 1.294 1.004
LS 59 58 59 60 87 90 89 92
n=100
MML 1945 0.530 0.700 0.518 3.174 0.869 1.137 0.966
LS 53 54 52 55 85 87 85 84
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The solutions of the modified likelihood equations are the following MMLEs:

K DVand V '-B +B? 4nC /2 n(n o (5.5)

where K (W BV) 'W BY) (K), D (W BNV)'W ') (D),
E diag(E), ' diag("));
WKH H[SUHVVLRQV IRU % DQG & DUH H[DFEF#Wl@kedWKH VDPH DV WKR)
Db (b D by given in (5.4)), 2p/k replaced by b+1, and E replaced by those in
(5.4). Note that 'V is real and positive since E in (5.4) are positive for all i=1, 2, ..., n.

The asymptotic variance-covariance matrix of the MMLEs " above is exactly the
same as (4.2) with (p+1)(p-3/2)/p(p-1/2) replaced by (b+2)/b and (obtained by inverting
the Fisher information matrix I)

1

\IZ a b W) [ \©
e L LIV IAYC) ), (5.6)

Remark:

Like the estimators (3.9), (5.5) are invariant to the location and scale of the design
variables and their relative efficiencies are the same (almost) and less than 1 irrespective
of the design. We omit details for conciseness.

Robustness:
To illustrate the robustness of the MMLEs assume, for illustration, that b=4 in (5.1);
we denote it by */ 1 $V SODXVLEOH DOWHUQDWLYHY ZH FRQVLGHU W
models:
1) */ 1
2) */ 1 thk Mopulation model),
3) outlier model: (n-r) § come |lURP */ andlr (we do not know which) (5.7)
come from GL(4, 4 1 u > Q@
4) contamination model: (n-r) e; come from */ 1 D@ exponential
1 H{K 1r=[0.5+0.1n] (considered in Akkaya and Tiku, 2008a); e;’s
were VWDQGDUGL]HG WR KDYH WKH VDPH YDULDQFH DV WKDW RI

[N@ V(L

Given in Table 3 are the simulated variances of the MML estimators A'B, A'[, Tl and

A'[z . Their means are not reported since the biases in them were found to be negligible. It

can be seen that the MMLEs are robust and considerably more efficient than the LSEs.
Also, the relative efficiencies of the LSEs decrease as n increases.

Comment:

The inherent robustness of the MMLEs for skew distributions is due to half-umbrella
ordering of the coefficients E in (5.4): They decrease in the direction of the long tail.
Thus, the influence of large observations (representing the long tail) is automatically
depleted.
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Table 3:
Values of n/ \} Variance and the relative efficiencies of the

LSEs; error distribution is (5.1) with b=4.

Var Var
b 1 I b b 1 I b
Model(1) Model(2)
n=20
MML  11.655 3.127 3.832 3725 &8.170 2390 3.029 2.982
LS 98 95 94 96 89 87 89 92
n=50
MML 9.490 2356 2914 2543 7.025 1794 2.193 1.785
LS 95 91 94 93 85 81 80 81
n=100
MML 9.566 2372 2906 2227 6.057 1.602 2063 1.804
LS 90 94 94 93 79 81 84 77
Model(3) Model(4)
n=20
MML 15.774 4243 5176 5767 7.428 2231 2919 2.798
LS 36 40 41 43 85 84 84 88
n=50
MML 11401 2.828 3.386 2907 5.833 1.580 2.089 1.806
LS 23 33 31 31 76 78 77 79
n=100
MML 11.526 2373 3.016 2425 6369 1485 2.026 1.589
LS 21 28 30 30 80 72 77 74

6. SHORT-TAILED SYMMETRIC DISTRIBUTIONS

59

Here, we assume that the error distribution is (Tiku et al., 2001, p. 1023; Akkaya and

Tiku, 2008b, p.283)
A ° 1 g v g e’

STS d: f(e) ﬁ\g % é—\/l ;exp ©W; (-f e f ), (61)

where h 2 d and d 2 isa constant. Since (z e/ V)
f322"ezz/2dz 2j 1/ 201
2S¢ ' -
it is easy to evaluate the moments of the distribution of e. In particular,
02 AN Z
A1) g 2 SL U@y
0@ "@ht2/(jry

r®ogl )i,

R O 6.2
i'o@ *&@h 20 1(j 1 (6.2)

E( OandV(e) B ¥V A
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The moments of the distribution of e are determined by d. The kurtosis P, / B of the
distribution decreases with increasing d. For example, we have the following values:

d= -0 .05 00 05 10 L5
A/VWVar 1 184 204 233 282 3.67
Kurtosis 3256 244 226 203 171

It should be noted that no distribution can have kurtosis less than 1 (Pearson and Tiku,
1970).

The maximum likelihood equations are expressions in terms of the intractable
functions

gz ;/'1 (/202 1di . (6.3)

Consequently, MLEs are elusive.

Proceeding exactly along the same lines as in Section 3, MMLEs are obtained as
follows ( G2/h):

T K ®@and V - B J(®B) 4nC'/21/n(n 0. (6.4)

The expressions for K , D, B and C are exactly the same as those in (3.9) with the
multiplier 2p/k (in B and C) replaced by 1. The coefficients ) and E are different

and are given below:

Ford”

D (l/h)tfi)/‘l (1/2ht, ? and E 1 (2/h3; (6.5)
: 2
J /20, /‘1 (/2 .
For d 10,5 and E are replaced by Ij and Iﬁ, respectively:

O 'a/hg, a h/2y, ‘/‘1 a2 “and E 1 @/WI; (66)
3 o) anng ‘/‘1 arzhg, .

It may be noted that the coefficients E and E are all positive, the former for d d0.
The exact values of t; are not available at the moment. Here, it suffices to use their
approximate values obtained from the equation (z H M

LO)

sf(zydz ——, 1di o 6.7)
f n 1



Tiku and Akkaya 61
An algorithm to evaluate (6.7) is available with the authors.

The asymptotic variance-covariance matrix of the MMLEs T above is exactly the
sameas (4.2)with p 1 p 3/2 /p p 1/2 replaced by 1/Q and Var V # Z\/nQ*;

A'B and 'V are uncorrelated with T adj dp:

(o]
Ya
* (o]

and Q1 3% 2a 11a2/1 2a 3a ¢ (6.8)

7

Q 1 4a’l a/l 2a 3a a 1/2h

The MMLEs given in (6.4) are highly efficient, and robust to short-tailedness and
inliers. Two inlier models are proposed in Tiku et al. (2001, p. 1031) and Akkaya and
Tiku (2008b, p.288). The MMLEs are also considerably more efficient than the LSEs.
We omit details for conciseness. Note that the LSEs are not robust.

Comment:
Here, the robustness of the MMLEs is due to inverted umbrella-ordering of the

E(and E) coefficients: They decrease until the middle value and then increase in a

symmetric fashion. Thus, the observations in the middle receive small weights and their
influence is automatically depleted.

7. ILLUSTRATIVE EXAMPLES

Example 1.
Twenty four observationson Y Y, are given in (Carr 1960, p. 392); Y, is inversely
proportional to /I, ,I, being the reaction rate for the catalytic isomerization of n-pentane

to isopentane:

X, = the partial pressure (psi) of hydrogen,
X, = the partial pressure of n-pentane and

X, = the partial pressure (psi) of isopentane.

Using the traditional F-test, Carr (1960, Table V) concludes that a second-order
polynomial model, i.e., model (2.1) with u; replaced by X; ¢ 3 , is reasonable. We fit

the model (2.1) to the 24 observations given in Carr (1960, Table III). A Q-Q plot of the
estimated residuals

3 3 , 2 3
€ % b0 W 0 W Tl
j1 i1 j 1k j1
indicates that a distribution in the family (5.1) can provide a plausible model (Hamilton,
1992, p.16); see also Akkaya and Tiku (2008a, Example 2).

To determine the value of the shape parameter b, we calculate the MMLEs of the
paUDPHWH WYor a #v@n@ . As is seen from the following table, the maximum of
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(l/n)lnl: In(b/ (l/n\J? & (b 1)/n)r:1 In{l exp( &/ 'V}
il il
is attained at b=1.0

b: 0.5 1.0 1.5 2.0 4.0 6.0
1/n)ln L: | -0.085 | -0.0508 | -0.0521 | -0.0568 | -0.0638 | -0.0641

The value of R? is 0.94 for b=1.0, indicating a very good fit. With this value of b, we
have the following estimates and their standard errors; V s, / v3.29:

MML LS
Estimate SE Estimate SE
"o 5.103 0.132 5.163 0.149
5 0.403 0.069 0.407 0.078
5 0.097 0.082 0.121 0.092
" 0.463 0.069 0.457 0.078
"1 0.184 0.064 0.168 0.072
" 0.080 0.064 0.060 0.072
"33 0.114 0.064 0.098 0.073
"I 0.153 0.092 0.139 0.103
"3 -0.227 0.079 -0.222 0.089
"3 -0.063 0.099 -0.050 0.112
\Y 0.175 0.030 0.189 0.035"

“Is the value of (V/+2n)1 Q/2, Q 12

Example 2.
Kawaguti, Manrich and Sato (2006) utilized a response surface model

Yo §T Ok B -lf1x12 -52’(% X% T TXxx ¢ 1d d7
(1.1)

for the analysis of the variable effects on glucosyltransferase activity.
The response and the variables are defined as follows:

Y = glucosyltransferase activity (U/mL),
X, = sugar cane molasses,
X, =bacteriological peptone
X, =yeast extract Prodex Lac SD.
Using the traditional F-test, they conclude that the model given in (7.1) is good with
R* 0.90. We fit the model (2.1) to the 17 observations with U;j replaced by % q 3 .

We find that the values of the LSEs of coefficients T, 0.036 and T;, 0.0097
are negligibly small which indicates that the model (7.1) is appropriate.
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A Q-Q plot of the estimated residuals (given in Figure 1) for the model (7.1) indicates
that a distribution in the family (6.1) can provide a plausible model (Hamilton, 1992,

p-16). We proceed as in Example 1 and find that the maximum of 1/n InL is attained

at d 1.0. R? is calculated (for d=1.0) and found to be 0.99 which indicates a very good
fit. The corresponding MML and LS estimators and their standard errors are given below;
V s./2.82:
1.5 *
1 -
0.5 - *
o ; 2 ; ; ;
-0.6 0.4 -0,2 D 0.2 0.4 0.6 ols
. -0.5 -
-1 -
. -1.5 |
Fig. 1: Q-Q plot for the estimated residuals
MML LS
Estimate SE Estimate Se
0 8.096 0.178 8.109 0.222
3 0.489 0.099 0.504 0.124
B -0.318 0.099 -0.298 0.124
i1 -0.487 0.093 -0.508 0.117
T -0.158 0.093 -0.148 0.117
T2 -0.248 0.116 -0.217 0.145
i3 -0.132 0.116 -0.241 0.145
T3 -0.547 0.116 -0.508 0.145
\Y/ 0.265 0.061 0.264 0.063
Example 3.
Richert et al. (1974) investigated the effects of heating temperature X, , pH level

X, , Redox potential
order model (2.1) q 3

R> 0.94.

X3

on percent of undenaturated protein, Y . They fit a second

to the 32 observations with u; replaced by x; and find
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We fit the reparametrized model (2.1) q 3

to the 32 observations. A Q-Q plot of

the estimated residuals for the model (2.1) q 3 given in Figure 2 indicates that a

distribution in the family (3.1) with p 5.0 can provide a plausible model.

w

(e

Fig. 2: Q-Q plot for the estimated residuals

The value of R? is 0.96 for p  5.0. The corresponding MML and LS estimators and

their standard errors are given below:

MML LS
Estimate SE Estimate SE
B 77.209 0.617 77.170 0.641
i -8.787 0.352 -8.765 0.365
b -7.432 0.352 -7.516 0.365
i -0.049 0.351 -0.090 0.364
I -3.056 0.274 -3.079 0.284
“as -3.523 0.274 -3.538 0.284
53 -1.732 0.274 -1.729 0.284
Iz -4.683 0.373 -4.655 0.387
"3 -2.082 0.373 2.076 0.387
33 -1.168 0.373 -1.261 0.387
\ 4.244 0.298 4.270 0.327

Remark:

In the examples above, we used the asymptotic variance-covariance matrices to
calculate the standard errors of the MMLEs. More accurate standard errors can be
obtained by dividing them by appropriate values borrowed from Table Al (given in the
Appendix). In example 1, for instance, the revised standard errors of the MMLEs of T,

T, T, and T, are 0.132/5/0.95 0.135, 0.069/:/0.90 0.073, 0.064//0.92 0.067
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and 0.092/ 4/0.92  0.096 respectively, which are marginally bigger than the asymptotic
values. See also Akkaya and Tiku (2008a, p. 415).
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APPENDIX
Fisher information matrix:

Consider one of the maximum likelihood equations in (3.3), ﬂl_'l_ 0 say. Now
w

SAnL - 2
gL 2p gt § 2% Lz (A1)
©W?T1k\/2i1<;©k : © 1%
2pp /2% 0
kV p 14"
L _ppl2 e
vV pl p3/2:"
since
f 1 2_j
3?@ PR A7) % 1/2) 1 %(j) . (A.2)
f

Consider now the corresponding modified likelihood equation vinl/ w;T b / wiT 0.

Under some very general regularity conditions (Hoeffding, 1953; Vaughan and Tiku,
2000) z;, converge to t; (1 di d) as n tends to infinity, and realizing that g{z;)} are

bounded functions,

§v%1nL ©o2p
WZT k\?ll

2p 0 1 (/K u2
k\/zllﬁ (l/k)t(|)1/

E—UN@ (A~3)

2p _ne 1 /KZ %
= pE: ® D} Wé@

k 103 1/k)Z, 1/42
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2p_n 1 (/K7 N
_ k\r; el ® '02 i (A4)
1wz’

which is exactly the same as (A.1). Similarly, the expected values of other second
derivatives of InL are exactly the same (asymptotically) as the corresponding second
derivatives of InL.

We give in Table Al the efficiencies of the MMLEs (g=3)

Eff (A ) = 100(asymptotic variance/simulated variance)

for the distributions (3.1), (5.1), and (6.1).

Table Al:
Efficiencies of the MMLEs (q=3)

Distribution (3.1)

p=2.0 p=2.5 p=3.5

A A

O S T v v S W v S S S T

20 76 70 69 67 83 81 77 79 93 91 82 89

30 85 78 74 73 87 83 82 80 94 92 88 91

50 86 80 75 80 93 90 87 84 98 96 96 97

100 98 95 91 83 100 95 97 85 98 96 100 98

p=5.0 p=7.0 p=10

A A A A A A A A A A

n 7 TR, O%YOTLTOTLOFTOTTOn

20 97 94 97 93 98 98 97 96 97 100 96 98

30 98 99 100 100 99 100 99 96 100 100 99 99

50 100 99 100 100 99 100 100 99 100 100 100 99

100 100 100 100 100 99 100 100 100 100 100 100 100

Distribution (5.1)

b=0.5 b=1 b=2
n 7T, L, O%OT L, T

20 93 87 85 83 95 90 92 92 90 91 90 91

30 93 92 92 86 96 98 93 92 91 95 92 96

50 97 93 93 98 100 98 96 93 93 99 93 95

100 98 99 99 98 100 99 97 99 93 100 97 100

b=4 b=6 b=8

A A A A A

n 7 TR, O%YOTLTOTLOFTOTTOn

20 79 91 88 85 63 86 83 86 56 87 84 81

30 80 92 89 90 63 91 86 90 59 91 84 86

50 80 97 92 98 66 92 94 90 59 93 &9 90

100 82 98 99 100 71 98 94 92 60 96 89 90
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Table A1 (contd.)

Distribution (6.1)

d=0.0 d=0.5 d=1.0

A n

n T, L, O%OT, L, T

20 93 88 88 86 84 73 72 70 73 60 61 56

30 99 90 88 89 89 86 76 74 83 66 65 66

50 100 91 96 90 90 87 82 82 87 83 78 71

100 100 95 100 96 90 88 87 87 &9 99 87 93

Asymptotic efficiencies are obtained from I"' (I being Fisher information matrix).
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