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ABSTRACT

The configuration of a monitoring network affects the quality of information that is
obtained. An important aspect is that some stations in a network may fail to provide data
at all. In this work we study the important question of how to take account of detection
capability in network configuration. Our approach is based on the theory of optimal design
of experiments, extended to settings where detection must be considered. We illustrate our
ideas by considering how to configure a seismic network that will provide precise estimates
of the hypocenters of seismic events. An important consideration is that stations that are
too far from the hypocenter may fail to detect the event. Our results provide a theoretical
basis and practical guideline for configuring such a network.
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1 Optimal Design and Detection Capability

In the five decades that have passed since the pioneering work of Kiefer and Wolfowitz
(1960), the statistical theory of optimal design of experiments has been thoroughly ex-
plored and applied to many real experiments. The book by Silvey (1980) is an excellent
short summary of the key ideas, that by Pukelsheim (1993) is both deep and general in cov-
erage and the book by Atkinson, Donev and Tobias (2007) covers both theory and practical
application.

Despite the large amount of research on the optimal design of experiments, the problem
that we address here has attracted little previous attention. We are concerned with the
design of monitoring networks in which the spatial configuration of the network affects
the precision of the results in two different ways. First, it determines a regression matrix;
and second, it influences detection capability, i.e. the probability that usable data will be
obtained at all.

Our inquiry was motivated by the problem of configuring a seismic monitoring network,
but the basic ideas that we develop are relevant to a wide variety of monitoring problems
including sensor networks and environmental monitoring systems. Seismic networks are
used to monitor events such as earthquakes and volcanoes. Data from the network are used
to identify the occurrence of an event and to determine the source location (hypocenter).
The precision of the location estimates is highly dependent on the network configuration.
Moreover, a station that is too far from the hypocenter may not get a clear signal and could,
therefore, provide no information at all. Thus practical design of the network must account
for the detection capability.

We adopt the approach of Imhof, Song and Wong (2002, 2004), who proposed an ex-
tension of the statistical theory of optimal design to settings where detection capability is
important. We exploit the theory of design measures, introduced by Kiefer and Wolfowitz
(1960), to characterizB-optimal monitoring networks and thereby to obtain bounds on
the efficiency of any proposed network. We then apply the theory to derive seismic net-
work configurations that maximize the precision with which the location of earthquakes is
determined by a seismic network, taking account of the fact that distant stations may not
provide data.

A brief review of research on the optimal configuration of seismic networks will help to
focus the goals of this paper. Kijko (1977) first proposed usindttoptimality criterion
to design a seismic network and described an application using the conjugate gradient op-
timization algorithm. Rabinowitz and Steinberg (1990) used Mitchell's (1974) DETMAX
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algorithm to findD-optimal networks for monitoring a specific source location. Later,
Steinberg, Rabinowitz, Shimshoni, and Mizrachi (1995) proposed and studied a criterion
for optimal network configuration for monitoring a system of faults. Steinberg and Rabi-
nowitz (2003) gave a detailed theoretical characterization-optimal seismic networks

for a single source.

The above studies assumed that all stations in the network will record primary phase
arrivals from all events. In fact, though, most of the events detected by a local seismic net-
work are in the micro-earthquake range (about magnitude 1.5-3 on the Richter scale) and
data will typically be limited to stations that are close to the hypocenter. The same problem
occurs for global networks, but with sparser station deployment and, consequently, a higher
magnitude range. For example, the International Monitoring System uses a global seismic
network comprised of about 50 primary stations to monitor compliance with the Compre-
hensive Nuclear-Test-Ban Treaty. That network has only limited detection capability for
moderate earthquakes (magnitude 3-4.5 on the Richter scale) and for small-scale nuclear
explosions that might be set off in violation of the Treaty.

Our focus in this work is on applying a suitable design criterion that reflects the de-
tection capability of the network configuration. We begin with a review of optimal design
theory and a summary of prior research on network configuration. Then we present the
criterion, present a theoretical characterization of optimal network design accounting for
possible non-detects and apply it to a configuration problem based on data from the Israel
Seismic Network.

2 Review of Optimal Design Theory

We use this section to recount some important ideas from the theory of optimal experi-
mental design. In the next section we describe the extension these ideas to settings where
detection capability is also an important consideration. Our presentation in this section
largely follows that in Silvey (1980).

Denote byY an outcome variable whose distribution depends on controllable variables
u= (ul,u2,...,ur)T; a vector of paramete@ = (61,62,...,GK)T of interest to the ex-
perimenter; and a vectar= (11,1, ... ,T|)T of “nuisance” parameters, which are not of
primary interest.

Vectorsu can be chosen from a given d¢tin R'and the trued is known to belong to
a set® in R¥. For givenu, 6, andt the distribution ofY is determined by a probability
density functionp(y|u, 6, T).
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2.1 Fisher Information Matrix

The Fisher information matrix fd is the standard tool for quantifying the efficiency of an
experiment. For a single observation¥at the vecto, the partitioned Fisher information

matrix for® andt is
Ju o, 1= [ T JerlU)
Jg‘l' (U) \]T'[ (U)

whereJgg (u) is thek x k matrix whosg(i,j)'th element is
E{-0%log p(y|u, 6, T) /0686; }

The remaining matrices id(u; 6, 1) are defined similarly, using the second derivatives
with respect to the nuisance parameters and the crossed derivatives with respect to one
parameter of interest and one nuisance parameter. The informatior\frioikependent
observations is

. AR Joo (U)  Jer (U)
J 167 - J i’ ’e -
o i; e ® I (W) Jee (U)

Typically the experimental design will be chosen so that 6, 1) is non-singular, in
which case the inverse matrix ! (u; 8, 1) provides a lower bound for the variance matrix
of an unbiased estimator @8, 1) and its leadind x k sub-matrix

V(U 8, T) = {Jop (U) — Jor (W) I (W) 3. ()}

is a lower bound for the covariance matrix of an unbiased estimatér 6N is large, the
variance matrix of the maximum likelihood estimafbis approximately/(u; 6, 1). The
asymptotic variance matrix dependswmwhich implies that we can improve the inference
by intelligent design of the experiment.

2.2 Linear and Nonlinear Model Theory

We review here results on how to use the ideas above to design an experiment for a linear or
a nonlinear statistical model. We consider here problems where the following assumptions
hold.

1. E(Y|u, 8, T) = f(u,0).

2. var(Y|u, 1,8)=1.
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3. The observations have a normal distribution and are independent.
We have a linear statistical model if the expected value has the form
E(Y|u, 8, T) =61f1 (u) + 822 (U)+ ...+ B fi (u) = 7O

wheref; (u) is a known function. Ofterf; (u) = 1, corresponding to the intercept in the
linear model. We have a nonlinear statistical model wh&fu, 8) /06 is a function ofo.

We assume that the variance is constant and equAlsnore general description would
allow the variance to depend on the design sige(Y |u, 6, T) = tv(u) for va known func-
tion of u. However this case can immediately be reducedaigY |u, 8, T) = T by consid-
ering, instead of, Y' = ¥ /{v(u)}%/2 and instead of (u,8), f'(u,0) = f(u,0)/{v(u)}¥/2.

So there is no essential loss of generality.

The Fisher information matrix foB, with a linear model, i1/1) 5 i f;" and the co-
variance matrix of the least-squares estimatd@ isfV (u;T) =1 (3 f; fiT)_l. For nonlinear
models, the Fisher information matrix has an approximate form that is analogous to the for-
mula for linear models. Taking a first order Taylor series approximation to the true model
leads to the formul¥ ~1(u; 8, 1) = (1/1) 5 fif;" wheref; = 0f(u;,8)/08. See Gotwalt,
Jones and Steinberg (2009) for details. For a nonlinear mdddepends or®, so the
information matrix depends not just on the design, but also on the true paramete®.value
Thus a design may be ideally suited to one valu® biit very inefficient for another one.

This led Chernoff (1953) to suggest the notion of a “locally optimal” design, i.e. a design
that is optimal for a particula®. Most of our subsequent results will relate to the problem

of maximizing Fisher information fo@ in the local sense of Chernoff, where the special
value ofB has been guessed in advance or involves a site that requires particular attention.

In the seismic monitoring setting that we will discuss later, the data are the arrival
times of seismic phases at the stations and the controllable variables are the locations of
the stations. The parameters of interest are the location of the source and the origin time of
the event and is the variance associated with determining the seismic phase arrival times.
A nonlinear model, which we will describe in Section 4.1, links the data to the source
parameters.

2.3 Design Criteria and D-optimality

For linear statistical models, we can maximize information aBafive chooseN vectors
ui €U, i = 1...N from the design space to mak&(u) = 3 f; fiT large in some sense. For
nonlinear models, with a prescribed valueByfthe same basic problem is encountered,
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with f; the vector of partial derivatives. We now consider various ways in which we might
wish to makeM (u) large.

It is known that there is little point in seeking a designwhich is optimal in the very
strong sense thail(u, ) —M(u) is non-negative definite for all. Such au is likely to exist
only in exceptional circumstances. Instead we attempt to find a dasitirat maximizes
some real-valued functiop{M (u)}. Various functions have been suggested by practical
considerations, leading to criteria suchm®ptimality, G-optimality, E-optimality etc. In
our research we will consider only tieoptimality criterion,(M(u)) = log[det{M(u)}],
the most frequently used of all design criteria. Taking the logarithm of the determinantis a
standard convention. As the log is a monotone function, the criterion ranks designs in the
same way with or without the log, aridg detis concave, a desirable property for finding
and characterizing optimal designs.

For nonlinear models, the dependencd/gfi) on 8 can also be given a Bayesian solu-
tion. The idea is to assign a prior densit§{f) and then to use the BayesiBroptimality
criterion, [log[detM(u)]Ti(0)dB. Averaging across a range of plausiflesalues leads
to designs that are robust with respect to uncertain knowledge @ee Chaloner and
Verdinelli (1995) and Gotwalt, Jones and Steinberg (2009). For seismic monitoring, the
multi-source criterion of Steinberg et al. (1990) has the same structure, but limits the prior
to a finite discrete distribution with just a few support points.

2.4 Design Measure

Finding an optimal experimental design is by nature a discrete problem — what afe the
design sites that give the best information matrix? However, Kiefer and Wolfowitz (1960)
showed that theoretical results on optimal designs could sometimes be found more easily
by replacing the discrete problem with a much more general problem, in which the design
is regarded as a probability measure. Discrete designs in this formulation are a special class
of measures with finite support and with mass equal/té t each design point.

We assume here that design poiatmust be selected from a compact Betwhich
constitutes the design space. This assumption is practically realistic because typical design
problems will involve a compadti. Let H be a class of probability distributions on the
Borel sets ofJ. Any n € H will be called a design measure and we define its information
matrix by

M(n) =E{f({@f(@)"}

whereu’is a random vector with distributiom.
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Note that becaude is compactM(n) exists for alln e H. Let.# = {M(n) : n € H}.
Suppose thap is a real-valued function defined on thex k symmetric matrices and
bounded above o7, though possibly not below. The continuous version of the design
problem is to determing, to maximize@{M (n)} over H. Any suchn, will be termed

@-optimal.
We now note some particular aspects of this problem.

2.4.1 The set#

1. Each element of# is a symmetric non-negative definitex k matrix which can be
represented by a point i (Y/2kk+1),

2. The set# is convex. Indeed it is the closed convex hull of
{fufw" :ueu}.

3. By Caratheodory’s Theorem, each elementfcan be expressed as a convex com-
bination 3{_, A; fi T ,where fi = f(u;), ui € U,i = 1,...,1 andl < k(k+1) + 1.
The important practical consequence is thap i€ maximal atM.. thenM,. can al-
ways be expressed &(n.), wheren., is a design measure supported on at most
%k(k+ 1) + 1 points; that is, there always exists a discrgtevhich solves the con-
tinuous theory problem. Our aim is to approximgteby a design measure corre-
sponding to arN-observation design and this is clearly going to be easigt ifs
discrete.

2.4.2 Frechet Directional Derivative

The Féchet directional derivative is a useful tool for exploring Br@ptimality criterion.
Given a design measure with information matvlx, we consider what happens if we make
a small modification in the direction of a design measure with information misitrixThe
Fréchet derivative quantifies the effect on tecriterion.

The Fechet derivative o atM; in the direction ofM; is:

1

Fo (M1 Mz) = lim = (@{(1 €)M +&Mz} — (M1))

Note that:

1. M1, My € .# implies that(1—€) M1+ &Mz is an element af#Z and sap{(1— &) M1 + My}
is automatically defined.
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2. Concavity ofg implies that% (@{(1—¢)M1+eM2} —@(M1)) is a non-increasing
function ofe in 0 < & < 1. Hence whemis concaveFy(M1 My) exists if we allow
the value+too.

3. Applying the last property witls = 1, we have the result th&}, (M1 M2) > @(M2) —
®(My).
Differentiability of @implies that, ify & =1,

F(p(MlazaiMi) = zaiF(p(MlaMi)
If M € . is a random matrixgis differentiable andE denotes expected value, we have
by this linearity

E {Fp(M1,M) } = Fp (M1, E(M))

2.5 The General Equivalence Theorem

With these preliminaries we are able to state the General Equivalence Theorem (GET) of
Kiefer and Wolfowitz (1960), which both characterizBsoptimal design measures and
gives useful information for constructing them. We state both theorems below in a gen-
eral format that holds for any concave optimality functiprand, in particular, for the
D-optimality criterion.

Theorem 1. When@is concave on#, . is @-optimal if and only if
Fo{M(n.),M(n)} <0 forallneH

This means that we are on top of a concave mountain when there is no direction in
which we can look upward to another point of the mountain. However, the theorem has
limited practical value as there are many directions in which we must look to determine
whether or not the condition it contains is satisfied. The following theorem condenses
these conditions to a much more useful one.

Theorem 2. If @is concave on# and differentiable at Mn..) thenn.. is @-optimal if
and only if ,{M (n.), f(u)f(u)"} <0 forallueu

This is the key theorem ag-optimal linear regression design theory because it provides
a condition which can often be verified quite easily in practice. The GET (Kiefer & Wol-
fowitz, 1960) refers to the particular version of Theorem 2 obtained by tapitag det
White (1973) extended the GET from linear to nonlinear models.
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3 Optimal Design with Non-detects

We follow the approach of Imhof, Song and Wong (2002, 2004) and Baek, Zhu, Wu and
Wong (2006) for extending the theory Bfoptimal design (locally for nonlinear models)
to problems where detection capability is an issue.

For a given experiment, let

I (u) = 1 site u provides data
0 otherwise

be the indicator of getting data from a planned design point with the controllable factors
set atu. We assume tha&(l, = 1) = p(u) is a function ofu, and possibly other relevant
characteristics of the experiment. For example, in the seismic monitoring context, the
detection probability depends on the hypocenter of the efdetiite station coordinatas
and also on the event magnitude. Data from on going monitoring efforts are available and
can be used to estimapgu).

The Fisher information fob that is actually obtained in the experiment is

(L/OM(U) = (L/1) 3 F(u)f () 1 (w),

wherel (u;) is the indicator for thé'th design pointy;.

There are a number of design criteria that might be used to reflect possible non-detects.
For example, one might want to maximize the probability that enough data are collected
to assure that all the parameters can be estimated. However, such a criterion may lead to
data that provide very low precision for the parameter estimates. In the seismic monitoring
context, stations close to the epicenter will have a much higher detection probability than
those far from the origin; but the work of Steinberg and Rabinowitz (2003) shows that such
networks provide little information about the location of the hypocenter.

Extensions of théD-optimality criterion to take account of possible non-detects in-
clude some balance between the goal of having enough data to estimate the parameters and
getting precise estimates. Like Imhof, Song and Wong (2002), we advocate a verBion of
optimality that first averages the Fisher information over the detection configurations and
then applies th®-optimality functional. The alternative option is to compute{d® (u) }
for each possible detection configuration and then to average with respect to the detec-
tion probabilities. Averaging the logs of the determinants is reminiscent of the Bayesian
D-optimality criterion cited earlier for nonlinear models, but averaging over detection pat-
terns rather than plausible parameter vectors. One common justification®pmality
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criterion is its relation to the size of a confidence ellipsoid for the parameters. With non-
detects, the ellipsoid will be based on the data that are actually observed. The average size
is then found by averaging the square root of the determinants. The drawback to computing
a functional first and then averaging is that some detection patterns provide so few data that
the observed matrik (u) is singular. Hence our preference for the first option.

Denoting byEnp the expectation with respect to non-detection, the expected Fisher
information of a desigh measungwith respect to the detection distribution, is proportional
to

Mno(n) = E{M(n)} = ExoE {f(@)f(0)"1u} =E{f(@F (@) Plu=1}  (3.1)

whereu’is a random vector with distribution. For a discreté-point desigry, the corre-
sponding expression Mnp(u) = ¥ f(u)f(u)" p(u).

We can now usdlyp instead ofM as the information matrix and can apply any op-
timality functional @ that was developed for use with full detection. In particular, Bhe
optimality criterion accounting for non-detects is

log[det{Mnp(n)}]. 3.2)

Following common practice in optimal design theory, we define the relative efficiency
of a desigm to a desigm3 by

RE(N1,N2) = {detMuo(na)}}** (3.3)

{detMnp(n2)]}
In some cases later in the paper, we will look at the same design, but use the full detection
information matrixM(n) in the denominator. This permits us to evaluate the reduction in
assessed efficiency from taking account of incomplete detection.

We now extend Theorem 1 and Theorem 2 to settings with possible non-detection at
each station. As in the earlier theorems, we need to consider the set of all possible expected
information matricedyp(n). We denote that set here by, to distinguish it from.# the
set defined earlier assuming full detection. From the definition, it is immediateshat
CONvex.

Theorem 3. For a linear model, or a nonlinear model with interest on a fixed value of
6, and an optimality functionap that is concave on#, n., is @-optimal, accounting for
non-detects, if and only ifMnp (N+),Mnp(n)} <0 foralln € H where H is a class

of probability distributions on U.
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Proof. Necessity:@ maximal atMyp (n.) implies

¢{(1-&)Mnp(n:) +eMND (M)} — @{MnD(n:)} <O
forall ein [0,1] and alln € H. Since

(1—€)Mnp (N«) +€Mnp (N) =Mnp {(1—€)Nn. +en},

this in turn implies, from the definition d¥y, that

Fo{Mnp(N+),MnD(n)} <0 forallneH

Sufficiency:Fo{Mnp (N+),Mnp(n)} <0 foralln € H, by Note 3.
@{Mnp(N)} —@{Mnp(n+)} <0 foralln € H, that isn. is ¢-optimal.

Theorem 4 (the extension of Theorem 2). For a linear model, or a nonlinear model
with interest on a fixed value & and an optimality functionap that is concave ony

and differentiable at Mp (n.) thenn. is g-optimal if and only if i {Mnp (n) ,ggT} <

0 forallg € G. Here U is a set of potential station sites and=Jg(u) : ue U} where
g(u) = f(u)y/p(u), f(u) is the vector of partial derivatives of the expected response at u
with respect t® and plu) = P(I(u) = 1) is the detection probability at u.

Proof. The necessity of the stated condition follows immediately from
Theorem 18 is fixed andpis concave ony implies

Fo{Mnp(n:),99" } = Fe{Mnp(n.),J(8,u)} <0 forallueU.

Sufficiency is proved as follows: Anyiyp (n) can be expressed as a finite sum in the form
N
Mno(n) = ZN fifil p(u) (3.4)
i=
N
-

— Zl)\ifn/p(ui)*fiT\/p(ui)
i=
N

= _Zl)\igigiT
=

wheref; is the vector of partial derivatives of the expected responsgaatd
g = fi/p(u), A >0, ZiN:17\i = 1. Then ifgis differentiable aMnp (n.), by Note 4,

N
Fo{Mno (1) Mo (1)} = 3 NiF {Mwo (1) 69" }
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Hence

Fo{Mno(n.).09'} <0 forallgeG

implies
Fo{Mnp(n:),Mnp(n)} <0 forallneH

and the sufficiency now follows from Theorem 1.

Some further extensions are also possible. The non-detect adjusted information matrix
Mnp(n) for a design measure (or af-point design) will typically depend ofl. This
was already noted for nonlinear models due to the dependence of the partial derivatives on
6. Taking account of detection capability implies that this will also now be true of linear
models if p(u) depends oM. Thus the Bayesian design criterion defined earlier, which
averages across a prior distribution of plausilealues, can also be applied here. The
optimality results in Chaloner and Verdinelli (1995) for the Bayesian criterion will carry
over to the problem here. As noted earlier, the detection probability may also depend on
other aspects of the experiment and the Bayesian averaging can be extended to include
those features as well.

4 Application to Seismic Monitoring

In this section we apply our ideas to the design of a seismic monitoring network that takes
account of detection capability. The parameters of intetdese the hypocenter (the spa-

tial coordinates of the source) and the origin time. The controllable parameteesthe
coordinates of the seismic stations. The estimation problem that we consider is to locate
the hypocenter and determine the origin time. We make the common assumption that all
stations are at the same height, so onlyXheY coordinates need to be determined.

This setting provides a good framework for illustrating just how much a design may
need to be modified as a result of limited detection. Steinberg and Rabinowitz (2003),
assuming full detection, proved that locally optimal seismic networks for hypocenter loca-
tion and origin time place one station right at the epicenter ¢heY coordinates of the
source), and all the others on either one or two concentric circles centered at the epicenter.
Moreover, one of those circles should be as far as possible from the epicenter. The latter
conclusion is problematic, as detection should decrease with distance from the source.
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4.1 Model for Seismic Location

In this section we provide a brief sketch of the physical model that relates the unknown
hypocenter of a seismic event to the observed data and of the related questions of statistical
inference. The interested reader can find detailed presentation in Steinberg and Rabinowitz
(2003) or Aki and Richards (1980).

Earthquakes release energy that propagates through the earth in the form of seismic
waves, which are recorded by seismographs. Based on the equations governing the propa-
gation of elastic waves in a heterogeneous medium, the arrivatitahstation is modelled
by

ti=to+9(P,Po) +& (4.1)

wherety is the origin time Py = (Xo, Yo, Zo) is the hypocenteR = (X;,Y;, Z) is the location
of theith station,g (P, Py) gives the minimum travel time for a wave that originate®at
and arrives aB, andg; is an error term.

Throughout the remainder of this article, we will adopt thgers above half-space
velocity model that is often used in routine analysis of local seismic data. In this model
the earth’s crust is divided into distinct vertical layers with velocity constant within each
layer and increasing with depth. For such a model, waves can propagate from a hypocenter
to a station along two types of ray paths: (1) direct waves travel up from the hypocenter
and continue to rise until they reach the station; (2) refracted waves descend from the
hypocenter to a deeper layer, travel along the top of the deeper layer, and then refract back
up to the station. We follow the convention in seismology of making the posttia®is
point downwards so that indicates depth. If the event occurs in the half-space (the lowest
layer), only direct waves are possible. If the event occurs in a higher layer, it is necessary
to compare travel times for a direct wave with those of all possible refraction waves.

The model derivatives play an important role in determining the precision of the esti-
mates and thus also in design considerations. The derivatives are most easily expressed in
terms of the initial ray angle and azimuth. The initial ray anglis the angle from the
positiveZ axis to the first segment of the ray path and the hypocenter. For a directgvave,
is acute and is often called the takeoff angle; for a refracted vgagegbtuse. The azimuth
a is the angle from the lin¥ =Y, to the ray from the epicenté€Ko, Yo) through the station
in theX —Y plane. The partial derivatives of the travel times for an event that occurs in the
jth crustal layer, where the velocity Vs, are

0g _ cosasing

v (4.2)
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g 7sin0( sing

Mo v (43)
d0g cosp
0 v, (44

The arrival time derivatives with respect to the origin titpare always equal to 1.

There are several types of waves associated with seismic events. The two types of
waves most often detected by seismic networks are primafy;waves, which oscillate
in the same direction as the ray path, and secondargveaves, which oscillate in the
wavefront plane that is orthogonal to the ray path. The wave equations imply that both
types of waves propagate along the same pathPhuéves travel faster, and thus arrive
sooner, tharts-waves. As a result, it is often difficult to determine the onset time foSthe
waves. Our subsequent results assume thatPmbaves arrivals are available. Rabinowitz
and Steinberg (2003) showed that essentially the same conclusions hold P bathS:
arrivals are available in the full detection setting.

4.2 Modeling Detection Probabilities

To apply the new design criterion one must have a reasonable model for the probability of
detection. For the seismology problem of interest here, the detection probability depends
primarily on the magnitude of the event and the distance from the hypocenter to the station.
It can be modelled from existing seismic bulletin data with a generalized additive model
(GAM) (Hastie and Tibshirani 1990). In this section we review briefly the GAM method
and apply it to model the detection probability of seismic events in Israel.

GAM is a flexible statistical method that may be used to identify and characterize the
effect of potential prognostic factors on an outcome variable. Generalized additive models
extend the traditional linear statistical model. They can be applied in any setting where a
linear or generalized linear model is typically used.

One of the most commonly used statistical models is the logistic regression model for
binary data. Logistic regression models the effects of prognostic fagtatia a linear
predictor of the forniy x[3;, where the3; are parameters. The generalized additive model
replacesy xf3 with S ri(x;) wherer; is an unspecified non-parametric function. This func-
tion is estimated in a flexible manner using a scatterplot smoother. The estimated function
fi(x;) can reveal possible nonlinearities in the effects ofghe

In the logistic regression model the outcomés 0 or 1, with 1 indicating a positive
response (in our case detection of the earthquake by the station) and 0 indicating a negative
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response (here failure to detect). We wish to moglg} [x1....xp) the probability of a
detection given prognostic factoxs....x,. The linear logistic model assumes that the log-
odds are linear:

P(Yi [X1....-Xp)
1—p(yi|X1....Xp)
The generalized additive logistic model assumes instead that

log = [30+X1[31+...Xp[3p

P (Vi [X1....Xp)

log——————
91= P (Vi [X1...-Xp)

=Bo+ri(Xe)+...rp(Xp)

4.3 Detection by the Israel Seismic Network

Our analysis is based on data that was extracted from “The Seismological Bulletin of Israel
(2005)". The Bulletin contains the phase data and the processed information on source
parameters of all earthquakes located by the Israeli seismic network during 2005; we used
data from the time period January, 1, 2005 - July, 1, 2005. For each event located by the
network we can find precise details and a list of the stations that successfully detected it.

Applying GAM theory for building a statistical model for the detection probability of a
seismic signal:

p(lj =1)
1-p(lj=1)
whereljj is the indicator that th¢'th event is detected by thiéh station. Figure 1 shows
the resulting estimate of detection probability as a function of distance for a magnitude 2.5
earthquake. Lower (higher) magnitudes had somewhat lower (higher) estimated detection
curves; overall the effect of magnitude was not strong over the range of magnitudes present
in our data set.

log = PBo+ri(Magnitude j +ra(Distance(i, j))

4.4 Optimal Design of a Seismic Network

In this subsection we illustrate the results of the theoretical research, considering design
of a seismic network that is planned with a specific source. We assume that only P-wave
arrivals will be available and we apply the detection model that we estimated from the Israel

Seismic Bulletin. We examine magnitudes in the range of 2-4, which covers most of the

seismic activity in Israel, and we adopt the crustal model in common use in Israel (Table

1).



30 Optimal Design of Experiments When Factors Affect Detection Capability

0.8 1.0
|

Probability of Detection
0.6

0.4
|

0.2
|

0.0

T T T T T T T T
30 40 50 60 70 80 90 100

Distance from Epicenter

Figure 1: Estimated probability of detection vs. distance for a magnitude 2.5 earthquake.

Ignoring detectability, Steinberg and Rabinowitz (2003) characterized the structure of
locally D—optimal seismic networks. These networks place one station at the epicenter
and three equidistant stations on a circle about the epicenter of maximum possible radius.
If the epicenter is above the half-space, so that refracted waves will be the first arrivals at
some stations, the optimal network will also include three equidistant stations on a circle
with a smaller radius. The proof that the optimal network can be limited to a station at
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Table 1: Crustal Model

Layer To Depth P-wave Velocity
1 2.1km 3.5 km/sec
2 12.7 km 5.7 km/sec
3 28.2 km 6.4 km/sec
4 7.9 km/sec

the epicenter and on at most two circles about the epicenter relied on symmetry conditions
that remain true for the current problem. The impact of detectability comes to bear only in
determining the optimal choice of radii for the circles. Henceforth, we examine networks
with this structure.

We compare networks with 10 or 20 kilometers for the inner radius and 30 to 100
kilometers for the outer circle. The detection probability is modelled with the GAM that
was described in the previous section and shown in Figure 1. The results in Figure 2 show
that when the outer radius is less than 50 km the efficiency of both networks is almost
identical. There is a sharp drop in the probability network efficiency at about 60 km from
the epicenter. The loss of efficiency is especially severe for events with small magnitudes.
From Figure 3 we see that the results are very similar for 10 km inner radius and for 20 km
inner radius.

Figures 2 and 3 also show that the decreased efficiency, as a function of distance, is
remarkably similar for all the magnitudes between 2 and 4. As a result, we can determine
locations for the distant stations that have quite broad coverage, in the sense that they will
be nearly optimal for all the magnitudes in the 2 - 4 range.

The results in Figure 4 show, for a fixed magnitude, the effect of considering detectabil-
ity on the design criterion. We fix an inner radius and look at the value of the standard
D-criterion and the value of the new criterion that includes the detection probability as
functions of the outer radius. We found that the two criteria are almost identical when the
outer radius is small, but they diverge as that radius becomes large. In patrticular, the stan-
dard criterion is monotone increasing. But for the new criterion, there is a clear optimum
at an outer radius of approximately 50 km. This Figure effectively shows how adjusting for
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Figure 2: The ratio of detection-adjusted to full detection efficiency of a seismic network
with 10 kilometers for the inner radius and 30 to 100 kilometers for the outer circle.

detectability modifies the choice of network configuration.

We can use Theorem 4 to determine optimal design. The implication of this theorem is

that we can use a sufficient condition to verify whether or not a specific dedignfgimal.
That is, if Fiechet directional derivative is equal to the number of parameters in the model,
then the design iD-optimal. In Figure 5 we can see that the optimum is achieved at 40 km
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Figure 3: The ratio of detection-adjusted to full detection efficiency of probability seismic
network with 20 kilometers for the inner radius and 30 to 100 kilometers for the outer

circle.

outer radius, where the value ofgehet derivative is maximized.
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Figure 4: Simulation results that compare the value of the stardardterion and the
value of the new criterion that includes the detection probability as functions of the outer
radius for the following network settings: 10 kilometers for the inner radius, 2.5ML mag-

nitude and 30 to 100 kilometers for the outer circle.

5 Conclusions

Station deployment is an important issue for monitoring networks. Not only do the station
locations determine essential covariates used for parameter estimation, they also affect the
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Figure 5: Fechet directional derivative values as a function of the distance of the potential
station from the epicenter for the following network settings: 10 kilometers for the inner
radius, 2.5ML magnitude and 40 kilometers for the outer circle.

probability that usable data are collected at all. Network deployment must take account of
the detectability. Our focus here has been on seismic networks, where previous research on
configuration has ignored detectability.

We have shown here how to extend teptimality criterion to settings in which in-
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complete detection is an issue. We have also shown that the general equivalence theorem
can be extended to these problems. Finally, our empirical investigation illustrates that ac-
counting for detectability can lead to radical changes in the structure of an optimal network.
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