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ABSTRACT

This paper discusses statistical inference in connection with a Weibull distribution
model, using Type-Il progressively censored data with random scheme. We used the max-
imum likelihood procedure to derive both point and interval estimates of the unknown
parameters included in the model. The expected termination point to complete the censor-
ing test is computed and analyzed under different censoring schemes. A numerical study is
presented to illustrate the application of the theoretical results presented.
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1 INTRODUCTION

There are several situations in life-testing, in reliability experiments, and survival analysis
in which units are lost or removed from the experiments while they are still alive. The
loss may occur out of control or be preassigned. The out of control case can happen when
an individual under study (testing) drops out or so. The other case may occur because
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of limitation of funds or to save the time. For more details we refer to Balakrishnan and
Aggarwala ] (2000) and the references therein. In such situations, progressive censoring
schemes take place.

Recently, the estimation of parameters from different lifetime distributions based on
progressive Type-Il censored samples have been studied by several authors including Childs
and Balakrishnanm (2000), Balakrishnanm and Kannan (2001), Mousa and Jaheen (2002),
Ng, et al. (2002), Balakrishnanm, et al. (2003) and Soliman (2005).

But in some reliability experiments, the number of patients who dropped out of the
experiment cannot be pre-fixed and they are random. In such situations, progressive cen-
soring schemes with random removals are needed. Sarhan and Abuammoh (2008) used
progressive Type-ll censoring of the data with random removals to estimate the parameters
included in an exponentially distributed reliability model. In this paper, we estimate the
unknown parameters included in a Weibull reliability model using Type-Il progressively
censored data with random removals. It is assumed in the Weibull reliability model that
the life time of the object under investigation follows a Weibull distribution. The Weibull
distribution is widely used in reliability for many reasons. Among these reasons are: (1)
it has one shape and one scale parameters; and (2) based on the shape parameter, its fail-
ure rate function may be increasing or decreasing or constant. We will derive both point
and interval estimates of the unknown parameters using the maximum likelihood method.
Further, the expected termination point of the test under the type-Il progressive censoring
scheme is discussed in this paper. The results presented in this paper generalize those given
in Sarhan and Abuammoh (2008).

The rest of this paper is organized as follows. Section 2 presents the Type-Il progressive
censoring scheme with random removals and the likelihood function. Maximum likelihood
procedure is used in Section 3 to derive both point and interval estimates of the unknown
parameters included in the model. Section 4 discusses the expected termination point of
the tests assuming different scenarios of sampling. Finally, a hnumerical studies and a con-
clusion are included in Section 5.

2 The Model

Let random variablX have a Weibull distribution with paramet@r The probability den-
sity function ofX takes the following form:

f(x) = apxP L exp{—axP}, x>0,a,B > 0. (2.1)
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The survival function oK is then

S(x) = exp{—axP}. (2.2)

Let (X1,R1), (X2,R2),---, (Xm,Rm), denote a progressively type Il censored sample,
whereX; < Xp < --- < Xm. With pre-determined number of removals, $ay=r1, R, =
ra,... Rm=rm, the conditional likelihood function can be written as, Cohen (1963),

m

L(@x|R = 1) =c" [ () [S04)]" 2.3)
=

wherec* =n(hn—ri—L)(n—-r1—r1—2)...(n—=r1—...—rm—m+1), and 0< r; <
(n—m—-ry—...—rj_q),fori=1,2,... . m—1.

Substituting (2.1) and (2.2) into (2.3), we get

=c amerl exp{ 2(14— ri)xiB} . (2.4)

Suppose that an individual unit being removed from the test attﬂ'lmilure, i =
1,2,...,m—1, is independent of the others but with the same probahglityrhat is, the
numberR; of units removed at thih failure,i=1,2,...,m—1, follows a binomial distri-
bution with parametens — m— zi[:ll re andp. Therefore,

L(6;

P(Rj_ = rl) = ( n-m ) prl(l_ p)n,m,rl7 (2.5)
r

andfori=1,2,...,m—1,
n—m—zi[,llre i n-m-si_.r
PR =rilR_1=ri—1,...,Ri=r1) = = pi(1-p) =1t (2.6)
fi

Now, we further suppose th& is independent oX; for all i. Then the full likelihood
function takes the following form

L(8,p;x,r) =L(B;X[R=r)P(R=T), 2.7)

P(R = I’) = P(Rl = rl) P(Rz = r2|R1 = I'l) P(Rg = r3|R2 =TI, Rl = I'l) .
P(Rn-1=rm1/Rmn2=rmz2,...,Ri=r1),. (2.8)
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Substituting (2.5) and (2.6) into (2.8), we get

(n—m)! pEia'ri (1 — p)M-Dn-m-3 m-i)r
(n—m—3m ) eyt

Now, using (2.4), (2.7) and (2.9), we can write the full likelihood function in the following
form

PR=r)= (2.9)

L(6, pix,r) =AL1(6) L2(p), (2.10)

whereA = e zc:"@lirh)wnmflr-l does not depend on the parame&endp,
—M=3io, ) iz it
c B
Li(a,B) = amBmexp{ —aZ(l—Hi)Xi } , (2.11)
i=
and
La(p) = P (1 p) MBI B (2.12)

3 Maximum Likelihood Estimation

This section discuss the process of obtaining the maximum likelihood estimates of the pa-
rametersy, B andp based on progressively Type-Il censored data with binomial removals.
Both point and interval estimations of the parameters are derived.

3.1 Point Estimations

Clearly,L; does not involvep. Therefore, the maximum likelihood estimators (MLE) of the
parametersi, 3 can be derived by maximizing (2.11) directly. The log-likelihood function
of L, takes the following form:

Ly1(a,B) =mina+minB+ (B—1) _ilnxi —a_i(l+ri)xi8. (3.2)
The normal equations become
aLl(aaB) m il B
| 0= a4 —i: (14r)x% (3.2)
0La(,B) M Sk —a S (L I
B =0 B +i= Inx Gi;(lJrr.)Xl InX. (3.3)
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From (3.2), we obtain the MLE df as a function of, say@(p), as

ap) =— " (3.4)

SR

Substituting (3.4) in (3.1), we obtain the profile log-likelihoodBodis

a(B)

Ly(a(p), B)

= | HS I 35
ngI (1+r +@- an. " (35

Therefore, the MLE of, sayB, can be obtained by maximizing (3.5) with respecftdt
can be shown that the maximum of (3.5) can be obtained as a fixed point solution of the
following equation:

h(B) =B (3.6)

where

m m B
h(B) = B+mlnm+_Z|nxi_mZ;nl(?lﬂ:.r)?;énx,.
= i=1 i)N

(3.7)

The very simple iterative proceduné())) = h(B(i+1)), can be used, whef)) is the jth
iterate. The iterative procedure works very well. OlﬁkRﬁLE is obtained, the MLE of
a, sayd_ g, can be obtained from (3.4) a8 £ = 9(BmLE)- Note thatdp g and
ﬁMLE are not in explicit form.

Similarly, sincel, does not involvex andf3 but only p, the maximum likelihood esti-
mator ofp can be derived by maximizing (2.12) directly. The log-likelihood functiohof
takes the following form:

Lz(p) =1In pr_nzlri +In(1-p) [(m— Hn—m)— r.nzll(m— i)ri] : (3.8)

Maximizing this function with respect tp gives the MLE ofp, saypy_g as

e — Ml (3.9)
(m—1)(n—m) -y (m—1-i)ri- '
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3.2 Interval Estimation
The approximate confidence intervals of the parameters based on the asymptotic distri-

butions of the MLE of the parametees 3 and p are derived in this subsection. For the
observed information matrix fax, 3 andp, we find

PLepp) _ , _m
a2 a2’
0°L(a,B,p) A B
_W = Ap=~Axn= i;(l-ﬁ-n))(i |nX|
azL(aaﬁa p) m il B2
e Azz=@+ai;(l+ri)xi In®x;
- = A= ——— - = Ap3 =0,
daop opap
_PLe,p) st (m-1)(n—m) -3 Em—i)r
= Azxz= + .
op? p? (1-pp?

So that the variance-covariance matrix may be approximated as
-1

Viz. Vi O Alr A O
Vo= Vor Voo O =1 A Apn O
0 0 Vs 0 0 Asgs

It is known that the asymptotic distribution of the ML(B,fS, p) is given by, see Miller
(1981),

a a Viz. Vio O
B |~N B || Vao Va2 O (3.10)
p P 0 0 Vs

SinceV involves the parameters, 3 and p, we replace the parameters by the correspond-
ing MLE’s in order to obtain an estimate df, which is denoted by. By using (3.10),
approximate 100 — a)% confidence intervals far, 3 andp are determined, respectively,

as
G+252\/V11, Btzs2\/Vo and Pt2z55\/Vas (3.11)

wherezy is the upper 108—th percentile of the standard normal distribution.
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4 Expected Test Time

It is often useful, in applications, to have an idea of the termination time of the whole test.
The termination point for the experiment, for progressively type 1l censoring sampling plan
with random or binomial removals, is given by the expectation of the mth order statistic
Xm)- The conditional expectation o, for a fixed set oR = (Ri=r1,...,Rn-1=rm-1)

is, see Balakrishan and Aggrawla (2000),

Lo m o () G0 e .
= syt ) h(ty) 1
E [Xm|R="] C(r)z;”'emﬂ( 1) St /O xF)FMO-1x)dx  (4.1)

whereC(r) =n(n—r1—1)(n—r1—rpy—2)...(n— z{‘;]l(ri +1),h(l)=01+...+4i+i
andi is the number of live units removed from experimentation (or number of failure units).
Substituting (2.1) and (2.2) into (4.1), we get
nom e () ) M (AT ras+
EXmR=r]=C(r) Y ...  (-pZ=f T ; (i )1 T
6=1 el M2 h(l) & (—1)kab(k+1)H"F
(4.2)
The expected termination time of a type-Il censored sample without removal is defined
as the expected value of the mth failure time, denm&g,

aoml (Mhr gy
] iy 3, LB

. - 4.3)
&0 (—1)kaB (k+1)"7P

The relation (4.3) can be derived from (4.2) by setting O foralli=1,... ., m—1.

Similarly, the expected termination point time of the complete sample can be derived
from (4.3) by settingr = mas
1 (“Hra/p+1
(m) 1 1+2
k=0 (—1)kaB (k+1)""P
For the type-Il progressive censoring with random removals, the expected termination
point, is defined by

(4.4)

EXm)] = Er [E [Xm)|R]]

For binomial removals we have

EXml=Y 5 - Y PRIEEXmR=r]] (4.5)
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whereg(ri) =n—m—r; —r,—...—ri_1, andP(R) is given by (2.9).
If the set of removals follow a discrete uniform distribution (PCR), the the expected test
termination will be
g(r1)g(r2)  9(rm-1

)
EXml=S Y ... 3 P(RIE[E[XmlIR=r]] (4.6)

r1=0r,=0 rm-1=0

whereP(R), in this case, is

PR) = PRmi1=rmi1Rn2=rmoz,....,Ri=r1)
P(Rm,Z = I’m,2|Rm,3 =I'm-3,.--, Rl = rl) e P(Rz = r2|R1 = r1)
1 1 1

— (n—m+1—zi;irg) (n*m+1*22;§r5) R g 4.7

To compare (4.4) and (4.5), we compute the ratio of expected experiment test (REET)
under the Type Il progressive censoring with binomial removals over the expected termi-
nation point for complete sample which is given by

E[X(m] under binomial removals for a sample with size

E[X(*n’;)} under complete sampling for a sample with size

Replacing the numerator by the expected termination point under type Il progressive cen-
soring with random removal (PCR), we have the ratio REEThe ratios REET and
REET, provide important information in determining the shortest experiment time sig-
nificantly if the sample size is large. When REETand REETF are closer to 1, the
termination point will be closer to the complete sample. We can study the influence of
the binomial probability removalp on the the expected termination point by analyzing
REET; for variousp’s. The comparisons between the three expected times will be made
in order to reward some information abouandm on the duration of the experiment. As

it seems, analytical comparisons between these three expected times is difficult. Therefore,
we will make these comparisons numerically for various values wfa andf3. The next
section presents such numerical comparisons.

REET; =

5 Numerical Study

In this section we compute the expected termination times of progressive censoring with
random removals plan and a complete sample plan using equations (4.4) and (4.5), re-
spectively. The expected termination times for type-Il progressive censoring with binomial
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removals of censoring probabilityare computed whep = 0.1,0.3,0.5, 0.7 and 09. The
computations were made for different choicemiahdm. In this study the values af and
3 were 012 and 05, respectively. The results are listed in Table 1. The first five columns
in the table show the expected termination times for type-ll progressive censoring with
binomial removalgp = 0.1(0.1),0.9 and the last column gives the values of the expected
experiment times for type Il progressive censoring with random removals (PCR).

From the results shown in Table 1, one can conclude that:

1. For binomial removals, the largerits the larger expected termination point will be.

2. For anym, the expected termination point for binomial removal witk- 0.5 is very
close to that of PCR.

Figure 1 gives the ratios RERTfor the binomial removals witlp = 0.1,.3,.5,.7,.9
whenn = 10,15,20 and different values afn. It is observed from this figure that the
expected termination time for type-Il progressive censoring sample becomes close to the
expected termination time of the complete sample when the number of censoring units is
increased.

For fixedn andm, REET; increases with the binomial probability of removals and
the expected termination point for type-Il progressive censoring sample becomes close to
the expected termination point for the complete sample at a faster speed. But this speed
becomes slower whep > 0.5. Whenp = .5, the expected termination point becomes ap-
proximately as the expected termination point for PCR.

Figure 2 gives the ratios RERTor PCR. It seems from this figure that REEdecomes
close to one whemincreases.
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Table 1: The expected termination point for binomial removals.

p=0.1

p=0.3

p=05

p=0.7

p=0.9

PCR

10

11.345
10.902
10.414
9.884
9.305
8.665

11.345
11.177
10.943
10.613
10.148
9.507

11.345
11.236
11.095
10.901
10.613
10.157

11.345
11.249
11.132
10.984
10.783
10.482

11.345
11.253
11.144
11.010
10.839
10.605

11.345
11.236
11.096
10.905
10.627
10.200

15

10.891
10.309
10.110
9.813
9.533
9.143
9.043
9.824
9.824
9.432

10.891
10.410
10.236
10.086
9.818
9.428
9.228
9.032
9.032
8.943

10.891
10.524
10.325
10.216
10.121
10.091
9.959
9.865
9.865
9.675

10.891
10.565
10.436
10.342
10.245
10.145
10.052
9.975
9.975
9.878

10.891
10.769
10.623
10.524
10.412
10.330
10.213
10.121
10.121
9.989

10.891
10.786
10.653
10.587
10.471
10.221
10.064
10.096
9.916
9.767

20

20
19
18
17
16
15
14
13
12
11
10

11.811
11.665
11.498
11.307
11.093
10.857
10.595
10.311
10.005
9.676

9.323

11.811
11.771
11.726
11.605
11.614
11.541
11.453
11.343
11.203
11.022
10.784

11.811
11.776
11.739
11.697
11.651
11.600
11.543
11.477
11.400
11.307
11.191

11.811
11.778
11.741
11.702
11.659
11.612
11.560
11.501
11.436
11.358
11.268

11.811
11.780
11.743
11.704
11.663
11.617
11.567
11.511
11.449
11.378
11.300

11.811
11.776
11.739
11.697
11.652
11.601
11.544
11.479
11.402
11.312
11.200
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Fig. 1a
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Figure 1: The ratios REET
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Figure 2: The ratios REBT



