


parameters, or the nonparametric approach, which requires no assumption about the den-
sity of the random sample. An obvious pitfall of the parametric approach is important data
structure can be masked when there is no previous knowledge of the sample to assist in the
choice of the parametric family of distributions. Thus, a nonparametric approach is a good
choice to estimate the unknown density.

The nonparametric approach is known as kernel density estimation (for example see
Wand and Jones [9]). Let X1, ...,Xn be a random sample from a continuous, univariate
density f . The kernel density estimator of f is

f̂ (x;h) = (nh)−1
n

∑
i=1

k{(x−Xi)/h} (1.1)

where k is a known function such that
R

k(x)dx = 1, called the kernel, and h is a positive real
number, called the bandwidth or window width. By using the rescaling notation kh(u) =
h−1k(u/h), (1.1) can be written as

f̂ (x;h) = (n)−1
n

∑
i=1

kh(x−Xi). (1.2)

This more compact formula is useful in manipulations and calculations. To guarantee that
f̂ (x;h) is a density, the choice of the kernel should be a unimodal probability density func-
tion which is symmetric about zero.

Since the choice of the kernel is not that important, as discussed by Wand and Jones[9],
this paper focuses on the selection of the bandwidth. The bandwidth can be chosen in
two ways, visually or automatically from the data. Choosing the bandwidth visually can
only be done effectively by an expert. Moreover, often times it is impossible to choose the
bandwidth visually because of the numerous estimates to be made. Therefore, an automatic
choice of bandwidth from the data is preferable. This gives experts a good starting point,
as well as providing the non expert with the ability to perform kernel density estimation.

Bandwidth selection is a topic of great interest because the value of the bandwidth plays
a vital role in the accuracy of the kernel density estimator. If the bandwidth chosen is too
large, the kernel density estimator is oversmoothed and key aspects of the true density may
not be revealed. On the other hand, if the bandwidth is too small, then the kernel density
estimator is undersmoothed.

To measure the performance of the kernel density estimator, one must have suitable
error criteria. The mean squared error (MSE) is one such criterion; however, this only
gives an error at a single point of the density. Therefore, an error criterion is needed to
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measure the error over the entire real line. By integrating the MSE over the entire real line,
the mean integrated squared error (MISE) is obtained, giving the error criteria needed.

MISE{ f̂ (·;h)}=
Z

MSE{ f̂ (x;h)}dx

The MISE can be further simplified using the following fact.

MSE{ f̂ (x;h)}= Var{ f̂ (x;h)}+Bias2{ f̂ (x;h)} (1.3)

Marron and Wand [4] give exact MISE expressions for the kernel density estimators of
normal mixture densities when using a Gaussian kernel. There are other error criteria that
may be used, such as the mean integrated absolute error (MIAE) and the mean hellinger
distance (MHD). However, the MISE is most frequently used because it is easy to analyze.
It also allows one to see the variance-bias trade off that occurs when selecting a bandwidth.

The bandwidth is chosen by finding the value of h which minimizes the MISE. This
value of h is known as the optimal bandwidth with respect to MISE, denoted by hMISE. The
MISE optimal bandwidth can only be calculated if the random sample comes from a known
density, which is often not the case. Therefore, methods are needed to select the bandwidth
when the underlying density is unknown. These methods are known as bandwidth selec-
tors, which produce a bandwidth estimate, denoted by ĥ . Jones, Marron, and Sheather [3]
surveyed some of the best-known bandwidth selectors, as well as a smoothed bootstrap
estimate for the bandwidth, and suggested a solve-the-equation plug-in bandwidth selector
as being the best in terms of overall performance. This paper investigates three bandwidth
selectors which are inspired by the minimization of MISE{ f̂ (x;h)}. They are least squares
cross-validation (LSCV), biased cross-validation (BCV), and direct plug-in (DPI).

This paper focuses on data-based bandwidth selection in the univariate case, a similar
study can be done for the multivariate case. This is accomplished through numerical calcu-
lation of optimal bandwidths and error criteria, as well as simulation. The simulations are
performed using the densities in Table 1. φ(x) denotes the standard normal density function
and φσ(x) = σ−1φ(x/σ), the normal density function with a mean of zero and variance σ2.
Hence, φσ(x−µ) represents the N(µ,σ2) density. Each density is plotted in Figure 1.

In this article we discuses the (MISE) and the (AMISE); the optimal bandwidths with
respect to both of these errors are calculated and compared for the four densities in Table 1
using sample sizes ranging from 10 to 100. Also, we discuss the data-based bandwidth se-
lectors least squares cross-validation, biased cross-validation, and direct plug-in. Through
simulation, an estimate for the bandwidth is calculated using the same densities and sample
sizes and compared with the MISE optimal bandwidths.
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Name Density Function

(a) Standard Normal φ(x)

(b) Bimodal Normal 1
2 φ1/2(x+1)+ 1

2 φ1/2(x−1)

(c) Kurtotic Normal 2
3 φ(x)+ 1

3 φ1/10(x)

(d) Skewed Normal 1
5 φ(x)+ 1

5 φ2/3(x− 1
2 )+ 3

5 φ5/9(x− 13
12 )

Table 1: Densities used in simulations.

2 The MISE and the AMISE

The mean integrated squared error (MISE) allows one to measure the performance of f̂ over
the entire real line. In other words, how well does f̂ estimate the true density f from which
the random sample came. The MISE is obtained by integrating the mean squared error
(MSE) over the entire real line. Marron and Wand [4] obtained the exact MISE( f̂ (x,h)) by

MISE{ f̂ (·;h)}=
1
nh

Z
k2(x)dx+(1− 1

n
)
Z

(kh(x)∗ f )2(x)dx−2
Z

(kh∗ f )(x) f (x)dx+
Z

f 2(x)dx
(2.1)

While using MISE to measure the performance of the estimator f̂ is fairly simple, its
dependence upon the bandwidth h is complex. However, the asymptotic mean integrated
squared error (AMISE) provides a way to asymptotically approximate the MISE (as n→∞)
for large sample sizes with the benefit of depending upon h in a simple way, which provides
an easier analysis of the variance-bias trade off that occurs when selecting a bandwidth.

Under some simple assumptions (see Wand and Jones [9], sec. 2.5),

AMISE{ f̂ (· : h)}= (nh)−1R(k)+
1
4

h4µ2(k)2R( f ′′), (2.2)

where R(g) =
R

g2(x)dx and µ2(g) =
R

x2g(x)dx. The first term in equation (2.2) cor-
responds to the integrated variance, while the second term corresponds to the integrated
squared bias. Since R(k) is a constant, the asymptotic variance increases as h decreases,
while the asymptotic bias increases as h increases, which shows the pivotal role the band-
width plays in kernel density estimation.
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Figure 1: Graphs of each density in Table 1.

2.1 MISE Optimal Bandwidths

Before a kernel density estimator can be created from a random sample, a value for the
bandwidth must be chosen. The obvious choice for the bandwidth is the value of h which
minimizes the MISE. In other words, find the value of h which minimizes (2.1). This value
of h, denoted hMISE, is called the MISE optimal bandwidth. In this section numerous values
of hMISE are calculated using a Gaussian kernel, the densities in Table 1, and sample sizes
ranging from 10 to 100. While this may seem like a simple task, to do so by hand would
be impractical, if not impossible. Therefore, these values for hMISE are calculated numeri-
cally through the implementation of a minimization program written in the R programming
language(for example see Dalgaard [2]).

By choosing a Gaussian kernel and f to be one of the normal mixture densities in
Table 1, exact expressions, as functions of h, can be obtained for the MISE. The following
formula is used to obtain the exact MISE expressions in this section.Z

φσ(x−µ)φσ′(x−µ′)dx = φ(σ2+σ′2)1/2(µ−µ′) (2.3)

Using this formula, it is easy to show thatZ
k2(x)dx = (2π1/2)−1.

In addition, kh(x) needs to be determined.

kh(x) = h−1k(x/h) = h−1(2π)−1/2e−(x/h)2/2 = (h22π)−1/2e−x2/(2h2) = φh(x)
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Using integration by parts and by substitution and after several steps of simplifications we
obtained the exact MISE for the normal mixture densities in Table 1 as follow:

1- Standard Normal Density

MISE{ f̂ (·;h)}= (nh)−1(2π1/2)−1 +(1−n−1)(2π1/2)−1(h2 +1)−1/2

−2(2π)−1/2(h2 +2)−1/2 +(2π1/2)−1.
(2.4)

Table 2 gives the values of hMISE obtained when placing (2.4) into the minimization
program using sample sizes ranging from 10 to 100. Along with the values of hMISE, the
table also gives the MISE and the AMISE when each corresponding value of h is used to
create a kernel density estimate for f .

n hMISE MISE AMISE n hMISE MISE AMISE

10 0.758 0.02437 0.05468 60 0.499 0.00768 0.01270

20 0.642 0.01585 0.03096 70 0.482 0.00692 0.01122

30 0.584 0.01220 0.02225 80 0.468 0.00631 0.01007

40 0.547 0.01009 0.01763 90 0.456 0.00582 0.00916

50 0.520 0.00869 0.01472 100 0.445 0.00541 0.00841

Table 2: MISE optimal bandwidths for the standard normal density.

2- Bimodal Normal Density

MISE{ f̂ (·;h)}= (nh)−1(2π1/2)−1

+(1−n−1)
(1

2

){
π(4h2 +1)}−1/2{1+ e−(h2+ 1

4 )−1}

−{π(2h2 +1)}−1/2{1+ e−2(h2+ 1
2 )−1}

+(2π−1/2)−1(1+ e−4).

(2.5)

Table 3 gives the values of hMISE obtained when placing (2.5) into the minimization
program.
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n hMISE MISE AMISE n hMISE MISE AMISE

10 0.511 0.05481 0.11960 60 0.293 0.01645 0.02301

20 0.398 0.03526 0.05914 70 0.282 0.01473 0.02026

30 0.353 0.02678 0.04130 80 0.273 0.01338 0.01816

40 0.326 0.02193 0.03230 90 0.265 0.01228 0.01649

50 0.307 0.01873 0.02677 100 0.259 0.01137 0.01514

Table 3: MISE optimal bandwidths for the bimodal normal density.

3- Kurtotic Normal Density

MISE{ f̂ (·;h)}= (nh)−1(2π1/2)−1 +(1−n−1)
(4

9

)
(2π)−1/2

{
(2h2 +2)−1/2+

(
2h2 +

101
100

)−1/2
+

1
4

(
2h2 +

2
100

)−1/2
}

− 8
9
(2π)−1/2

{
(2h2 +2)−1/2+

(
2h2 +

101
100

)−1/2
+

1
4

(
2h2 +

2
100

)−1/2
}

+
4
9
(2π)−1/2

{
2−1/2+

(101
100

)−1/2
+

1
4

( 2
100

)−1/2
}

.

(2.6)
Table 4 gives the values of hMISE obtained when placing (2.6) into the minimization

program.
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n hMISE MISE AMISE n hMISE MISE AMISE

10 0.198 0.18965 1.04597 60 0.091 0.06090 0.09198

20 0.136 0.12687 0.30482 70 0.087 0.05464 0.08000

30 0.116 0.09772 0.18750 80 0.084 0.04970 0.07125

40 0.104 0.08058 0.13658 90 0.081 0.04569 0.06400

50 0.097 0.06915 0.11021 100 0.078 0.04236 0.05793

Table 4: MISE optimal bandwidths for the kurtotic normal density.

4- Skewed Normal Density

MISE{ f̂ (·;h)}= (nh)−1(2π1/2)−1

+(1−n−1)
( 1

25

)
(2π)−1/2

{
(2h2 +2)−1/2+

(
2h2 +

8
9

)−1/2

+9
(

2h2 +
50
81

)−1/2
+2

(
2h2 +

13
9

)−1/2
e

−9
8(18h2+13)

+6
(

2h2 +
106
81

)−1/2
e

−1521
64(81h2+53) +6

(
2h2 +

61
81

)−1/2
e

−441
32(162h2+61)

}

− 2
25

(2π)−1/2
{

(h2 +2)−1/2+
(

h2 +
8
9

)−1/2
+9

(
h2 +

50
81

)−1/2

+2
(

h2 +
13
9

)−1/2
e

−9
8(9h2+13) +6

(
h2 +

106
81

)−1/2
e

−1521
32(81h2+106)

+6
(

h2 +
61
81

)−1/2
e

−441
32(81h2+61)

}

+
1

25
(2π)−1/2

{
187

√
2

20
+

6
√

13
13

e−9/104 +
27
√

106
53

e−1521/3392

+
54
√

61
61

e−441/1952
}

.

(2.7)
Table 5 gives the values of hMISE obtained when placing (2.7) into the minimization

program.
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n hMISE MISE AMISE n hMISE MISE AMISE

10 0.539 0.03743 0.08531 60 0.344 0.01181 0.01914

20 0.450 0.02438 0.04736 70 0.332 0.01063 0.01688

30 0.406 0.01877 0.03377 80 0.322 0.00969 0.01515

40 0.379 0.01552 0.02667 90 0.313 0.00893 0.01376

50 0.359 0.01336 0.02220 100 0.305 0.00830 0.01263

Table 5: MISE optimal bandwidths for the skewed normal density.

2.2 AMISE Optimal Bandwidths

As seen in the previous section, it is quite tedious to determine the exact expressions for
the MISE that are needed to determine hMISE. This leads to another benefit of the AMISE.
While the AMISE provides an easier analysis of the variance-bias trade off, it also provides
a closed form expression for the optimal bandwidth with respect to the AMISE, which is
denoted by hAMISE. To find the closed form expression for hAMISE, begin by differentiat-
ing (2.2) to obtain

∂AMISE
∂h

=−(nh2)−1R(k)+h3µ2(k)2R( f ′′).

Setting this equation equal to 0 and solving for h produces

hAMISE =
[

R(k)
nµ2(k)2R( f ′′)

]1/5

, (2.8)

the closed form expression for hAMISE. Note that neither a specific kernel k or a specific
underlying density f are needed to derive (2.8) from (2.2). This is a huge difference from
the previous section, where an expression for the MISE had to be derived for each case and
then a minimization program was used to find hMISE. However, (2.8) is still disappointing
since it is dependent on the unknown underlying density f . The same densities used in the
previous section to find hMISE are used to find hAMISE.

Before hAMISE can be calculated for these densities, R(k) and µ2(k)2 must be calculated.

R(k) =
Z

k2(x)dx = (2π1/2)−1
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and

µ2(k)2 =
Z

x2k(x)dx = 1.

Also, R( f ′′) must be calculated for each density. For the standard normal density, R( f ′′) =
3(8π1/2)−1; the bimodal normal density, R( f ′′) = 2π−1/2(19e−4 + 3); the kurtotic normal
density, R( f ′′)= 7387.149819π−1; and the skewed normal density, R( f ′′)= 4.908716049π−1.

Tables 6 to 9 give the values of hAMISE obtained when the appropriate values for each
density are substituted into (2.8). The tables also give the MISE and the AMISE when each
corresponding value of h is used to create a kernel density estimate for f .

n hAMISE MISE AMISE n hAMISE MISE AMISE

10 0.668 0.02530 0.05276 60 0.467 0.00776 0.01258

20 0.582 0.01621 0.03030 70 0.453 0.00698 0.01112

30 0.536 0.01241 0.02191 80 0.441 0.00636 0.01000

40 0.506 0.01023 0.01740 90 0.431 0.00586 0.00910

50 0.484 0.00880 0.01456 100 0.422 0.00545 0.00836

Table 6: AMISE optimal bandwidths for the standard normal density.

2.3 Comparison of Optimal Bandwidths

Many insights can be gained from the analysis of Tables 2 through 9. First, focus on the
error criterion. In each table the AMISE is approaching the MISE as the sample size gets
large. This is no surprise since the AMISE is a large sample approximation to the MISE.
In addition, the MISE and the AMISE become smaller as the sample size increases, which
means the kernel density estimator is becoming more accurate. One would expect f̂ (x;h)
to give a more true picture of f (x) with larger sample sizes since there is more data present.

Next, focus on the values of h in each table. As the sample size increases, the bandwidth
decreases. In other words, less smoothing is needed with larger sample sizes. Again, this
is attributed to the fact that more information about the true density is present.

A Simulation Study for the Bandwidth Selection.....248



n hAMISE MISE AMISE n hAMISE MISE AMISE

10 0.376 0.06079 0.09390 60 0.262 0.01682 0.02240

20 0.327 0.03723 0.05393 70 0.254 0.01502 0.01980

30 0.301 0.02785 0.03899 80 0.248 0.01360 0.01779

40 0.285 0.02258 0.03098 90 0.242 0.01247 0.01619

50 0.272 0.01921 0.02591 100 0.237 0.01154 0.01488

Table 7: AMISE optimal bandwidths for the bimodal normal density.

n hAMISE MISE AMISE n hAMISE MISE AMISE

10 0.104 0.24528 0.34002 60 0.072 0.06522 0.08110

20 0.090 0.14764 0.19529 70 0.070 0.05801 0.07168

30 0.083 0.10923 0.14119 80 0.068 0.05253 0.06442

40 0.079 0.08773 0.11217 90 0.067 0.04787 0.05863

50 0.075 0.07458 0.09383 100 0.065 0.04441 0.05389

Table 8: AMISE optimal bandwidths for the kurtotic normal density.

Insights can also be gained by comparing the two tables from each density. As n be-
comes large, hMISE and hAMISE become closer, which is expected. This is shown in Fig-
ure 2. Thus, if the sample size is large enough, using hAMISE instead of hMISE to select
the bandwidth is more practical since it is substantially easier to calculate. For example,
consider a random sample of size 100 taken from the bimodal normal density. The MISE
optimal bandwidth is 0.259, with a MISE of 0.01137. The AMISE optimal bandwidth is
0.237, with an MISE of 0.01154. If one uses the MISE optimal bandwidth instead of the
AMISE optimal bandwidth, the gain in error is less than 0.0002. This gain in error does
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n hAMISE MISE AMISE n hAMISE MISE AMISE

10 0.448 0.03999 0.07870 60 0.313 0.01203 0.01877

20 0.390 0.02541 0.04520 70 0.304 0.01080 0.01659

30 0.360 0.01935 0.03268 80 0.296 0.00984 0.01491

40 0.340 0.01590 0.02596 90 0.289 0.00906 0.01357

50 0.325 0.01365 0.02172 100 0.283 0.00841 0.01247

Table 9: AMISE optimal bandwidths for the skewed normal density.

not justify the additional amount of effort it takes to find hMISE.

3 Bandwidth Selectors

Before a kernel density estimator can be created from a random sample, a value for the
bandwidth must be chosen. The most common choice is the value of h that minimizes
the MISE, which was the focus of the previous section. However, the true density of the
random sample must be known to calculate hMISE. Since this is often not the case, methods
are needed to select the bandwidth when the underlying density is unknown. These methods
are known as bandwidth selectors, which produce a bandwidth estimate, denoted by ĥ.

There are many different bandwidth selectors. We will study three of the best known
bandwidth selectors using simulation. They are least squares cross-validation (LSCV),
biased cross-validation (BCV), and direct plug-in (DPI), which are all inspired by the min-
imization of MISE{ f̂ (·;h)}. While each provides a good estimate for h, they all need some
computational effort.

For each bandwidth selector discussed, a simulation was conducted to create bandwidth
estimates for each density in Table 1. Each estimate was obtained by taking the mean of the
simulated samples of sizes 10 to 100. This estimate is denoted by ¯̂h. In addition, each table
includes the variance of the estimate, along with the bias and MSE with respect to hMISE.
These error criterion will be used to suggest the best method for selecting the bandwidth for
a kernel density estimator. The simulations were performed for the normal density using
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Figure 2: MISE optimal bandwidth (solid curve) versus AMISE optimal bandwidth (dashed
curve).

programs written in R. The programs can be easily altered to accommodate other densities.

3.1 Least Squares Cross-Validation

LSCV, proposed by Rudemo [4] and Bowman [1], is inspired by expanding MISE{ f̂ (·,h)}
to

MISE{ f̂ (·;h)}= E
[Z

f̂ (x;h)2dx−2
Z

f̂ (x;h) f (x)dx+
Z

f 2(x)dx
]
.

Since
R

f 2(x)dx does not depend on h, minimizing MISE{ f̂ (·;h)} is equivalent to mini-
mizing

MISE{ f̂ (·;h)}−
Z

f 2(x)dx = E
[Z

f̂ (x;h)2dx−2
Z

f̂ (x;h) f (x)dx
]
.
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It can be shown that an unbiased estimator of the right-hand side of this equation is

LSCV(h) =
Z

f̂ (x;h)2dx−2n−1
n

∑
i=1

f̂−i(Xi;h) (3.1)

where

f̂−i(x;h) = (n−1)−1
n

∑
j 6= i

kh(x−X j).

The bandwidth estimate is chosen by minimizing LSCV(h). This value of h is denoted
by ĥLSCV. Before any simulations can be performed, an exact expression for LSCV(h) is
needed. Using a Gaussian kernel, LSCV(h) can be simplified as:

LSCV(h) = (nh)−2
(

h
2
√

π

){
n+ ∑

i 6= j
e

(Xi−Xj)
2

−4h2

}
−2

{
n(n−1)h

√
2π

}−1
∑
i 6= j

e−
1
2 (

Xi−Xj
h )2

.

(3.2)
Using (3.2), ¯̂hLSCV can be calculated for each of the four densities and various sample

sizes. The results from these simulations are in Tables 10 to 13.

n hMISE
¯̂hLSCV Var |Bias| MSE

10 0.758 0.701 0.08384 0.05680 0.08707

20 0.642 0.622 0.06644 0.02016 0.06684

30 0.584 0.573 0.04556 0.01068 0.04567

40 0.547 0.538 0.04019 0.00907 0.04027

50 0.520 0.512 0.02956 0.00769 0.02962

60 0.499 0.475 0.02454 0.02405 0.02511

70 0.482 0.461 0.02268 0.02121 0.02313

80 0.468 0.448 0.02675 0.02044 0.02716

90 0.456 0.441 0.02387 0.01527 0.02410

100 0.445 0.423 0.02003 0.02193 0.02051

Table 10: LSCV bandwidth estimates for the standard normal density.
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n hMISE
¯̂hLSCV Var |Bias| MSE

10 0.511 0.279 0.01553 0.23240 0.06954

20 0.398 0.229 0.00920 0.16931 0.03786

30 0.353 0.203 0.00551 0.15029 0.02810

40 0.326 0.188 0.00437 0.13810 0.02344

50 0.307 0.171 0.00458 0.13590 0.02305

60 0.293 0.169 0.00321 0.12417 0.01862

70 0.282 0.164 0.00253 0.11761 0.01636

80 0.273 0.156 0.00287 0.11737 0.01664

90 0.265 0.162 0.00250 0.11372 0.01543

100 0.259 0.148 0.00228 0.11097 0.01459

Table 11: LSCV bandwidth estimates for the bimodal normal density.

3.2 Biased Cross-Validation

BCV, proposed by Scott and Terrell [6] tries to minimize AMISE{ f̂ (·;h)}.

AMISE{ f̂ (·;h)}= (nh)−1R(k)+
1
4

h4µ2(k)2R( f ′′), (3.3)

However, (3.3) depends upon R( f ′′) and since f is unknown, an estimate must be created
for R( f ′′). The estimator of R( f ′′), denoted by R̃( f ′′), is given by

R̃( f ′′) = R( f̂ ′′(·;h))− (nh5)−1R(k′′) = n−2 ∑
i 6= j

(k′′h ∗ k′′h)(Xi−X j). (3.4)

By substituting (3.4) into (3.3), the BCV(h) function is obtained.

BCV(h) = (nh)−1R(k)+
1
4

h4µ2(k)2n−2 ∑
i 6= j

(k′′h ∗ k′′h)(Xi−X j)

The bandwidth estimate is chosen by minimizing BCV(h). This value of h is denoted by
ĥBCV.
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n hMISE
¯̂hLSCV Var |Bias| MSE

10 0.198 0.549 0.06340 0.35088 0.18651

20 0.136 0.420 0.03320 0.28428 0.11402

30 0.116 0.367 0.02602 0.25130 0.08917

40 0.104 0.356 0.01507 0.25159 0.07837

50 0.097 0.322 0.01744 0.22490 0.06802

60 0.091 0.318 0.01351 0.22729 0.06517

70 0.087 0.316 0.00894 0.22874 0.06127

80 0.084 0.294 0.00937 0.21022 0.05356

90 0.081 0.313 0.00694 0.23223 0.06087

100 0.078 0.285 0.00981 0.20705 0.05268

Table 12: LSCV bandwidth estimates for the kurtotic normal density.

Using a Gaussian kernel, BCV(h) can be simplified as:

BCV(h) =
1

(2nh
√

π)
+

h2

(128n2
√

π) ∑
i 6= j

e−
1
4 (

Xi−Xj
h )2

{
12−12

(
Xi−X j

h

)2

+
(

Xi−X j

h

)4
}

(3.5)

Using (3.5), ¯̂hBCV can be calculated. The results from these simulations are in Tables 14
to 17.

3.3 Direct Plug-In

Direct Plug-In, whose practical rules were proposed by Scott, Tapia, and Thompson [5] and
Sheather [7,8], focuses on plugging in estimates of unknown quantities into the formula
for hAMISE. This method depends upon ψr =

R
f (r)(x) f (x)dx and the choice of a pilot
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n hMISE
¯̂hLSCV Var |Bias| MSE

10 0.539 0.344 0.02371 0.19457 0.06157

20 0.450 0.282 0.00864 0.16847 0.03702

30 0.406 0.221 0.00900 0.18474 0.04313

40 0.379 0.212 0.00646 0.16739 0.03448

50 0.359 0.207 0.00506 0.15186 0.02812

60 0.344 0.195 0.00437 0.14877 0.02650

70 0.332 0.197 0.00339 0.13495 0.02160

80 0.322 0.183 0.00422 0.13942 0.02366

90 0.313 0.186 0.00367 0.12725 0.01986

100 0.305 0.168 0.00351 0.12676 0.01958

Table 13: LSCV bandwidth estimates for the skewed normal density.

bandwidth g. A kernel estimator of ψr is

ψ̂r(g) = n−1
n

∑
i=1

f̂(r)(Xi;g)

= n−2
n

∑
i=1

n

∑
j=1

L(r)
g (Xi−X j) (3.6)

where g is a bandwidth, possibly different from h, and L is a kernel, possibly different from
k. Obviously, ψ̂r(g) depends upon the choice of a bandwidth g, which is called the pilot
bandwidth. The asymptotic mean square error (AMSE) optimal bandwidth is used for g,
given by

gAMSE =

[
k!L(r)(0)

−µk(L)ψr+kn

]1/(r+k+1)

. (3.7)

A discussion of these two quantities can be found in Wand and Jones [9].
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n hMISE
¯̂hBCV Var |Bias| MSE

10 0.758 0.922 0.00524 0.16431 0.03224

20 0.642 0.838 0.00565 0.19573 0.04396

30 0.584 0.768 0.00391 0.18376 0.03768

40 0.547 0.725 0.00226 0.17844 0.03410

50 0.520 0.704 0.00156 0.18443 0.03557

60 0.499 0.678 0.00164 0.17918 0.03375

70 0.482 0.662 0.00146 0.18022 0.03394

80 0.468 0.648 0.00105 0.18014 0.03350

90 0.456 0.635 0.00084 0.17890 0.03284

100 0.445 0.622 0.00078 0.17720 0.03218

Table 14: BCV bandwidth estimates for the standard normal density.

In terms of the ψr functionals, the AMISE optimal bandwidth is

hAMISE =
[

R(k)
µ2(k)2ψ4n

]1/5

,

and by replacing ψ4 by the kernel estimator ψ̂4(g) the DPI bandwidth selector is obtained.

hDPI =
[

R(k)
µ2(k)2ψ̂4(g)n

]1/5

However, this rule depends upon the choice of g, which in turn depends upon an un-
known density functional. This unknown functional could be estimated, but then another g
would need to be chosen and the same problem in the beginning has reoccurred. To over-
come this problem, an estimate of a ψr functional can be calculated using the normal scale
estimate

ψNS
r =

(−1)r/2r!
(2σ)r+1(r/2)!π1/2 , (3.8)

when f is a normal density with variance σ2 and r is even.
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n hMISE
¯̂hBCV Var |Bias| MSE

10 0.511 0.704 0.00075 0.19280 0.03792

20 0.398 0.574 0.00046 0.17641 0.03158

30 0.353 0.514 0.00027 0.16056 0.02606

40 0.326 0.474 0.00022 0.14814 0.02217

50 0.307 0.452 0.00025 0.14471 0.02119

60 0.293 0.434 0.00016 0.14061 0.01993

70 0.282 0.420 0.00015 0.13793 0.01918

80 0.273 0.405 0.00012 0.13207 0.01756

90 0.265 0.394 0.00014 0.12940 0.01689

100 0.259 0.386 0.00010 0.12714 0.01626

Table 15: BCV bandwidth estimates for the bimodal normal density.

Obviously, this means there can be more than one DPI bandwidth selector depending
upon the number of stages of functional estimation before the normal scale estimate is used.
When a DPI rule depends upon l successive kernel functional estimations before the initial
bandwidth is chosen, the rule is called an l-stage direct plug-in bandwidth selector, denoted
by ĥDPI, l . The simulations performed in this section use a two-stage plug-in bandwidth
selector, as derived below.

Using (3.8), the initial bandwidth is chosen.

ψ̂NS
8 = (−1)48!(2σ)94!

√
π,

where σ̂ is used as an estimate for σ.
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n hMISE
¯̂hBCV Var |Bias| MSE

10 0.198 0.808 0.00473 0.60950 0.37623

20 0.136 0.699 0.00237 0.56348 0.31989

30 0.116 0.645 0.00145 0.52881 0.28109

40 0.104 0.602 0.00119 0.49796 0.24916

50 0.097 0.573 0.00081 0.47642 0.22778

60 0.091 0.559 0.00087 0.46784 0.21975

70 0.087 0.540 0.00060 0.45281 0.20564

80 0.084 0.529 0.00062 0.44476 0.19843

90 0.081 0.516 0.00047 0.43532 0.18997

100 0.078 0.505 0.00036 0.42700 0.18269

Table 16: BCV bandwidth estimates for the kurtotic normal density.

Next, estimate ψ6 using (3.7), (3.6), and L = k.

g1 =

[
−2k(6)(0)
µ2(k)ψ̂NS

8 n

]1/9

=

[
30√

2πψ̂NS
8 n

]1/9

and

ψ̂6(g1) = n−1
n

∑
i=1

f̂ (6)(Xi;g1)

= (n2g7
1)
−1

n

∑
i=1

n

∑
j=1

(√
2π

)−1
e−

1
2 (

Xi−Xj
g1

)2

{(
Xi−X j

g1

)6

−15
(

Xi−X j

g1

)4

+45
(

Xi−X j

g1

)2

−15

}

A Simulation Study for the Bandwidth Selection.....258



n hMISE
¯̂hBCV Var |Bias| MSE

10 0.539 0.721 0.00102 0.18241 0.03430

20 0.450 0.593 0.00076 0.14256 0.02108

30 0.406 0.536 0.00042 0.12954 0.01720

40 0.379 0.501 0.00037 0.12156 0.01514

50 0.359 0.475 0.00035 0.11645 0.01391

60 0.344 0.457 0.00025 0.11305 0.01303

70 0.332 0.441 0.00018 0.10922 0.01211

80 0.322 0.430 0.00020 0.10759 0.01178

90 0.313 0.418 0.00018 0.10474 0.01115

100 0.305 0.410 0.00018 0.10520 0.01125

Table 17: BCV bandwidth estimates for the skewed normal density.

Next, estimate ψ4.

g2 =

[
−2k(4)(0)

µ2(k)ψ̂6(g1)n

]1/7

=
[ −6√

2πψ̂6(g1)n

]1/7

and

ψ̂4(g2) = n−1
n

∑
i=1

f̂ (4)(Xi;g2)

= (n2g5
2)
−1

n

∑
i=1

n

∑
j=1

(√
2π

)−1
e−

1
2 (

Xi−Xj
g1

)2

{(
Xi−X j

g1

)4

−6
(

Xi−X j

g1

)2

+3

}
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Finally, the selected bandwidth is

ĥDPI,2 =
[

R(k)
µ2(k)2ψ̂4(g2)n

]1/5

=

[
(2π1/2)−1

ψ̂4(g2)n

]1/5

(3.9)

Using (3.9), ĥDPI,2 can be calculated. The results from these simulations are in Ta-
bles 18 to 21.

n hMISE
¯̂hDPI,2 Var |Bias| MSE

10 0.758 0.633 0.03749 0.12548 0.05324

20 0.642 0.565 0.01502 0.07692 0.02094

30 0.584 0.517 0.00796 0.06735 0.01250

40 0.547 0.497 0.00749 0.05008 0.01000

50 0.520 0.472 0.00578 0.04782 0.00806

60 0.499 0.448 0.00442 0.05093 0.00702

70 0.482 0.441 0.00366 0.04146 0.00538

80 0.468 0.434 0.00340 0.03394 0.00456

90 0.456 0.414 0.00298 0.04238 0.00477

100 0.445 0.409 0.00244 0.03619 0.00375

Table 18: DPI bandwidth estimates for the standard normal density.

3.4 Comparison of Bandwidth Selectors and MISE
Optimal Bandwidths

Tables 10 to 21 give the bandwidth estimates based on LSCV, BCV, and DPI. Also given in
each table is the variance of each estimate, along with the bias and the MSE with respect to
hMISE. The bandwidth estimates produced by LSCV and BCV highlight the variance-bias
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n hMISE
¯̂hDPI,2 Var |Bias| MSE

10 0.511 0.220 0.00484 0.29110 0.08958

20 0.398 0.198 0.00151 0.20010 0.04156

30 0.353 0.181 0.00122 0.17187 0.03076

40 0.326 0.173 0.00080 0.15342 0.02434

50 0.307 0.169 0.00061 0.13783 0.01961

60 0.293 0.158 0.00059 0.13461 0.01871

70 0.282 0.154 0.00053 0.12760 0.01681

80 0.273 0.150 0.00042 0.12281 0.01550

90 0.265 0.148 0.00040 0.11707 0.01411

100 0.259 0.146 0.00030 0.11293 0.01305

Table 19: DPI bandwidth estimates for the bimodal normal density.

tradeoff that occurs in bandwidth selection. The LSCV estimates are less biased than the
BCV estimates; however, the LSCV estimates are more variable than the BCV estimates.
As the sample size increases, both estimates become more accurate. However, the LSCV
estimates seem to be better in terms of the MSE, but there are exceptions, such as with
the skewed normal density simulations. The DPI estimates give a nice balance between
the bias and the variance. The MSE of the DPI estimates tends to be larger than the BCV
estimates, but smaller than the LSCV estimates. Again, as the sample size increases, the
DPI estimates become closer to the MISE optimal bandwidths.

Figures 3 to 5 show hMISE (solid curve) versus ¯̂h (dashed curve) for the indicated band-
width selection method. These figures clearly show that the LSCV estimates tend to be
smaller than the MISE optimal bandwidth, with the exception of the kurtotic normal den-
sity. On the other hand, the BCV estimates are larger than the MISE optimal bandwidths.
Figures 3 to 5 also reveal that of the four densities, it is most difficult to find a bandwidth
selector which is close to the MISE optimal bandwidth for the kurtotic density.

All three bandwidth selection methods provide estimates that are fairly close to the
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n hMISE
¯̂hDPI,2 Var |Bias| MSE

10 0.198 0.420 0.01315 0.22163 0.06227

20 0.136 0.368 0.00639 0.23196 0.06019

30 0.116 0.341 0.00412 0.22514 0.05481

40 0.104 0.319 0.00296 0.21523 0.04929

50 0.097 0.317 0.00193 0.22005 0.05036

60 0.091 0.305 0.00188 0.21364 0.04753

70 0.087 0.286 0.00153 0.19861 0.04098

80 0.084 0.282 0.00116 0.19795 0.04035

90 0.081 0.277 0.00122 0.19571 0.03953

100 0.078 0.273 0.00086 0.19525 0.03898

Table 20: DPI bandwidth estimates for the kurtotic normal density.

MISE optimal bandwidth. If the bandwidth is to be chosen visually, which should only
be done by an expert, the best methods are LSCV or BCV. The implementation of these
two methods are more efficient in terms of central processing unit (CPU) time. However,
if a data-based bandwidth estimate is needed, the best method for bandwidth selection is
DPI. While DPI may take considerably more CPU time, it provides estimates with a good
variance-bias tradeoff.
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