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ABSTRACT

The paper deals with the problem of estimating the general parameter 

( )P�D { �� ��0 1 ,Y Y�D� 1 0,Y �z �D being a scalar which takes values -1, 0 and 1; and jY is the 

population mean of the study variate , 0,1jy j � } using double sampling for stratification 

(DSS) based on auxiliary information (i) when there is total response on the auxiliary 
variable x used in estimating the stratum weight hW { �� ��,h hN N N� and N being the 

size of the thh stratum and the population size N respectively} and on the study variates 

�� ��0 1,y y ; and (ii) when there is total response on the auxiliary variable x and incomplete 

response on the study variables �� ��0 1,y y , see Okafor (1996). Classes of estimators for the 

general parameter ( )P�D in both the situations have been proposed and their properties are 

studied. Asymptotic optimum estimators (AOEs) in the classes are investigated alongwith 
their approximate variance formulae. The present study also generalizes the work of 
Okafor (1996) and Singh and Vishwakarma (2007).
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1. INTRODUCTION

A stratified sampling design, in which a finite population is divided into non-
overlapping strata and samples are drawn from each stratum, is a common and effective 
procedure for reducing sampling error. It is also well known that the use of auxiliary 
information in stratifying the population improve the precision of an estimate. In some 
practical situations the information on the auxiliary variable required for stratification of 
units, e.g. age, sex, household size, etc. is not available. In such a situation we use the 
technique of double sampling for stratification (DSS) in which the information required 
for stratification is gathered at the first phase of sampling. Rao (1973) suggested a 
technique of double sampling for stratification (DSS) which consists of the following 
steps:
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i) We select a preliminary large sample (1)S of size n�crather inexpensively using 

simple random sampling without replacement (SRSWOR) and observe the 
auxiliary character x alone.

ii) The sample (1)S is stratified into L strata on the basis of the observed x . Let '
hn

denote the number of units in (1)S falling into stratum '

1
1,2,..., ;

L

h
h

h h L n n
� 

�§ �·�c� � �¨ �¸
�© �¹

�¦

and �� ��' ' '
1 2, ,..., Ln n n n�c� denote the resulting configuration of (1)S .

iii) Sub-samples of sizes �� ��' ,0 1, 1,2,...,h h h hn n h L�ª �º� �Q �� �Q �� � �¬ �¼ , h�Q being predetermined

for each h , are selected from strata, independently from each other, using 

SRSWOR and the main characters �� ��1,oy y of interest are observed.

Let �� ��1 2
1 1

; , ,..., ,
hnL

h L oh ohi h
h i

n n n n n n y y n
� � 

� � � �¦ �¦ and 1 1
1

hn

h hi h
i

y y n
� 

� �¦ . Note that 

�� ��'
h hw n n�c� is an unbiased estimate of strata weight �� ��h hW N N� . Throughout we 

assume that n�cis large enough so that �� ��'Pr 0 0hn � � for all h .

The conventional unbiased estimator for the population mean �� ��1,0� lYl
in DSS is 

given as 

�� ��
1

; 0,1
L

lds h lh
h

y w y l
� 

� � �¦ . (1.1)

The variance of ldsy due to Rao (1973) is given by 

�� �� �� ��2 2

1

1 1 1
1 , 0,1

l l

L

lds y h y h
h h

f
Var y S W S l

n n � 

�§ �·�c���§ �·� �� �� � �¨ �¸�¨ �¸�c �c �Q�© �¹ �© �¹
�¦ , (1.2)

where �� ��f n N�c �c� , �� �� �� �� �� ��
22

1
1 , 01

l

N

y li l
i

S y Y N l
� 

� �� �� � �¦ , �� �� �� ��
22

1
1

h

l

N

y h lhi lh h
i

S y Y N
� 

� �� ���¦

and 
1

hN

lh lh h
i

Y y N
� 

� �¦ .

The result in (1.1) assumes total response. This may not be true in practice especially 
in human surveys where information is usually not obtained from all the simple units 
even after call backs. Hansen and Hurwitz (1946) envisaged a sample procedure of 
subsampling the nonrespondents in order to adjust for the nonresponse in a mail survey. 
Later this procedure has been used by various authors including Cochran (1977), Rao 
(1986, 1987, 1990), Khare (1987), Tripathi and Khare (1997), Khare and Srivastava 
(2000, 2008), Okafor and Lee (2000), Okafor (2001, 2005), Shukla and Dubey (2001, 
2007a, 2007b), Tabasum and Khan (2004, 2006) and Singh and Kumar (2008a, 
2008b,2008c, 2009a, 2009b).
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Let 1hn units respond at the first call from the hn units selected in stratum h and 2hn
do not respond.

Following Hansen and Hurwitz (1946) select a sub-sample of �� ��2 2h h hm n k� units 

( 1hk �! a known constant) from the non-respondents. Interview these units with 

improved procedure. The usual unbiased estimator for the population mean �� ��0,1lY l � is 

given by 

* *

1

L

lds h lh
h

y w y
� 

� �¦ , (1.3)

where

�� ��21 (1) 2* , 0,1hh lh h lm
lh

h

n y n y
y l

n

��
� � ,

(1)lhy = sample mean for respondents based on 1hn units,

2hlmy = sample mean for the non-respondents based on 2hm units.

Following Okafor (1996) it can easily be shown that 

�� �� �� �� �� ��* 2
2 (2)

1

11
; 0,1

l

L
h

lds lds h y h
h h

k
Var y Var y W S l

n � 

�§ �·��
� �� � �¨ �¸�c �Q�© �¹

�¦ , (1.4)

where 

�� ��2 2h hW N N� , the population proportion of the non-respondents in stratum h ,
2

(2)ly hS = the population variance of the non-respondents group in stratum h , �� ��0,1l � .

It is desired to estimate the general parameter 

�� ��( ) 0 1 1, 0P Y Y Y�D
�D � �z ,

�D is a scalar which takes values 0, 1 and -1. We note that 

i) for ( ) 00, P Y�D�D � � , population mean of the main character 0y ,

ii) for �� ��( ) 0 11, P Y Y R�D�D � � � (say), the ratio of the two population means,

iii) for �� ��( ) 0 11, P Y Y P�D�D � �� � � (say), the product of the two population means.

The conventional DSS estimator of ( )P�D when there is total response, is defined by 

�� ��( ) 0 1
ˆ

ds dsP y y�D
�D � . (1.5)

To the first degree of approximation, the bias and variance of ( )P̂�D are respectively 

given by 
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�� �� �� �� �� ��
1 1

( ) 2 2
( )

1

1 1 1 1ˆ 2 1 1 2 1
2

L

y h y h h
h h

P
B P C C W C C

n N n
�D

�D
� 

�­ �½�D�§ �· �§ �·�§ �·�° �°� �� �D �� �� �� �� �D �� ���¨ �¸ �¨ �¸�® �¾�¨ �¸�¨ �¸ �c �c �Q�© �¹�° �°�© �¹�© �¹�¯ �¿
�¦ ,

(1.6)

�� �� �� ���^ �`0 1

2 2 2
( ) ( )

1 1ˆ 2y yVar P P C C C
n N�D �D

�ª�§ �·� �� �� �D �D ���«�¨ �¸�c�© �¹�¬

�� ���^ �`0 1

2 2

1

1 1
1 2 ,

L

h y h y h h
h h

W C C C
n � 

�º�§ �·
�� �� �� �D �D �� �»�¨ �¸�c �Q �»�© �¹ �¼

�¦ (1.7)

where �� ��l ly y lC S Y� , �� �� �� ��, 0,1
l ly h y h lC S Y l� � , �� ��01C R� �E , �� ��0 1 1

2
01 y y yS S�E � ,

�� ��0 1R Y Y� , �� ��01h hC R� �E , �� ��0 1 1

2
01h y y h y hS S�E � , �� ���� ���^ �` �� ��

0 1 0 0 1 1
1

1
N

y y i i
i

S y Y y Y N
� 

� �� �� ���¦ , 

�� ���� ���^ �` �� ��
0 1 0 0 1 1

1
1

hN

y y h hi h hi h h
i

S y Y y Y N
� 

� �� �� ���¦ .

In the case of some non-response, the sub-sampling procedure advocated by Hansen 
and Hurwitz (1946) will be used and thus the estimator for ( )P�D is given by 

�� ��* * *
( ) 0 1
ˆ

ds dsP y y
�D

�D � . (1.8)

To the first degree of approximation, the bias and variance of *
( )P̂�D are respectively 

given by 

�� ��*
( )
ˆB P�D �� �� �� ��

1

( ) 2
( ) 2 (2) (2)

1

1ˆ 2 1
2

L
h

h y h h
h h

P k
B P W C C

n
�D

�D
� 

�D�§ �· �§ �·��
� �� �D �� ���¨ �¸ �¨ �¸�¨ �¸�c �Q�© �¹�© �¹

�¦ . (1.9)

�� ��*
( )
ˆVar P�D �� �� �� ���^ �`0 1

2
( ) 2 2

( ) 2 (2) (2) (2)
1

1ˆ 2 1
L

h
h y h y h h

h h

P k
Var P W C C C

n
�D

�D
� 

�§ �·��
� �� �� �D �D �� ���¨ �¸�c �Q�© �¹

�¦ .

(1.10)
where 

�� ��0 0

2 2 2
(2) (2) 0y h y hC S Y� , �� ��1 1

2 2 2
(2) (2) 1y h y hC S Y� ,

�� ���� �� �� ��
0 1 1

2
(2) (2) (2) 1 0 01 (2)h y y h y h hC S S Y Y R� � �E ,

�� ��0 1 1

2
01 (2) (2) (2)h y y h y hS S�E � , 

1

2
(2)y hS and 

0 1 (2)y y hS are the population variance of the study 

variate 1y   and the population covariance between the study variate 0y and 1y

respectively of the non-respondent group in stratum h , and  �� ��2 2h hW N N� is the 

population proportion of the non-respondents in hth stratum.

In this paper we have suggested:
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i) the class of DSS strategy for the general parameter ( )P�D when there is total 

response on the study variate �� ��0 1,y y and the auxiliary variate x ,

ii) the class of DSS strategy for the general parameter ( )P�D when there is non-response 

present on study variates �� ��0 1,y y and total response on auxiliary variate x ;

and their properties are studied.

2. A CLASS OF COMBINED DSS STRATEGY IN PRESENCE 
OF TOTAL RESPONSE

Following Ige and Tripathi (1987) one may define the following combined estimators 
for the general parameter ( )P�D as 

�� ��1 ( )
ˆ

dsd P x x�D �c� (ratio-type estimator),

�� ��2 ( )
ˆ

dsd P x x�D �c� �� �O �� (difference-type estimator),

�� �� �� ���^ �`3 ( )
ˆ 1 dsd P w w x x�D �c� �� �� ,

where �Oand w are suitably chosen weights.

Further one may define the following estimators for the general parameter ( )P�D as 

�� ��4 ( )
ˆ

dsd P x x�D �c� (product-type estimator),

�� ��5 ( )
ˆ

dsd P x x
�G

�D �c� , �� ���^ �`6 ( )
ˆ 1 dsd P x w x wx�D �ª �º�c �c� �� ���¬ �¼,

�� ���^ �`7 ( )
ˆ 1ds dsd P x w x wx�D �ª �º�c� �� ���¬ �¼, �� ���� ���^ �`8 ( )

ˆ 1 dsd P w w x x
�G

�D �c� �� �� ,

etc., where �O, �Gand w are suitably chosen constants.

Motivated by Naik and Gupta (1991), Diana (1993) and Koyuncu and Kadilar (2009) 
one may also define the following classes of estimators of the general parameter �� ��P�D

respectively as 

�� ���� �� �� ���� ���^ �`9 ( )
ˆ

ds dsd P x x x x x x
�K

�D �c �c �c �c� �� �P �� �� �Q ��

[Naik and Gupta (1991-type estimator)

�� �� �� ���� ��10 ( )
ˆ 1ds dsd P x x w w x x

�K�G �H
�D

�ª �º�c �c� �� ���« �»�¬ �¼
[Diana(1993)-type estimator]

and 

�� �� �� �� �� ���� ���^ �`11 ( )
ˆ 1dsd P ax b ax b ax b

�K

�D
�ª �º�c �c� �� �D �� �� �� �D ���¬ �¼

[Khoshnevisan et al. (2007) and Koyuncu and Kadilar (2009)-type estimator],
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where , , , , , ,w a b�P �Q �G �H and �Kare suitably chosen constants. Many more estimators can be 

defined on the lines of estimators of the population mean available in the literature.

It is observed from the form of the estimators , 1 11jd j to� that these are the 

functions of ( )P̂�D , dsx and x�c. Keeping this in view we suggest below a class of 

combined estimators of ( )P̂�D on the lines of Srivastava (1980) and Singh and 

Vishwakarma (2007) and studied its properties under large sample approximation.

We suggest a family of combined estimators for ( )P�D in DSS as 

�� �� �� ��( )
( )
ˆ , ,c

dsFT F P x x F g�D �c� � , (2.1)

where �� ��F g is a function of �� ��( )
ˆ , ,dsg P x x�D �c� such that 

�� �� �� ��( ) 1 1F G P F G�D� �Ÿ � and �� �� �� ��2 3F G F G� �� ,

�� �� �� �� �� ��
( ) 1

( )

, , ,
ˆ

G

F g
G P X X F G

P
�D

�D

�w
� � 

�w
, �� �� �� ��

2
ds G

F g
F G

x

�w
� 

�w
, �� �� �� ��

3

G

F g
F G

x

�w
� 

�c�w
.

The function �� ��F g satisfies the following conditions:

1. Whatever be the sample chosen, �� ��( )
ˆ , ,dsg P x x�D �c� assumes values in a bounded 

closed convex subset S of the three dimensional real space containing the point 
G .

2. In S , the function �� ��F g is continuous and bounded.

3. The first and second partial derivatives of �� ��F g exist and are continuous and 

bound in S .

To obtain the bias of the class of estimators ( )c
FT , we assume that the third order 

partial derivative of �� ��F g also exists and is continuous and bounded. The bias and 

variance of the class of combined estimators ( )c
FT to the first degree of approximation are 

respectively given by 

�� �� �� �� �� �� �� �� �� ���� ���^( )
( ) 22 23 33

11ˆ 2
2

c
F

f
B T B P X F G F G F G

n�D
�c�ª ���§ �·

� �� �� ���«�¨ �¸�c�© �¹�¬

�� �� �� ���� ���` 2
( ) ( ) 12 132 xd P F G F G XC�D �D�� ��

           �� �� �� ���� ��2
22 ( ) ( ) 12

1

1
1 2

L

h xh h
h h

X
W C XF G P d F G

n �D �D
� 

�º�§ �·�§ �·
�� �� �� �»�¨ �¸�¨ �¸�c �Q �»�© �¹ �© �¹ �¼

�¦ , (2.2)
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�� �� �� �� �� ���� �� �� ��( ) 2
( ) 2 ( ) ( ) 2

1

1ˆ 1 2
L

c
h xh hF

h h

X
Var T Var P W C XF G d P F G

n�D �D �D
� 

�§ �·�§ �·
� �� �� ���¨ �¸�¨ �¸�c �Q�© �¹ �© �¹

�¦ ,

(2.3)

where �� ��( )
ˆB P�D and �� ��( )

ˆVar P�D are respectively given by (1.6) and (1.7);

�� ��( ) 1ox xd K K�D � �� �D , �� ��0 0ox y x y xK C C� �U , �� ��1 11x y x y xK C C� �U , �� ��x xC S X� ,

�� �� �� ��
22

1
1

N

x i
i

S x X N
� 

� �� ���¦ , �� ��xh xhC S X� , �� �� �� ��
2

1
1

hN

xh hi h h
i

S x X N
� 

� �� ���¦ ,

�� ��( ) 0 1h xh xhd K K�D � �� �D , �� ��1 11xh y xh y h xhK C C� �U , �� ��0 00xh y xh y h xhK C C� �U ,

�� ��0 0 0y xh y xh y h xhS S S�U � , �� ��1 1 1y xh y xh y h xhS S S�U � , �� �� �� ��2

22 2
ds G

F g
F G

x

�w
� 

�w
, 

�� �� �� ��
2

2

33 '
G

F g
F G

x

�w
� 

�w
, �� �� �� ��2

23
ds G

F g
F G

x x

�w
� 

�c�w �w
, �� �� �� ��2

12
( )
ˆ

ds G

F g
F G

x P�D

�w
� 

�w �w
,

�� �� �� ��2

13
( )
ˆ

G

F g
F G

x P�D

�w
� 

�c�w �w
.

The variance of ( )c
FT at (2.3) is minimized for 

�� �� �� ��*
2F G C say� �� , (2.4)

where 

2
( )

1( )*

2

1

1
1

1
1

L

h xh h
h h

L

h xh
h h

W C d
P

C
X

W C

�D
� �D

� 

�§ �·
���¨ �¸�Q�§ �· �© �¹� �¨ �¸�¨ �¸ �§ �·�© �¹ ���¨ �¸

�Q�© �¹

�¦

�¦

.

Substitution of (2.4) in (2.3) yields the minimum variance of ( )c
FT as 

�� �� �� ��

2

2
( )2

1( )( )
( )

2

1

1
1

ˆmin.
1

1

L

h xh h
h hc

F L

h xh
h h

W C d
P

Var T Var P
n

W C

�D
� �D

�D

� 

�­ �½�§ �·�° �°���® �¾�¨ �¸�§ �· �Q�° �°�© �¹�¯ �¿�¨ �¸� ��
�¨ �¸�c �§ �·�© �¹ ���¨ �¸

�Q�© �¹

�¦

�¦

, (2.5)

where �� ��( )
ˆVar P�D is given by (1.7).

Thus we state the following theorem:
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Theorem 2.1:To the first degree of approximation,

�� �� �� ��

2

2
( )2

1( )( )
( )

2

1

1
1

ˆ
1

1

L

h xh h
h hc

F L

h xh
h h

W C d
P

Var T Var P
n

W C

�D
� �D

�D

� 

�­ �½�§ �·�° �°���® �¾�¨ �¸�§ �· �Q�° �°�© �¹�¯ �¿�¨ �¸�t ��
�¨ �¸�c �§ �·�© �¹ ���¨ �¸

�Q�© �¹

�¦

�¦

with equality holding if 

�� �� *
2F G C� �� .

2.1 Comparison of the Suggested Class of Combined Estimators ( )c
FT with the 

Conventional Estimator ( )P̂�D , Ratio-Type Estimator �� ��( )
ˆ

r dsd P x x�D �c� and 

Product-Type Estimator �� ��( )
ˆ

p dsd P x x�D �c� .

To compare ( )c
FT with ( )P̂�D , rd and pd , we write the approximate variances of rd

and pd respectively as 

�� �� �� �� �� ��
2

( ) 2
( ) ( )

1

1ˆ 1 1 2
L

r h xh h
h h

P
Var d Var P W C d

n
�D

�D �D
� 

�§ �·
� �� �� ���¨ �¸�c �Q�© �¹

�¦ , (2.6)

�� �� �� �� �� ��
2

( ) 2
( ) ( )

1

1ˆ 1 1 2
L

p h xh h
h h

P
Var d Var P W C d

n
�D

�D �D
� 

�§ �·
� �� �� ���¨ �¸�c �Q�© �¹

�¦ . (2.7)

From (1.7), (2.3), (2.6) and (2.7) we note that the proposed class of estimators ( )c
FT is 

more efficient than:

i) the conventional estimator ( )P̂�D if 

�� �� �� �� �� ��* *
2min. 0, 2 max. 0, 2C F G C�� �� �� �� , 

ii) the ratio-type estimator �� ��( )
ˆ

r dsd P x x�D �c� if 

�� �� �� ���� ���^ �` �� ��

�� �� �� ���� ���^ �`

*
( ) ( ) 1 2

*
( ) ( ) 1

min . , 2 1

max . , 2 1

P X P X C F G

P X P X C

�D �D

�D �D

�� �� �� ��

�� �� �� ��

iii) the product-type estimator �� ��( )
ˆ

p dsd P x x�D �c� if 

�� �� �� ���� ���^ �` �� ��

�� �� �� ���� ���^ �`

*
( ) ( ) 1 2

*
( ) ( ) 1

min . , 2 1

max . , 2 1

P X P X C F G

P X P X C

�D �D

�D �D

�� �� ��

�� �� ��
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where �� ���� ��* *
1C X P C�D� .

We also note from (2.6) and (2.7) that

iv) the ratio-type estimator rd is more efficient than conventional estimator ( )P̂�D if

�� ��2
( )

1

1
1 1 2 0

L

h xh h
h h

W C d �D
� 

�§ �·
�� �� ���¨ �¸

�Q�© �¹
�¦

�� ��*
1. . 1 2i e if C �! , (2.8)

v) the product-type estimator pd is better than usual estimator ( )P̂�D if

�� ��2
( )

1

1
1 1 2 0

L

h xh h
h h

W C d �D
� 

�§ �·
�� �� ���¨ �¸

�Q�© �¹
�¦

�� ��*
1. . 1 2i e if C �� �� . (2.9)

When the value of the scalar involved in the estimator exactly coincides with the 
optimum value, then from (1.7), (2.5), (2.6) and (2.7) we have

�� �� �� ��
22 *

( )( ) 2
( )

1

1ˆ min. 1 0
L

c
h xhF

h h

P C
Var P Var T W C

n
�D

�D
� 

�§ �·
�� � �� �t�¨ �¸�c �Q�© �¹

�¦ , (2.10)

�� �� �� �� �� ��22 *
( )( ) 2

1

1 1
min. 1 0

L
c

r h xhF
h h

P C
Var d Var T W C

n

�D

� 

�� �§ �·
�� � �� �t�¨ �¸�c �Q�© �¹

�¦ , (2.11)

�� �� �� �� �� ��22 *
( )( ) 2

1

1 1
min . 1 0

L
c

p h xhF
h h

P C
Var d Var T W C

n

�D

� 

�� �§ �·
�� � �� �t�¨ �¸�c �Q�© �¹

�¦ . (2.12)

It follows from (2.10), (2.11) and (2.12) that the suggested class of estimators ( )c
FT is:

(a) uniformly better than the usual estimator ( )P̂�D except when * 0C � , the case 

where both the estimators ( )P̂�D and ( )c
FT are equally better.

(b) more precised than the ratio-type estimator rd provided * 1C �z . When * 1C � , 

both the estimators rd and ( )c
FT are equally precised.

(c) more efficient than the product-type estimator pd except * 1C �z �� , the case where 

both the estimators pd and ( )c
FT are equally efficient.

2.2 The Class of Combined Estimators based on Estimated Optimum Values
It is observed from (2.4) that the asymptotically optimum estimator (AOE) can only 

be used in practice, if value of *C is known. In practice, the value of *C is rarely known 
which limits the practical utility of the AOE. In such a situation one has to use a guessed 
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value of *C which can be obtained from either past data or experience. If the guessed 

value of *C is not available, then it is worth advisable to use the sample data to estimate 
*C . The consistent estimate of *C is given by 

2
( )

1( )*

2

1

1 ˆˆ1ˆ
ˆ

1 ˆ1

L

h xh h
h h

L

h xh
h h

W C d
P

C
x

W C

�D
� �D

� 

�§ �·
���¨ �¸�§ �· �Q�© �¹�¨ �¸� 

�¨ �¸�c �§ �·�© �¹ ���¨ �¸
�Q�© �¹

�¦

�¦

, (2.13)

where 

�� ��ˆ
xh xh hC s x� , �� ��( ) 1

ˆ ˆ ˆ
h oxh xhd K K�D � �� �D , �� ��0 00

ˆ ˆˆ ˆxh y xh y h xhK C C� �U ,

�� ��1 11
ˆ ˆˆ ˆxh y xh y h xhK C C� �U , 

�� ��0 0 0
ˆ

y h y h hC s y� , �� ��1 1 1
ˆ

y h y h hC s y� , �� ���^ �`0 0 0
ˆ y xh y xh y h xhs s s�U � ,

�� ���^ �`1 1 1
ˆ y xh y xh y h xhs s s�U � ,    

�� �� �� ��
0

22
0 0

1
1

hn

y h hj h h
j

s y y n
� 

� �� ���¦ , �� �� �� ��
1

22
1 1

1
1

hn

y h hj h h
j

s y y n
� 

� �� ���¦ ,  

�� �� �� ��
22

1
1

hn

xh hj h h
j

s x x n
� 

� �� ���¦ , �� ���� ���^ �` �� ��
0 0 0

1
1

hn

y xh hj h hj h h
j

s y y x x n
� 

� �� �� ���¦ , 

�� ���� ���^ �` �� ��
1 1 1

1
1

hn

y xh hj h hj h h
j

s y y x x n
� 

� �� �� ���¦ .

Following the same procedure as adopted by Singh and Vishwakarma (2007) we 
define “a class of combined estimators based on estimated optimum value” as

�� ��( ) *
( )

ˆˆ ˆ , , ,c
dsFT F P x x C�D �c� , (2.14)

such that 

�� �� �� ���� ��
�� �� �� �� �� �� �� ��

* * *
( ) ( ) ( )

* * * * * * * * * *
1 2 3 4

ˆˆ ˆ, , ,

1, , , 0

dsF P x x C P or F G P

F G F G C F G C F G

�D �D �D
�½�c � � �°
�¾
�°� � �� � � 
�¿

, (2.15)

where �� ��* *
( ) , , ,G P X X C�D� ,

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
* * **

* * * *
* * * * * * * *

1 2 3 4
( )

. . . .
, , ,

ˆ ˆ
ds G G GG

F F F F
F G F G F G F G

x xP C�D

�w �w �w �w
� � � � 

�c�w �w�w �w
.
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It can be shown to the first degree of approximation that 

�� �� �� �� �� ��
22 *

( )( ) ( )2
( )

1

1ˆ ˆ 1 min.
L

c c
h xhF F

h h

P C
Var T Var P W C Var T

n
�D

�D
� 

�­ �½�§ �·�° �°� �� �� � �¨ �¸�® �¾�c �Q�© �¹�° �°�¯ �¿
�¦ . (2.16)

The following estimators, all depending on an estimated value *Ĉ of *C :

�� �� �� ���^ �` �� ���^ �`
* *ˆ ˆ( ) ( ) ( ) *

( ) ( ) ( )1 2 3
ˆˆ ˆ ˆ, 2 ,

C Cc c c
ds ds dsT P x x T P x x T P x x C x x�D �D �D

�ª �º�c �c �c �c �c� � �� � �� ���« �»�¬ �¼
,

�� �� �� ���� �� �� ���� ���^ �`( ) * *
( )4

ˆ ˆˆ 2 1 1c
ds dsT P C x x C x x�D �c �c� �� �� �� ,

etc., are members of the proposed class of estimators ( )ˆ c
FT given by (2.14). It can be 

easily shown to the first degree of approximation that the estimators ( )ˆ , 1 4c
jT j to� 

attain the same variance given by (2.16).

From (1.7), (2.6), (2.7) and (2.16) {or (2.5)} it can be easily shown that the proposed 

class of estimators ( )ˆ c
FT (based on an estimated optimum value of  *Ĉ of *C ) is more 

efficient than the estimators ( )P̂�D , rd and pd .

Remark 2.1: It is difficult to define the separate estimators for ratio R and product P
and hence for ( )P�D , so we have not considered separate class of estimators for the 

parameter ( )P�D .

3. COMPARISON WITH ESTIMATORS BASED ON UNSTRATIFIED 
DOUBLE SAMPLING (USDS)

Suppose a first phase sample (1)S is taken as before, and a second-phase sample (2)S

of size n is a sub-sample of (1)S drawn according to simple random sampling without 

replacement (SRSWOR), instead of being chosen as stratified sub-samples. It is known as 
un stratified double sampling (USDS) method see Ige and Tripathi (1987) and Singh and 
Vishwakarma (2007). We denote 

1

1 n

i
i

x x
n

�c

� 
�c� 

�c
�¦ : 

is a sample mean of the auxiliary variate x based on first phase sample of size n�c,

1

1 n

i
i

x x
n � 

� �¦ : 

is a sample mean of the auxiliary variate x based on the second-phase sample of 
size n ,
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�� ��
1

1
, 0,1

n

j ji
i

y y j
n � 

� � �¦ : 

is a sample mean of the jth study variate �� ��, 0,1jy j � based on the second-phase 

sample of size n ,

�� ��( ) 0
1( )

1

ˆ , 0us y
P y

y
�D �D

�§ �·
� �z�¨ �¸�¨ �¸

�© �¹
: 

is the conventional estimator of the parameter ( )P�D .

Now, we define a class of estimators for the population mean Y in USDS:

�� ��( ) ( )
( )
ˆ , , ,us us

HT H P x x�D �c� , (3.1)

where �� ��( )
( )
ˆ , ,usH P x x�D �c is a function of �� ��( )

( )
ˆ , ,usz P x x�D �c� , such that 

�� �� �� �� �� ��

�� �� �� ��

�� �� �� �� �� �� �� ��

( ) 1 *
( )

2 3

2 3

, 1,
ˆ

,

Z

Z Z

H z
H Z P H Z

P

H Z H Z

H z H z
H Z H Z

x x

�D
�D

�½�w
�°� � � 
�°�w
�°�°� �� �¾
�°

�w �w �°� � �°�c�w �w
�°�¿

, (3.2)

where �� ��( ) , ,Z P X X�D� .

The function �� ��( )
( )
ˆ , ,usH P x x�D �c satisfies certain conditions similar to those given for 

( )c
FT at (2.1).

To the first degree of approximation, the variance of ( )us
HT is given by 

�� �� �� ���^ �`0 2

( ) 2 2 2
( )

1
2us

y yH
f

Var T P C C C
n �D

�c�ª ���§ �·
� �� �D �D ���«�¨ �¸�c�© �¹�¬

�� ���� ���^ 0 1

2 2 2
( )

1 1
2y yP C C C

n n �D
�§ �·

�� �� �� �D �D ���¨ �¸�c�© �¹

�� �� �� ���`2 2 2 2
2 ( ) ( ) 22x xX C H Z P Xd C H Z�D �D

�º
�� �� �»

�¼
, (3.3)

where �� �� �� �� �� ��( ) 0 1 , , 0,1
l lx x lx y x y xd K K K C C l�D � �� �D � �U � .

The variance of ( )us
HT at (3.3) is minimized for 
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�� �� �� ��2 ( ) ( )H Z P X d�D �D� �� � ���G(say), (3.4)

where �� ��( ) ( )P X d�D �D�G � .

Thus the resulting minimum variance of ( )us
HT is given by 

�� �� �� ��( ) ( ) 2 2 2
( ) ( )( )

1 1ˆmin. us us
xHVar T Var P P d C

n n �D �D�D
�­ �½�§ �·� �� ���® �¾�¨ �¸�c�© �¹�¯ �¿

, (3.5)

where 

�� �� �� ���^ �`0 1

( ) 2 2 2
( )( )

1ˆ 2us
y y

f
Var P P C C C

n �D�D
���§ �·�ª �º� �� �D �D ���¨ � �̧¬ �¼�© �¹

. (3.6)

Thus we state the following theorem.

Theorem 3.1: To the first degree of approximation,

�� �� �� ��( ) ( ) 2 2 2
( ) ( )( )

1 1ˆus us
xHVar T Var P P d C

n n �D �D�D
�ª �º�§ �·�t �� ���« �»�¨ �¸�c�© �¹�¬ �¼

with equality holding if 

�� �� �� ��2 ( ) ( )H Z P X d�D �D� �� .

It is to be noted that the class of estimators ( )us
HT attains its minimum variance only 

when the optimum value ���Gof �� ��2H Z is known. If the optimum value �� ��2H Z � ���Gis 

not known, one may replace �� ��2H Z � ���Gby its estimate �� ��2
ˆĤ Z � ���Gobtained from the 

sample data, where 

( )
( )

( )

ˆ
ˆˆ

usP
d

x
�D

�D�G � 
�c

, �� ��( ) 0 1
ˆ ˆ ˆ

x xd K K�D � �� �D , �� ��00 0
ˆ ˆˆ ˆx x y xK C C� �U , �� ��11 1

ˆ ˆˆ ˆx x y xK C C� �U , 

�� ���^ �`0 00ˆ x y x y xs s s�U � , �� ���^ �`1 11ˆ x y x y xs s s�U � , �� ��0 0 0
ˆ

y yC s y� , �� ��1 1 1
ˆ

y yC s y� , 

�� ��xsC xx � ˆ , �� ���� ���^ �` �� ��
1

1
l

n

y x li l i
i

s y y x x n
� 

� �� �� ���¦ , �� �� �� ��22

1
1

l

n

y li l
i

s y y n
� 

� �� ���¦ , 

�� �� �� ��22

1
1

n

x i
i

s x x n
� 

� �� ���¦ .

Now we suggest a class of estimators for ( )P�D based on the estimate of the optimum 

value �� ��2
ˆĤ Z � ���Gin USDS as

�� �� �� ��( ) ( )* * *
( ) ( )

ˆˆ , , ,us us
H estT H P x x H z�D �c� �G � , (3.7)
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where �� ��* *H z is the function of �� ��( )*
( )

ˆˆ , , ,usz P x x�D �c� �G such that

�� �� �� �� �� ��

�� �� �� ��

�� �� �� �� �� �� �� ��

*

*

* *

* *

* * * *
( ) 1 ( )

( )

* *

* *
2

* * * *

* * * *
3 4

, 1,
ˆ

,

, 0
ˆ

us

Z

Z

Z Z

H z
H Z P H Z

P

H z
H Z

x

H z H z
H Z H Z

x

�D
�D

�½�w �°� � � �°�w �°
�°
�°�w �°� � ���G �¾

�w �°
�°
�°�w �w �°� � �G � � �°�c�w �w�G �°�¿

, (3.8)

where �� ��*
( ) , , ,Z P X X�D� �G .

It can be easily examined to the first degree of approximation that

�� �� �� �� �� ��( ) ( ) ( ) 2 2 2
( ) ( )( ) ( )

1 1ˆmin .us us us
xHH estVar T Var T Var P P d C

n n �D �D�D
�­ �½�§ �·� � �� ���® �¾�¨ �¸�c�© �¹�¯ �¿

. (3.9)

We suppose that in the case of DSS estimators, allocation of second-phase sample to 

different strata is proportional to the random strata '
hn , that is '

h hn n�v so that for each 

�� �� �� ��1,2,..., , hh L n n�c� �X � .

It is easy to see that 

�� ���� �� �� ��
1 1

, 0,1
l l

L L

y x h y xh h h h
h h

S W S W Y Y X X l
� � 

�# �� �� �� � �¦ �¦ , (3.10)

see Ige and Tripathi (1987) and Singh and Vishwakarma (2007).

Substitution of (3.10) in (3.3) provides

�� �� �� ���^ �`0 1

( ) 2 2 2
( )

1
1 2us

y yH
f

Var T P C C C
n �D

�c�ª ���§ �·
� �� ���«�¨ �¸�c�© �¹�¬

�� ���^ 0 1

2 2 2
( )

1

1 1
(1 2 )

L

h y h y h h
h

W P C C C
n n �D

� 

�§ �·
�� �� �� ���¨ �¸�c�© �¹

�¦ �� ��2 2
2xhS H Z��

�� ���` �� �� �� ���^ �`22 *
( ) ( ) 2 ( ) ( ) 2

1
2

L

xh h h h h
h

P XC d H Z W P d X X H Z�D �D �D �D
� 

�º
�� �� �� �� �»

�¼
�¦ , (3.11)

where * 0 0 1 1
( )

0 1

h h
h

Y Y Y Y
d

Y Y�D

�­ �½�§ �· �§ �·�� ���° �°� �� �D�¨ �¸ �¨ �¸�® �¾
�° �°�© �¹ �© �¹�¯ �¿

.
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For �� �� �� ��2 2H Z F G� in (3.11), �� ��( )us
HVar T reduces to:

�� �� �� ���^ �`0 1

( ) 2 2 2
( )

1
1 2us

y yH
f

Var T P C C C
n �D

�c�ª ���§ �·
� �� ���«�¨ �¸�c�© �¹�¬

�� ���^ 0 1

2 2 2
( )

1

1 1
(1 2 )

L

h y h y h h
h

W P C C C
n n �D

� 

�§ �·
�� �� �� ���¨ �¸�c�© �¹

�¦ �� ��2 2
2xhS F G��

�� ���` �� �� �� ���^ �`22 *
( ) ( ) 2 ( ) ( ) 2

1
2

L

xh h h h h
h

P XC d F G W P d X X F Z�D �D �D �D
� 

�º
�� �� �� �� �»

�¼
�¦ . (3.12)

The variance of ( )c
FT in (2.3) under the proportional allocation '

h hn n�v {i.e. 

�� ��h n n�c�X � } reduces to 

�� �� �� ���^ �`0 1

( ) 2 2 2
( )

1
1 2c

y yF
f

Var T P C C C
n �D

�c�ª ���§ �·
� �� ���«�¨ �¸�c�© �¹�¬

�� ���^ 0 1

2 2 2
( )

1

1 1
(1 2

L

h y h y h h
h

W P C C C
n n �D

� 

�§ �·
�� �� �� ���¨ �¸�c�© �¹

�¦

�� ���� �� �� ���`22 2
2 ( ) ( ) 22xh xh hS F G P XC d F G�D �D

�º�� �� �»�¼
. (3.13)

From (3.12) and (3.13) we have

�� �� �� �� �� �� �� ���^ �`2( ) ( ) *
( ) ( ) 2

1

1 1 L
us c

h h hH F
h

Var T Var T W P d X X F G
n n �D �D

� 

�§ �·�� � �� �� ���¨ �¸�c�© �¹
�¦ 0�t , (3.14)

which clearly indicates that the strategy �� ��( ), c
FDSS T is more efficient than the strategy 

�� ��( ), us
FUSDS T .

Remark 3.1: Estimators like �� ��, 1 11jd j to� can be formed say �� ��, 1 11jt j to� just 

replacing ( )P̂�D , dsx and x�cby �� ��
( )
ˆ usP�D , x and x�c(as defined in section 2) respectively in 

unstratified double sampling (USDS) case. It can be easily shown that the estimators 

�� ��, 1 11jt j to� are members of the proposed class of estimators �� ��us
HT .

4. A CLASS OF COMBINED DSS STRATEGY IN PRESENCE 
OF NON-RESPONSE

The class of combined estimators ( )c
FT at (2.1) for the general parameter ( )P�D assume 

total response. In the case of some refusals, the sub sampling procedure used in section 1 
will be used and the class of combined estimators become 
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�� ��*( ) *
( )
ˆ , ,c

dsFT F P x x�D �c� 

   �� ��*F g� , (4.1)

where �� ��*F g is a function of �� ��* *
( )
ˆ , ,dsg P x x�D �c� such that 

�� �� �� ��( ) 1 1F G P F G�D� �Ÿ � and �� �� �� ��2 3F G F G� �� ,

�� �� �� ��
�� ��*

( ) 1 *
( )

, , ,
ˆ

G

F g
G P X X F G

P
�D

�D

�w
� � 

�w
, �� ��

�� ��*

2
ds

G

F g
F G

x

�w
� 

�w
, �� ��

�� ��*

3

G

F g
F G

x

�w
� 

�c�w
.

The function �� ��*F g also satisfies certain conditions similar to those given for �� ��F g

at (2.1).

To the first degree of approximation the bias and variance of the class of combined 

estimators *( )c
FT are respectively given by 

�� ��*( )c
FB T �� �� �� ���^ �`0 1

( )( ) 2 2
2 (2) (2) (2)

1

1
2 1

2

L
c h

h y h y h hF
h h

P k
B T W C C C

n
�D

� 

�D�§ �· �§ �·��
� �� �� �D �D �� ���¨ �¸ �¨ �¸�¨ �¸�c �Q�© �¹�© �¹

�¦ ,

(4.2)

�� ��*( )c
FVar T �� �� �� ���^ �`0 1

2
( )( ) 2 2

2 (2) (2) (2)
1

1
2 1

L
c h

h y h y h hF
h h

P k
Var T W C C C

n
�D

� 

�§ �·��
� �� �� �D �D �� ���¨ �¸�c �Q�© �¹

�¦ ,

(4.3)

where �� ��( )
ˆVar P�D , �� ��*

( )
ˆB P�D , �� ��*

( )
ˆVar P�D , �� ��( )c

FB T and �� ��( )c
FVar T are respectively given 

by (1.7), (1.9), (1.10), (2.2) and (2.3).

The variance of *( )c
FT is minimized for 

�� �� *
2F G C� �� . (4.4)

Thus the resulting minimum variance of *( )c
FT is given by 

�� �� �� ��

2

2
( )2

1( )*( ) *
( )

2

1

1
1

ˆmin.
1

1

L

h h xh
h hc

F L

h xh
h h

W d C
P

Var T Var P
n

W C

�D
� �D

�D

� 

�­ �½�§ �·�° �°���® �¾�¨ �¸�§ �· �Q�° �°�© �¹�¯ �¿�¨ �¸� ��
�¨ �¸�c �§ �·�© �¹ ���¨ �¸

�Q�© �¹

�¦

�¦

. (4.5)

Now we state the following theorem:
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Theorem 4.1:To the first degree of approximation,

�� �� �� ��

2

2
( )2

1( )*( ) *
( )

2

1

1
1

ˆ
1

1

L

h h xh
h hc

F L

h xh
h h

W d C
P

Var T Var P
n

W C

�D
� �D

�D

� 

�­ �½�§ �·�° �°���® �¾�¨ �¸�§ �· �Q�° �°�© �¹�¯ �¿�¨ �¸�t ��
�¨ �¸�c �§ �·�© �¹ ���¨ �¸

�Q�© �¹

�¦

�¦

with equality holding if �� �� *
2F G C� �� , where *C is same as defined in (2.4).

Remark 4.1: The following estimators of the general parameter ( )P�D :

�� ��* *
1 ( )

ˆ
dsd P x x�D �c� , �� ��* * *

2 ( )
ˆ

dsd P x x�D �c� �� �O �� , �� �� �� ���^ �`* * * *
3 ( )

ˆ 1 dsd P w w x x�D �c� �� �� , 

�� ��* *
4 ( )

ˆ
dsd P x x�D �c� , �� ��* *

5 ( )
ˆ

dsd P x x
�G

�D �c� , 
�� ���^ �`

* *
6 ( ) * *

ˆ
1 ds

x
d P

w x w x
�D

�c
� 

�c�� ��
, 

�� ���^ �`
* *
7 ( ) * *

ˆ
1

ds

ds

x
d P

w x w x
�D� 

�c�� ��
, �� ���� ���^ �`* * * *

8 ( )
ˆ 1 dsd P w w x x

�G
�D �c� �� �� ,

�� �� �� ���� �� �� ���� ���^ �`* * * *
9

ˆ
ds dsd P x x x x x x

�K

�D �c �c �c �c� �� �P �� �� �Q �� [Gupta and Naik (1991-type estimator)

�� �� �� ���� ��* * * *
10 ( )

ˆ 1ds dsd P x x w w x x
�K�G �H

�D
�ª �º�c �c� �� ���« �»�¬ �¼

     [Diana(1993)-type estimator]

and 

�� �� �� �� �� ���� ���^ �`* * * * * * * *
11 ( )

ˆ 1dsd P a x b a x b a x b
�K

�D
�ª �º�c �c� �� �D �� �� �� �D ���« �»�¬ �¼

[Khoshnevisan et al. (2007) 

and Koyuncu and Kadilar (2009) - type estimator],

etc. may be identified as particular members of the suggested class of estimators ( )P�D , 

where *�O , *w , * * * *, , , , anda b�P �Q �G �Kare suitably chosen constants. The biases and 

variances of the estimators *, 1 11jd j to� to the first degree of approximation can be 

easily obtained from (4.2) and (4.3) respectively. 

4.1 Comparison of the Suggested Class of Combined Estimators *( )c
FT with the 

Usual Estimator *
( )P̂�D , Ratio Type Estimator �� ��* *

( )
ˆ

r dsd P x x�D �c� and the Product 

Type Estimator �� ��* *
( )
ˆ

p dsd P x x�D �c� .

To compare *( )c
FT with *

( )P̂�D , *
rd and *

pd , we write the approximate variances of *
rd

and *
pd , respectively as 
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�� �� �� �� �� ��
2

( )* * 2
( ) ( )

1

1ˆ 1 1 2
L

r h xh h
h h

P
Var d Var P W C d

n
�D

�D �D
� 

�§ �·
� �� �� ���¨ �¸�c �Q�© �¹

�¦ , (4.6)

�� �� �� �� �� ��
2

( )* * 2
( ) ( )

1

1ˆ 1 1 2
L

p h xh h
h h

P
Var d Var P W C d

n
�D

�D �D
� 

�§ �·
� �� �� ���¨ �¸�c �Q�© �¹

�¦ . (4.7)

It follows from (1.10), (4.3), (4.6) and (4.7) that the proposed class of estimators 
*( )c
FT is more efficient than:

i) the usual estimator *
( )P̂�D if 

�� �� �� �� �� ��* *
2min. 0, 2 max. 0, 2C F G C�� �� �� �� ,

ii) the ratio type estimator �� ��* *
( )
ˆ

r dsd P x x�D �c� if 

�� �� �� ���� ���^ �` �� ��

�� �� �� ���� ���^ �`

*
( ) ( ) 1 2

*
( ) ( ) 1

min . , 2 1

max . , 2 1

P X P X C F G

P X P X C

�D �D

�D �D

�� �� �� ��

�� �� �� ��

iii) the product type estimator �� ��* *
( )
ˆ

p dsd P x x�D �c� if 

�� �� �� ���� ���^ �` �� ��

�� �� �� ���� ���^ �`

*
( ) ( ) 1 2

*
( ) ( ) 1

min . , 2 1

max . , 2 1

P X P X C F G

P X P X C

�D �D

�D �D

�� �� ��

�� �� ��

It is also observed from (4.6) and (4.7) that the ratio-type estimator *
rd and the 

product type estimator *
pd are more efficient than the conventional estimator *

( )P̂�D

respectively if the conditions �� ��*
1 1 2C �! and �� ��*

1 1 2C �� �� hold good.

From (4.5), (4.6) and (4.7) it can easily be proved that the proposed class of 

estimators *( )c
FT is more efficient than *

( )P̂�D , *
rd and *

pd at the optimum conditions .

Remark 4.2: Following the procedure adopted in Singh and Vishwakarma (2007) one 

can obtain the estimator *( )ˆ c
FT (say) based on the ‘estimated optimum values’ and can 

show that the variance of the estimator *( )ˆ c
FT to the first degree of approximation is same 

as the minimum variance of *( )ˆ c
FT �� �� �� ���^ �`*( ) *( )ˆ. . min.c c

F Fi e Var T Var T� .

Remark 4.3: It may happen that not all strata experience non-response. In other words in 
some strata all the units may respond while in other some units may fail to respond, see 
Okafor (1996, p. 109).
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In this case we set in (1.3), (1.8), (4.1), �� ��*; 1 11jd j to� , *
rd and *

pd :

�� ��* 0,1lh lhy y l� � if complete response occurs in stratum h

      *
lhy� �� ��0,1l � if there is sub sampling of non-respondents in stratum h

For the bias and variance set in (1.4), (1.9), (1.10), (4.2), (4.3), (4.5), (4.6) and (4.7),

2
2 0yhS � if complete response occurs in stratum h

        2
2 yhS� if there is sub sampling of non-respondents in stratum h.

5. COMPARISON OF THE PROPOSED ESTIMATORS

It is observed from (1.7) and (1.10) that *
( )P̂�D has a higher variance than ( )P̂�D owing 

to the sub sampling of the non-respondents.

Comparing ( )P̂�D and *( )c
FT we deduce that *( )c

FT will be better than ( )P̂�D in spite of 

sub sampling the non-respondents if 

�� ���^ �` �� ��
( )

2
2 ( ) 2

1

1
1 2

L

h xh h
h h

X W C XF G P d F G
�D�D

� 

�ª �§ �·
�� ���« �¨ �¸

�Q�« �© �¹�¬
�¦

                  �� ���^ �`0 1

2 2
2 (2) (2) (2)

1

1
2 1 0

L
h

h y h y h h
h h

k
W C C C

v� 

�º�§ �·��
�� �� �D �D �� �� ���»�¨ �¸

�»�© �¹ �¼
�¦ (5.1)

At the optimum condition (i.e. �� �� *
2F G C� �� ) *( )c

FT is better than ( )P̂�D if 

�� �� �� ��
2

( )2
1( )*

( ) ( )
2

1

1
1

ˆ ˆ
1

1

L

h h xh
h h

L

h xh
h h

W d C
P v

Var P Var P
n

W C
v

�D
� �D

�D �D

� 

�§ �·
���¨ �¸�§ �· �© �¹�¨ �¸�� ��

�¨ �¸�c �§ �·�© �¹ ���¨ �¸
�© �¹

�¦

�¦

i.e. if 

�� ���^ �`0 1

2
( )

12 2
2 (2) (2) (2)

1 2

1

1
1

1
2 1

1
1

L

h h xhL h hh
h y h y h h Lh h

h xh
h h

W d C
vk

W C C C
v

W C
v

�D
� 

� 

� 

�§ �·
���¨ �¸�ª �º�§ �·�� �© �¹�� �D �D �� �� ���« �»�¨ �¸

�§ �·�« �»�© �¹�¬ �¼ ���¨ �¸
�© �¹

�¦
�¦

�¦

.

(5.2)
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6. PARTICULAR CASE- ESTIMATION OF POPULATION MEAN

6.1 When there is total response on both the variables:
Putting 0�D � in (2.1) and (2.3), we get a class of combined estimators for the 

population mean 0Y alongwith its variance to the first degree of approximation, 

respectively, as

�� �� �� ��( ) ( )
0 , ,c c
ds dsF GT d G y x x G t�c�o � � , (6.1)

�� �� �� ��( ) ( )c c
F GVar T Var d�o � 

�� �� �� ���� ���^ �`0 0

2 2 2
2 2

1

1 1 1
1 2

L

y h y h xh h
h h

f
S W S S G T G T

n n v� 

�ª �º�§ �·�c���§ �·
�� �� �� �� �E�« �»�¨ �¸�¨ �¸�c �c�© �¹�« �»�© �¹�¬ �¼

�¦ , (6.2)

which is same as obtained by Singh and Vishwakarma (2007) (see eq. 6, p. 228); �� ��2G T

is the first order partial derivative of the function �� ��G t with respect to dsx about the 

point �� ��0 , ,T Y X X� .

The variance of ( )c
Gd is minimized for 

�� ��2G T � ���E,

where 
1 1

L L

h h h
h h� � 

�E � �D �E �D�¦ �¦ , 21
1h h xh

h

W S
v

�§ �·
�D � ���¨ �¸

�© �¹
and  0

2

y xh
h

xh

S

S
�E � .

Thus the resulting minimum variance of ( )c
Gd is given by 

�� �� �� ��
0 0

2

( ) 2 2

1

11 1
min. 1

L
c

y h y hG
h h

f
Var d S W S

n n v� 

�­ �½�� �U �§ �·�c���§ �·�° �°� �� ���¨ �¸�® �¾�¨ �¸�c �c�© �¹ �© �¹�° �°�¯ �¿

�¦ . (6.3)

Singh and Vishwakarma (2007) suggested a separate class of estimators for the 
population mean 0Y as 

�� ��( )

1

L
s

h h hG
h

d w G t
� 

� �¦ , (6.4)

where �� ��'
0 , ,h h h ht y x x� and �� ��h hG t is a function of ht such that 

�� �� �� �� �� ��
10

0

1

h

h h
h h h h h

h T

G t
G T Y G T

y

�w
� �Ÿ � � 

�w
, 

�� �� �� �� �� �� �� ��
2 3 '

,

h h

h h h h
h h h h

h hT T

G t G t
G T G T

x x

�w �w
� � 

�w �w
and �� �� �� ��

2 3h h h hG T G T� �� ,
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where �� ��0 , ,h h h hT Y X X� , �� ��
2h hG T is the partial derivative of the function �� ��h hG t with 

respect to hx about the point hT . The function �� ��h hG t also satisfies certain conditions 

given in Singh and Vishwakarma (2007). 

To the first degree of approximation, the variance of ( )s
Gd is given by 

�� �� �� �� �� ���� ���^ �`0 0 0 2 2

2( ) 2 2 2

1

1 1 1
1 2

L
s

y h y h y xh h h xh h hG
h h

f
Var d S W S S G T S G T

n n v� 

�§ �·�c���§ �·
� �� �� �� ���¨ �¸�¨ �¸�c �c�© �¹ �© �¹

�¦ .

(6.5)

The variance of ( )s
Gd is minimum when  �� ��

2h h hG T � ���E and thus the resulting 

minimum variance of ( )s
Gd is given by 

�� �� �� ��0 0 0

( ) 2 2 2

1

1 1 1
min. 1 1

L
s

y h y xh y hG
h h

f
Var d S W S

n n v� 

�­ �½�§ �·�c���§ �·�° �°� �� �� �� �U�¨ �¸�® �¾�¨ �¸�c �c�© �¹�° �°�© �¹�¯ �¿
�¦ . (6.6)

Remark 6.1: The following estimators of the population mean 0Y :

�� ��1 0ds dsT y x x�c� ,

�� ��2 0ds dsT y x x�c� �� �O �� ,

�� �� �� ��3 0 1ds dsT y w w x x�c�ª �º� �� ���¬ �¼,

�� ��4 0ds dsT y x x�c� ,

�� ��5 0ds dsT y x x
�G�c� ,

�� ���^ �`6 0 1ds dsT y x w x wx�c �c� �� �� , 

�� ���^ �`7 0 1ds ds dsT y x w x wx�c� �� �� ,

�� ���� ��8 0 1ds dsT y w w x x
�G�ª �º�c� �� ���« �»�¬ �¼

,

�� ���� �� �� ���� ��9 0ds ds dsT y x x x x x x
�K

�ª �º�c �c �c �c� �� �P �� �� �Q ���¬ �¼,

�� �� �� ���� ��10 0 1 1ds ds dsT y x x w x x
�K�H�ª �º�c �c� �� ���« �»�¬ �¼

and 

�� �� �� �� �� ���� ���^ �`11 0 1ds dsT y ax b ax b ax b
�K

�ª �º�c �c� �� �D �� �� �� �D ���¬ �¼, 

etc. may be identified a members of the class of estimators �� ��c
Gd defined by (6.1).
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In a similar fashion separate estimators �� �� �� ��1
, 1 11jT j to� , say, like �� ��, 1 11jT j to� 

can be formulated. It can be shown easily that the estimators �� �� �� ��1
, 1 11jT j to� are 

members of the class of estimators given by (6.4).

6.2 When there is total response on the auxiliary variable x and 
incomplete response on the study variable0y
Putting 0�D � in (4.1) and (4.3), we get a class of combined estimators in DSS in 

presence of non-response and its variance to the first degree of approximation, 
respectively, as

�� �� �� ��*( ) *( ) * **
0 , ,c c
ds dsF GT d G y x x G g�c�o � � (6.7)

�� �� �� �� �� �� 0

*( ) *( ) ( ) 2
2 (2)

1

11 L
c c c h

h y hF G G
h h

k
Var T Var d Var d W S

n v� 

�­ �½�§ �·���° �°�o � �� �¨ �¸�® �¾�c�° �°�© �¹�¯ �¿
�¦ , (6.8)

where �� ��** *
0 , ,ds dsg y x x�c� and �� ��( )c

GVar d is given by (6.2).

The variance of *( )c
Gd at (6.8) is minimized for �� ��2G T � ���E and thus the resulting 

minimum variance of *( )c
Gd is given by 

�� �� �� �� 0

*( ) ( ) 2
2 (2)

1

11
min. min .

L
c c h

h y hG G
h h

k
Var d Var d W S

n v� 

�­ �½�§ �·���° �°� �� �¨ �¸�® �¾�c�° �°�© �¹�¯ �¿
�¦ , (6.9)

where �� ��( )min . c
GVar d is given by (6.3).

Following Okafor (1996) and Singh and Vishwakarma (2007), we define a class of
separate estimators of the population mean 0Y in DSS in the presence of non-response 

and its variance to the first degree of approximation, respectively, as

�� ��*( ) *

1

L
s

h h hG
h

d w G t
� 

� �¦ , (6.10)

�� �� �� �� 0

*( ) ( ) 2
2 (2)

1

11 L
s s h

h y hG G
h h

k
Var d Var d W S

n v� 

�­ �½�§ �·���° �°� �� �¨ �¸�® �¾�c�° �°�© �¹�¯ �¿
�¦ , (6.11)

where �� ��* * '
0 , ,h h h ht y x x� and �� ��( )s

GVar d is given by (6.5).

The variance of *( )s
Gd is minimized for �� ��

2h h hG T � ���E and thus the resulting 

minimum variance of *( )s
Gd is given by 
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�� �� �� �� 0

*( ) ( ) 2
2 (2)

1

11
min. min .

L
s s h

h y hG G
h h

k
Var d Var d W S

n v� 

�­ �½�§ �·���° �°� �� �¨ �¸�® �¾�c�° �°�© �¹�¯ �¿
�¦ , (6.12)

where �� ��( )min . s
GVar d is given by (6.6).

Remark 6.2: The following estimators of the population mean 0Y in the presence of non-

response:

�� ��* *
1 ods dsT y x x�c� ,

�� ��* *
2 0ds dsT y x x�c� �� �O �� ,

�� �� �� ��* *
3 0 1ds dsT y w w x x�c�ª �º� �� ���¬ �¼,

�� ��* *
4 0ds dsT y x x�c� ,

�� ��* *
5 0ds dsT y x x

�G�c� ,

�� ���^ �`* *
6 0 1ds dsT y x w x wx�c �c� �� �� , 

�� ���^ �`* *
7 0 1ds ds dsT y x w x wx�ª �º�c� �� ���¬ �¼,

�� ���� ��* *
8 0 1ds dsT y w w x x

�G�ª �º�c� �� ���« �»�¬ �¼
,

�� ���� �� �� ���� ��* *
9 0ds ds dsT y x x x x x x

�K
�ª �º�c �c �c �c� �� �P �� �� �Q ���¬ �¼,

�� �� �� ���� ���^ �`* *
10 0 1 1ds ds dsT y x x w x x

�K�H�ª �º
�c �c� �� ���« �»

�¬ �¼
and 

�� �� �� �� �� ���� ���^ �`* *
11 0 1ds dsT y ax b ax b ax b

�K
�ª �º�c �c� �� �D �� �� �� �D ���¬ �¼,

etc, are members of the class of estimators �� ��* c
Gd given by (6.7). The variances of the 

estimators �� ��*, 1 11jT j to� can be easily obtained from (6.8) just by putting values of the 

derivatives of the function �� ��* , ,ods dsG y x x�c .

It can be easily shown that the estimators:

�� �� �� ��* 1 *
01

1

L

h h h h
h

T w y x x
� 

�c� �¦ ,

�� �� �� ��* 1 *
02

1

L

h h h h h
h

T w y x x
� 

�ª �º�c� �� �O ���¬ �¼�¦ ,

�� �� �� �� �� ��* 1 * * *
03

1
1

L

h h h h h h
h

T w y w w x x
� 

�ª �º�c� �� ��
�¬ �¼�¦ ,

�� �� �� ��* 1 *
04

1

L

h h h h
h

T w y x x
� 

�c� �¦ ,
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etc. are members of the suggested class of estimators �� ��* s
Gd given by (6.8), where 

*, , , , , , ,h h h h h h h hw a b�O �G �K �P �Q and h�H are suitably chosen constants. The variances of the 

estimators �� �� �� ��* 1
, 1 11jT j to� can be easily obtained from (6.11) just by putting the values 

of the derivatives of the function �� ��* , ,ods dsG y x x�c .

6.3 Theoretical Comparison
We shall now compare the suggested estimators with the DSS estimator 0dsy .

From (1.2) and (6.8), we have
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i.e. if 
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.

To the first degree of approximation, the variance of the combined ratio estimator 

�� ��*( ) *
0

c
r ds dsd y x x�c� and the combined product estimator �� ��*( ) *

0
c

p ds dsd y x x�c� in DSS in 

presence of non-response are respectively given by 
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where the variance of the combined ratio estimator �� ��( )
0

c
r ds dsd y x x�c� and the combined 

product estimator �� ��( )
0

c
p ds dsd y x x�c� in DSS (with total response on both the variables 

0y and x ) to the first degree of approximation are respectively given by 
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Comparing 0dsy with *( )c
rd and *( )c

pd , we deduce that *( )c
rd and *( )c

pd are 

respectively better than 0dsy , if 
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and 
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The condition (6.18) is same as in Okafor (1996).
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From (1.4), (6.8), (6.14) and (6.15), it is observed that the suggested class of 

estimators *( )c
Gd is more efficient than:

i) the usual estimator *
odsy , if 

�� �� �� �� �� ��2min. 0, 2 max. 0, 2G T�� �E �� �� �� �E , (6.20)

ii) the combined ratio estimator *( )c
rd , if 
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iii) the combined product estimator *( )c
pd , if
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From (1.2) and (6.11), we have
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To the first degree of approximation, the variance of the separate ratio estimator 
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DSS in the  presence of non-response are respectively given by 
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where �� ��0h h hR Y X� .
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Comparing 0dsy with *( )s
rd and *( )s

pd , we deduce that *( )s
rd and *( )s

pd are 

respectively better than 0dsy , if 
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and 
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From (1.4), (6.11), (6.23) and (6.24), it follows that the proposed class of estimators 
*( )s
Gd in DSS in presence of non-response is better than:

i) the usual estimator *
odsy , if 

�� �� �� �� �� ��
2

min. 0, 2 max. 0, 2h h h hG T�� �E �� �� �� �E , (6.27)

ii) the combined ratio estimator *( )s
rd , if 
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iii) the combined product estimator *( )s
pd , if
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(6.29)

7. ILLUSTRATION

To illustrate the general results for estimating the population mean in DSS in the 
presence of non-response, we consider a ratio-type estimator, details of which are given 
below:

The ratio-type estimator for the population mean is unbiased to the first degree of 
approximation, if the regression of the study variable 0y on the auxiliary variable x
passes through the origin. But, in practice it is hard to obtain such an auxiliary variable 
for which the regression of 0y on x goes through the origin. Keeping this in view and 

motivated by Mohanty and Das (1971) and Khare and Srivastava (1997), we define the 
following:

i) The combined ratio-type estimator for population mean 0Y as 

* *
0c ds

ds

x L
t y

x L

�§ �·�c��
� �¨ �¸

���© �¹
, (7.1)

where �� ��0L �! is a suitably chosen constant.

The variance of the estimator  to the first degree of approximation is given by 
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The variance of *
ct can also be obtained easily from (6.2) just by putting 

�� ��2 0G T R� �� �T.

The variance of *
ct at (7.2) is minimized for �� ��0 optR�T � �E � �T (say) and thus the 
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ii) The separate ratio-type estimator for population mean 0Y as 
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where �� ��0hL �! is a suitably chosen constant for hth stratum.

The variance of *
st to the first degree of approximation is given by 

�� ��*
sVar t �� �� �� ��* 2

0 0 0
1

1 1
1 2

L

ds h xh h h h h h
h h

Var y W S R R
n v� 

�ª �º�§ �·
� �� �� �T �T �� �E�« �»�¨ �¸�c�« �»�© �¹�¬ �¼

�¦ . (7.5)

where �� ��0 0h h hR Y X� and h
h

h h

X

X L

�§ �·
�T � �¨ �¸

���© �¹
; for 1h to L� .
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It follows from (1.2), (1.4), (6.14) and (7.2) that the proposed estimator *
ct is better 

than:

i) the usual DSS estimator 0dsy if 
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ii) the usual DSS estimator *
0dsy in the presence of non-response, if 
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iii) the combined ratio estimator �� ��*( ) *
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r ds dsd y x x�c� in DSS in the presence of non-

response
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Further it follows from (1.2), (1.4), (6.23) and (7.5) that the proposed estimator *
st   is 

better than:

i) the usual DSS estimator 0dsy , if 
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i.e. if 
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ii) the usual DSS estimator *
0dsy in presence of non-response, if 
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iii) the separate estimator �� ��*( ) * '
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8. EMPIRICAL STUDY

To judge the relative merits of the suggested estimators over 0dsy we make use of 

census data in Murthy (1967) {p. 127, Table 4.12}, which was earlier considered by 
Okafor (1996). For the purpose of the analysis both the area of each village and the area 
cultivated in the village are converted to hectares and grouped into three strata with area 
of the village as the stratifying variable, x . The idea is to use DSS to estimate the mean 
area under cultivation. Within each strata, the population was subdivided into respondent 
and non-respondent groups. Villages with larger area are considered to belong to the non-
respondent group.

Table 8.1 demonstrate the parameters obtained from the census data after stratification, 
and used for the calculation of the relative efficiency for sample sizes �� ��,n n�c .
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Table 8.1
Population Parameter

Stratum hW 2hW
0

2
y hS 2

xhS
0

2
(2)y hS

0y xhS hX 0hY

0-930 0.336 0.148 39974.81 54624.49 14549.99 35507.36 581.3826 397.1425
931-1700 0.325 0.133 61455.48 54862.44 17386.54 17473.07 1336.893 777.4563
1701-4300 0.313 0.125 172425.05 428164.23 71175.11 137254.78 2539.509 1234.618

0R = 0.54299, 0Y = 786.4839, X = 1448.462, 
0

2
yS = 201382.3406

For the calculation of the efficiencies shown in Tables 8.4 to 8.6 we assumed that 
N = 10,000 and that hk k� = 2 in all strata.

Table 8.2
Ranges of �T (or L ) for the proposed estimator *

ct to be more 

efficient than different estimators of population mean 0Y

Estimator
Range of �T Range of L Range of �T Range of L

5000n�c� , 1500n � 2000n�c� , 300n � 

odsy (0.43, 0.88) (203.01, 1891.10) (0.31, 0.10) (5.25, 3158.36)
*
odsy (0.00, 1.31) (-343.44, �v) (0.00, 1.31) (-343.44, �v)
*( )c
rd (0.31, 1.00) (0.00, 3211.94) (0.31, 1.00) (0.00, 3211.94)

5000n�c� , 1000n � 1000n�c� , 300n � 

odsy (0.34, 0.97) (50.44, 2756.68) (0.43, 0.88) (203.01, 1891.10)
*
odsy (0.00, 1.31) (-343.44, �v) (0.00, 1.31) (-343.44, �v)
*( )c
rd (0.31, 1.00) (0.00, 3211.94) (0.31, 1.00) (0.00, 3211.94)

5000n�c� , 800n � 1000n�c� , 200n � 

odsy (0.32, 0.10) (13.34, 3078.10) (0.34, 0.97) (50.44, 2756.68)
*
odsy (0.00, 1.31) (-343.44, �v) (0.00, 1.31) (-343.44, �v)
*( )c
rd (0.31, 1.00) (0.00, 3211.94) (0.31, 1.00) (0.00, 3211.94)

2000n�c� , 700n � 1000n�c� , 150n � 

odsy (0.51, 0.80) (370.34, 1367.27) (0.31, 0.10) (5.25, 3158.36)
*
odsy (0.00, 1.31) (-343.44, �v) (0.00, 1.31) (-343.44, �v)
*( )c
rd (0.31, 1.00) (0.00, 3211.94) (0.31, 1.00) (0.00, 3211.94)

2000n�c� , 400n � 

odsy (0.34, 0.97) (50.44, 2756.68)
*
odsy (0.00, 1.31) (-343.44, �v)
*( )c
rd (0.31, 1.00) (0.00, 3211.94)
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Table 8.3
Ranges of h�T (or hL ) for the proposed estimator *

st to be more 

efficient than different estimators of population mean 0Y

Est.
Range of h�T Range of hL

5000n�c� , 1500n � 

odsy 1�T= (0.21, 1.69); 2�T = (0.55)*;

3�T = (0.48, 0.84)
1L = (-237.51, 2155.15); 2L = (1079.65)*;

3L = (474.84, 2792.45)

*
odsy

1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd

1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

5000n�c� , 1000n � 

odsy 1�T= (0.18, 1.72); 2�T = (0.55)*;

3�T = (0.37, 0.95)
1L = (-243.47, 2601.16); 2L = (1079.65)*;

3L = (137.45, 4322.17)

*
odsy

1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd

1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

5000n�c� , 800n � 

odsy 1�T= (0.17, 1.73); 2�T = (0.55)*;

3�T = (0.34, 0.98)
1L = (-245.35, 2779.07); 2L = (1079.65)*;

3L = (61.81, 4874.7)

*
odsy

1�T= (0.00, 1.90); 2�T = (0.00, 1.10

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd

1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

2000n�c� , 700n � 

odsy 1�T= (0.23, 1.67); 2�T = (0.55)*;

3�T = (0.61, 0.71)
1L = (-233.62, 1931.23); 2L = (1079.65)*;

3L = (1032.52, 1638.60)

*
odsy

1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)
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Table 8.3 (continued)
2000n�c� , 400n � 

odsy 1�T= (0.1827, 1.72); 2�T = (0.55)*;

3�T = (0.3701, 0.95)
1L = (-243.47, 2601.16); 2L = (1079.65)*;

3L = (137.44, 4322.17)

*
odsy 1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

2000n�c� , 300n � 

odsy 1�T= (0.17, 1.73); 2�T = (0.55)*;

3�T = (0.34, 0.98)
1L = (-245.79, 2823.52); 2L = (1079.65)*;

3L = (45.53, 5010.24)

*
odsy 1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

1000n�c� , 300n � 

odsy 1�T= (0.2125, 1.69); 2�T = (0.55)*;

3�T = (0.48, 0.84)
1L =(-237.51, 2155.15); 2L = (1079.65)*;

3L = (474.83, 2792.45)

*
odsy 1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

1000n�c� , 200n � 

odsy 1�T= (0.1827, 1.72); 2�T = (0.55)*;

3�T = (0.37, 0.9487)
1L = (-243.47, 2601.16); 2L = (1079.65)*;

3L = (137.45, 4322.17)

*
odsy 1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

1000n�c� , 150n � 

odsy 1�T= (0.17, 1.73); 2�T = (0.55)*;

3�T = (0.34, 0.98)
1L = (-245.79, 2823.52); 2L = (1079.65)*;

3L = (45.53, 5010.25)

*
odsy 1�T= (0.00, 1.90); 2�T = (0.00, 1.10);

3�T = (0.00, 1.32)
1L = (-275.91, �v); 2L = (-113.77, �v);

3L = (-613.82, �v)

*( )s
rd 1�T= (0.90, 1.00); 2�T = (0.10, 1.00);

3�T = (0.32, 1.00)
1L = (0, 62.33); 2L = (0, 12687.03);

3L = (0, 5427.44)

* Interval for 2�T is not obtained owing to complex number. Values of 2�T
have been obtained after omitting the complex number.
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Table 8.4
PREof *

ct with respect to *
odsy for different values of �T, when 5000n�c� and 800n � .

�T 0.00 0.25 0.50 opt�T =0.66 0.75

�� ��* *,c odsPRE t y 100.00 112.19 119.92 121.36 120.83

�T 1.00 1.25 1.30 1.35

�� ��* *,c odsPRE t y 114.60 103.22 100.58 97.88

Table 8.5
PREof *

st with respect to *
odsy for different values of �T, when 5000n�c� and 800n � .

�� ��1 2 3, ,h�T � �T �T �T (0.00, 0.00,
0.00)

(0.25, 0.25,
0.25)

(0.50, 0.35,
0.40)

(0.75, 0.50,
0.60)

( )h opt�T =(0.95, 

0.55, 0.66)

�� ��* *,s odsPRE t y 100.00 112.16 118.62 122.95 123.54

�� ��1 2 3, ,h�T � �T �T �T (1.25, 0.75,
0.75)

(1.50, 0.90,
1.00)

(1.75, 1.00,
1.25)

(1.90, 1.09,
1.31)

(2.00, 1.15,
1.35)

�� ��* *,s odsPRE t y 121.98 115.39 104.79 100.37 97.32

Table 8.6
Relative Efficiency of the proposed estimators over 0dsy

Estimators
Sample sizes �� ��,n n�c

(5000,
1500)

(5000,
1000)

(5000,
800)

(2000,
700)

(2000,
400)

(2000,
300)

(1000,
300)

(1000,
200)

(1000,
150)

*
odsy 0.8724 0.8708 0.8701 0.8944 0.8843 0.8805 0.8963 0.8882 0.8836
*( )c
rd 0.9739 0.9903 0.9971 0.9723 0.9914 0.9989 0.9793 0.9917 0.9990

�� ��*,c optt �T � �T 1.0193 1.0451 1.0559 1.0058 1.0395 1.0531 1.0152 1.0380 1.0514

�� ��*
( ),s h h optt �T � �T 1.0336 1.0626 1.0749 1.0162 1.0548 1.0704 1.0264 1.0526 1.0681

From Tables 8.2 and 8.3, we perceive that there is enough scope of choosing �� ��or L�T

and �� ��h hor L�T to obtain better estimators from *
ct and *

st respectively for different 

values of n�cand n . From Tables 8.4 and 8.5, it is observed that for 5000n�c� and 
800n � , when �T�•(0.0000, 1.3108) {or L�• (–343.4425, �v)} and 1�T �•(0.0000, 1.9032); 

2�T �•(0.0000, 1.0953); 3�T �• (0.0000, 1.3188) {or 1L �• (31.1668, �v); 2L �• (6343.5174, 

�v); 3L �• (2713.7218, �v)}, the proposed modified combined and separate ratio-type 

estimators *
ct and *

st are always more efficient than the usual DSS estimator *
0dsy in the 

presence of non-response.
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Table 8.6 exhibits that under different sample sizes the combined ratio-type estimator 
*
ct and the separate ratio-type estimator *

st in presence of non-response has improvement 

over 0dsy . It is also observed that the relative efficiency of the separate ratio-type 

estimator *
st is more than the usual DSS estimator 0dsy , the usual DSS estimator *

odsy in 

presence of non-response, the combined ratio estimator *( )c
rd in DSS in presence of non-

response and the combined ratio-type estimator *
ct .

Remark 8.1: The problem of optimum allocation can be carried out on the lines of 
Okafor (1996, p. 112-113).
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