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ABSTRACT

Some improved estimators of population mean has been proposed in two phase and
multiphase sampling using information on two and several auxiliary variables. The mini-
mum variance of the proposed estimators has been obtained. Comparison of the proposed
estimators has been done with some available estimators of two phase sampling that utilizes
information of two and several auxiliary variables.
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1 INTRODUCTION

The use of auxiliary information has always been a source of improvement in estimation of
certain population characteristics. The auxiliary variables that have string relationship with
the estimand variable always improve the precision of the estimates resulting in smaller
standard error of the estimate. The use of auxiliary variables in survey sampling has very
old history. Several regression type estimators are available in literature that uses the aux-
iliary information to increase the precision of the estimates. The historical use of the aux-
iliary variables can be found in the regression estimator given by Hansen et al (1953) as:

ȳlr = ȳ+β(X̄− x̄) ;
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where β is the regression coefficient of Y on X . The variance of classical regression esti-
mator is:

Var (ȳlr) = θS2
y
(
1−ρ

2
yx
)

; (1.1)

where θ = n−1−N−1 and ρyx is the correlation coefficient between X and Y . The use
of several auxiliary variable in the context of regression estimator has been discussed by
Ahmad (2008). The multiple regression estimator has the general form:

ȳlr = ȳ+β(X̄− x̄) ;

where β is the regression coefficient of Y on X . The variance of classical regression esti-
mator is:

Var (ȳlr) = θS2
y
(
1−ρ

2
yx
)

; (1.2)

where ρ2
y.x is the squared multiple correlation coefficient between Y and the combined

effect of all the auxiliary variables. The regression estimator has been effectively used in
two phase and multiphase sampling. The estimator of mean in two phase sampling has
been discussed by Hansen et al (1953) and is given as:

ȳlr(2) = ȳ2 +β(x̄1− x̄2) ;

where x̄1 and x̄2 are first phase and second phase mean of auxiliary variable X based upon
the samples of sizes n1and n2 respectively; ȳ2 is mean of Y for the second phase sample of
size n2. The variance of regression estimator for two phase sampling is given as:

Var
(
ȳlr(2)

)
= S2

y
{

θ2
(
1−ρ

2
yx
)
+θ1ρ

2
yx
}

; (1.3)

where θh = n−1
h −N−1 and nh is sample size at hth phase. A slightly modified regres-

sion type estimator has been proposed by Sahoo et al (1993) by using information of two
auxiliary variables. The proposed estimator is:

ȳssm = ȳ2 +β1 (x̄1− x̄2)+β2 (W̄ − w̄1) ;

The variance of estimator given by Sahoo et al (1993) is:

Var (ȳssm) = S2
y
{

θ2
(
1−ρ

2
yx
)
+θ1

(
ρ

2
yx−ρ

2
yw
)}

; (1.4)

where ρ2
yw is squared correlation coefficient between Y and W . Kiregyera (1984) has pro-

posed the following regression-in-regression estimator:

ȳK = ȳ2 +βyx [(x̄1− x̄2)+βwx (W̄ − w̄1)] ;

Some Improved Estimators in Multiphase Sampling196



The variance of ȳK is:

Var (ȳK) = S2
y
[
θ2

(
1−ρ

2
yx
)
+θ1

(
ρ

2
yx +ρ

2
yxρ

2
wx−2ρyxρywρwx

)]
; (1.5)

Roy (2003) has given the following regression type estimator:

ȳR = ȳ2 +α [x̄1 +β(W̄ − w̄1)−{x̄2 + γ(W̄ − w̄2)}] ;

The variance of estimator given by Roy (2003) is:

Var (ȳR) = S2
y
[
θ2

(
1−ρ

2
y.wx

)
+θ1ρ

2
yx.w

(
1−ρ

2
yw
)]

; (1.6)

where ρ2
y.wẋ is the squared multiple correlation between Y and combined effects of X and

W , ρ2
yx.w is the squared partial correlation between Y and X keeping W at a constant level

and ρ2
yw is the squared correlation between Y and W . Another regression type estimator has

been proposed by Samiuddin and Hanif (2007). The estimator is given as:

ȳsh(2) = ȳ2 +α(x̄1− x̄2)+β(W̄ − w̄1)+ γ(W̄ − w̄2) ; (1.7)

Samiuddin and Hanif (2007) has also proposed the following ratio type estimators using
two auxiliary variables:

ȳsh(2) = ȳ2

(
X̄
x̄1

)α1 ( X̄
x̄2

)α2 ( z̄
z̄2

)α3

; (1.8)

Samiuddin and Hanif (2007) has shown that the variance of (1.7) and (1.8) is same as
the variance of Roy’s estimator given in (1.6). Mukerjee et al (1987) has also proposed a
regression type estimator using two auxiliary variables. The estimator is:

ȳM = ȳ2 +βyx (x̄1− x̄2)+βyw (w̄1− w̄2) ;

The variance of ȳM is given as:

Var (ȳM) = S2
y
[
θ2− (θ2−θ1)

(
ρ

2
yw +ρ

2
yx−2ρyxρywρwx

)]
; (1.9)

Chand (1975) has proposed various ratio type estimators. One of the estimator proposed
by Chand (1975) is given as:

ȳC = ȳ2
x̄2w̄1

x̄1W̄
;

The variance of above estimator is of complex form. In this paper we have proposed a
modified regression type estimator using information on several auxiliary variables.

Hanif, Shahbaz and Ahmad 197





with variance given as:

Var (ȳsh1) = S2
y
[
θh

(
1−ρ

2
y.wx

)
+θmρ

2
yx.w

(
1−ρ

2
yw
)]

; (2.5)

A consistent estimator of population mean can be easily written from (2.1) as:

ȳsh1 = ȳ2 +byx.w (x̄1− x̄2)+byw.x (w̄1− w̄2)+byw (W̄ − w̄1) ; (2.6)

with estimator of variance given as:

var (ȳsh1) = s2
y
[
θ2

(
1− r2

y.wx
)
+θ1r2

yx.w
(
1− r2

yw
)]

; (2.7)

The confidence interval for population mean can be easily constructed by using (2.6) and
(2.7).

3 THE PROPOSED ESTIMATOR-2

We propose the following estimator of population mean by using information of several
auxiliary variables:

ȳsh2 = ȳ2 +α
′ (x̄1− x̄2)+β

′ (W̄− w̄1
)

; (3.1)

where x̄1 is vector of first phase mean of p auxiliary variables X , x̄2 is vector of second
phase mean of p auxiliary variables X , w̄1 is vector of first phase mean of q auxiliary vari-
ables W and W̄ is the vector of population means for variable W ′s. The vectors α and β are
the vectors of unknown parameters whose values are to be determined so that the variance
of (3.1) is minimum. Now, using ȳ2 = Ȳ + ēy2 , x̄1 = X̄+ ēx1 , x̄2= X̄+ ēx2 , w̄1= W̄+ ēw1 in
(3.1) we have:

ȳsh2− Ȳ = ēy2 +α
′ (ēx1 − ēx2)−β

′ēw1 ;

Squaring and applying expectation, the variance of ȳsh2 is given as:

Var (ȳsh2) = θ2S2
y +(θ2−θ1)α

′Sxα+θ1β
′Swβ

−2(θ2−θ1)α
′sxy−2θ1β

′swy. (3.2)

where Sx is the covariance matrix of x, Sw is the covariance matrix of w, sxy is vector of
covariances between Y and x and swy is vector of covariances between Y and w. Partially
differentiating (3.2) w.r.t.α and β and setting the derivatives to zero we obtain α = S−1

x sxy

and β = S−1
w swy. Further, by using the value of α and β in (3.2), the variance of (3.1) is:

Var (ȳsh2) = S2
y
[
θ2

(
1−ρ

2
y.x
)
+θ1

(
ρ

2
y.x−ρ

2
y.w

)]
; (3.3)
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