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ABSTRACT

For the ARMA(py,p2) model: X, — 01Xy 1 — ... — 0, Xi—p, = € — 161 —
oo — Qp,€—p, where {€;} are distributed as i.i.d.N(0,0?), setting p = p; + pa we
consider the problem of estimation of the p x 1 parameter vector (= (6’, ’)’ where
0’ = (61,...,0,,) and &’/ = (a,... ,qp,), when it is suspected that ¢ may belong
to the subspace H¢ = h, where both the m x p matrix H and the m x 1 vector h
consist of constants. Five estimators are defined and their asymptotic distributional
bias, M SE matrices, and risk expressions are obtained and compared.
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1 INTRODUCTION

Consider the problem of estimating a p x 1 parameter vector { = (1, ... ,(p)" when
it is suspected that ¢ belongs to a subspace defined by H{ = h where both the m
x p matrix H and the m x 1 vector h consist of known constants. Specifically, we

consider the general subspace restriction of the form
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H¢ = H, 0 O |_|m = h, (1.1)

0 H, «a hy
where for i« = 1, 2, we have that H; is a m; x p; matrix and h; is a m; x 1
vector, all consisting of known constants. This type of restriction arises in applied
problems featuring the ANOVA model, and the sub-hypothesis (See Graybill 1976,
p.172) where the equality of the components of @ and/or a is/are to be tested, for
example.

To resolve this problem, Saleh (2006, p.157) introduced the concept of quasi-
empirical Bayes (QEB) methods, which are straightforward to apply. The methods
have been successfully applied in the area of time series, starting with the autore-
gressive Gaussian processes by Saleh (1992) to study the properties of such esti-
mators. Subsequently, Ould Haye and Saleh (2006) used this quasi-empirical Bayes
method for the estimation of the parameters of the ARMA(p1,p2) model when it
is suspected that the MA(p2) parameters are specified apriori. Recently, Taniguchi
(2008) has applied this estimation method to study the regression model with long
memory disturbances. In this paper, we consider the estimation of the parameters
of the ARMA((p1,p2) model defined by

Xt — 91Xt,1 — ... leXt,pl =€ —O1€t—1 — ... T Qpy€t—py, (12)
where the parameters 8 = (61,...,6,,) and a = (aq,...,qp,) are such that
all the roots of the polynomials hy,(z) = 1 — 612 — ... — 0,,2P* and gp,(2) =
1 — a1z —...— ap,zP? are greater than one in absolute value. Here z = e?*, where

A is the periodicity of the process.
It is well known that the spectral density of the process {X;} is a rational

function of the form

Je Q) = Zlgpa (2) P, (2) 72 > 0, (13)

where o2 is the variance, and the covariance function satisfies the equations 3(7) =
?:1 0,8(1 —j), 7 =p2+1,p2 +2,...(See Doob 1953, Chapter 10, Section 10).
For the estimation of the parameters, one can consider the loglikelihood function

based on a sample of size n, with the sample stretch X = (X,...,X,)’ given by
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Ln(€) = loglp(X1, ..., X)] = —%{nlog(%r) +log [det(B,)] + X'B7'X}, (1.4)

where By is the Toeplitz matrix associated with the spectral density f given by
equation 1.3. Note that

5(0) A1) B(n—1)
pn—1) B(n-2) 5(0)
where
B(T) = B(X, Xy1r) = /_ " i fe(N)dA. (1.6)

In general, the loglikelihood function is computationally complex, and difficult
to manipulate. As such, Whittle (1952) suggested the use of the “principal parts”
of the loglikelihood given by

L,(¢) = —g{log(%r) + % /T; log[27 fe(A)]dA + % /_T; IHJEC)\T))()d)\}, (1.7)

where

- i
In()‘ax) = %|ZXJ€ AJ'? (18)
Jj=1

is the periodogram of the process {X;}.
Thus, using the “principal part” of the loglikelihood function (see Dzhaparidze

1986, p.50), one obtains the asymptotic quasi-MLEs (QMLE), 6, = (61,... ,0,,)’

and &y, = (&1,... ,0p,) , as the roots of the system of equations
™ P2
/ L (M), (2)P1gps ()] " [cos(kA) = Y ajeos(k — 5)AJdA = 0, (1.9)

Jj=1
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fork=1,...,ps,

/ " L) gp, ()| 2leos (k) — i 0;cos(k — )NJdA = 0, (1.10)

—Tr

j=1

fork=1,...,p1, and

&g:/ L)L = 1z — o= Oy 2P PIL = Grz — .o — G2 %A (L11)

—T

It is straightforward to verify that the (p+1) x (p+1) information matrix in this
case is given by (See Dzhaparidze 1986)

Ly -Q 0
Feoz=| Q2 Ty 0 (1.12)
0 0 1/20*
where
Lo = [B(1 = k)/0®Iki=1,... > (1.13)
is a p1 X p; matrix,
1 (™ B
Fo= (3 [ g2t (114
is a pg X pg matrix, and
1 (" ._ _ -
Q) = 5- 2 by, (2)] 7 gpa (2)| 7, (1.15)

—T

is the kl-th component of the ps x p; matrix Q, with z = ¢**. In addition, © is the
transpose of Q. Also define the submatrix T’y as

7
r.— | Fe 9 (1.16)

- T,
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2 LOCALLY ASYMPTOTIC NORMALITY
(LAN)

As stated above, we consider the “principal parts” of the loglikelihood function of
the ARMA process given by equation 1.7. Set [Nm(fn) = mingfm(C). Then, by
Theorem 2.2.1 of Dzhaparidze (1986), ¢, is consistent for ¢; that is &, — ¢ in
probability as n — oo.

Next, we consider local alternatives:

Ky 1 0ny =0 +n7251,81 € R7* and a(ny = o+ n /285,05 € K2, (2.1)

Define the p-dimensional column vector

A C:_7,L1/23~ n!/? /7T L,(\X) 0

seln© =" | Sy el an )

fork=1,...,p. Using Corollary A.1.1 of Appendix 1 of Chapter II of Dzhaparidze
(1986), one may show that under {K(,)}, as n — oo, the loglikelihood ratio

10g(dP,, ¢ -1/25/dPpc) — 8" Ay ¢ + 8'T¢d — 0, (2.3)

where for k,l =1,... ,p, the kl-th component of Iy is given by

) d
Teony = — | =1 1 . 2.4
con = 7= | GElonfN)grioef )N (24)
Hence
A, ~ N,y(0,07°T). (2.5)

Consequently, by Theorem 2.2.2 of Dzhaparidze (1986)

\/R(Cn - C) ~ NP(0702I‘g_1)a (26)

where ¢, = (é;, aly.
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Next, we consider the quasi-restricted MLE of ¢ under the restriction H{ = h
by partitioning H as

g | M 0 (2.7)

0 H;

and similarly partitioning h as h = (h}, h})’. Thus, we define

én = argmax {L,(¢) +~(HC — h)}, (2.8)

where v is the Lagrange multiplier. Using the LAN results above, one may show
that

o =Cn — T 'H/(HL 'H') 7 (HG, — h) +0,(1) = (6),,6,) +0p(1). (2.9

Recently, Ould Haye and Saleh (2006) considered the case where o = g without
any restriction on 6.

We can easily verify that

\/ﬁ(én - C) ~ Np[_(saO'Q(I‘g_l - A)]v (210)
where
8 =-T 'H'(HT;'H')"'(H¢ — h), (2.11)
and
A =T;'H'(HT{'H')"'HT " (2.12)

For the test H{ = h versus H{ # h, we may use the likelihood ratio test defined
by

Tn = 2[l~’n(cn) - zn(&ﬂ)] = 6_2(H5n - h)l(Hrng/)_l(HEn - h) + Op(l)'
(2.13)
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Hence, as n — oo, the limit of

P(Tn < 1'| HO) = Hm(x;o)a (214)

where H,,(x;0) is the cumulative distribution function of a central chi-square dis-
tribution with m degrees of freedom. Our problem is the estimation of { when it is

suspected that ¢ may belong to the subspace defined by H{=h.

3 VARIOUS ESTIMATORS OF ¢ AND THEIR
ASYMPTOTIC PROPERTIES

In Section 2, we have considered two estimators of ¢, namely, the unrestricted
quasi-MLE (UQMLE) given by Cn, and the restricted quasi-MLE (RQMLE) given
by &, In this section, we define three more estimators of ¢ following Saleh (2006) by
combining UQMLE and RQMLE via the test statistics, T;, as follows. Specifically,
we define the preliminary test quasi-MLE (PTQMLE) as

é,I:T = Gn - (671 - 6n)I(Tn < Coc)u

where I(A) is the indicator function of the set A. Next, we define the Stein-type
quasi-MLE (SQMLE), €5, as

és = 611 _k(é:n _én)Tn_lvk = m_27
where k is the shrinking constant, and the positive-rule Stein-type quasi-MLE

(PRSQMLE) given by

Now we have the following Theorem based on the LAN of A,, . stating the asymp-
totic properties of the estimators.

Theorem 1. Under {K(n)} and equations 1.2 and 1.13, as n — oo, we have

Vi(&n =€) ~ N(0,02T ),

Vi(ln =€) ~ Ny[-8,02(T = A)],
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Vi(ln = &n) ~ Ny(8,0%A),
and
n e P AT, < 1)K} = Hon(2; A2), where A2 = 62(8'T6).
Setting Gy =T, ' H' (HL;' H')™! and G, = (HZ+6)' (H T H')"'(HZ+9),
Vi(CET - ¢) = Z-G1(HZ+8) {G; < ca} + 05(1),

V(e =€) =Z — (m — 2)G1(HZ+0)G3 " + 0,(1),

n

and

VSt —¢) = Z — kG, (HZ+6)G; !
—G(HZ+6)[[{Ga < m — 2} — kG5 ' I{Gy < m — 2}] + 0,(1).

We may now use asymptotic distributional theory (See Saleh 2006) to obtain the
asymptotic distributional bias (ADB) and asymptotic distributional M SE matrix
(ADMSE) for {,, as

lim

blanmE{\/ﬁ(gn—C)}zoa
and
lim

M, =n = o0 E {y/n((n — ¢)}? = 0T ! = 0?3 (say),

respectively. We calculate the asymptotic distributional quadratic risk (ADQR) of
the estimators based on the quadratic loss function

LG €) = v ((-€) W(G-0),

where ¢ is any estimator, and W is the matrix of the quadratic loss function.

Thus, for fn, we have
Ry = tr(M; W) = p if W =(¢0?%) 7L
Similarly,

lim

by =n =00 E {yn({, —¢)} = - H'(HE H')~'¢ = -4,
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lim
¢}

M, =n— o0 E {{/n(n =0%(X-A) + 88,

and
Ry = tr(MoW) = o2 tr[(X - A)W] 4+ §"Wa.

We further note that

by =n Lo {(VA(CET —¢)} = —8 Hyppo(ca; A?), where A2 = 0728T 4,

lim

M =n = o0 E {y/n({ET - ¢)}?
so that
M3 = 0238 — 02AH,, 12(ca; A%) + 88'[2H,, 12(ca; A?)—H,pra(ca; A?)],
and Rz = tr(WM3), giving
Rs = Ry - tr(WA) H,,10(ca; A%) + 8'W6 [2H,,40(c; A%)—H,pa(ca; A?)].

For the Stein-type estimators, we have

by =n o B {yA(ES - €)} = —8(m — 2E[;2,(A2)].

In addition, since My = n li>moo E {V/n({S - ¢)}2, we have

M, = 023 — 02(m — 2)A{2E[xm+2(A2)] (m = 2)E[x;, 2 (A%)]}
+(m? — 4)88"E[x;, 4(A%)],

while the asymptotic distributional quadratic risk is given by

Ry = Ry -(m-2)tr(WA) {2E[x;,%5(A%)] = (m — 2)E[x;, 5 (A%)]}
+(m? — 4)6'W§ E[x,, 1 4(A?)].
Finally, for C}f +
lim

bs =n = o0 E {y/n(¢5t - ¢)}
+E[(1 = (m — 2)x,,22(A?))

= —5{( — 2)E[x;52(A%)]
I(Xn42(A%) <m —2)]}.

We also have
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Ms = My — oA E[(1 — (m — 2)x;,%2(A%))°1(x7,12(A%) < m — 2)]
+00"(2E[(1 — (m — 2)x; 42 (AP))I(x 42(A?) <m —2)]
B[(1 = (m = 2)x.%2(A%)° 10 42(A%) < m = 2)]},

and

R5 = Ry - tr(WA) E[(1 — (m — 2)x;,52(A%))°1(x7,42(A%) < m —2)]
+ 8'W3 {2E[(1 — (m — 2)x;. %2 (A%)I(x,42(A%) < m —2)]
B[(1 = (m = 2)x.%2(A%))° 10 42(A%) < m = 2)]}.

4 ANALYSIS OF ADB, ADMSE AND RISK
FUNCTIONS

4.1 Comparison of ADB

First, we compare the asymptotic distributional bias (ADB) via the quadratic bias
expressions defined by B(¢*) = b(¢%)" T'¢ b(¢¥). Explicitly, they are

Bi({n) =0,
By((n) = 0720’0 716 = A2,
B3((PT) = AHZ, ,(ca; A?),
B4((5) = A%(m — 2)*{E[x;,2 ()]},
and

B5(C3T) = A*{(m — 2)E[x,, 2 ,(A?)]
+ E[(1 = (m = 2)x; 22 (AM)I(G,42(A%) < m = 2)]}2.

Clearly, En is unbiased and the ADB of the restricted estimator, 6n is unbounded.
The ADB of the PTQMLE, éfT depends upon the size of the test, a and A2, while
the ADB of C}f and C}f*‘ depend only on AZ. One may easily show that the ADB

relations satisfy
0 = By () <B5(E5) <Ba(ES) <B3(CET) <Bs(Cn),

under certain conditions on the size of the test. The positions of Bg(é,'}: T) and

B4(é§) switch depending upon the value of a.
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4.2 Comparison of ADMSE

Next we compare the estimators with respect to the asymptotic distributional MSE
matrices (ADMSE). First note that

M1 - MQ = O'2A - (S(SI,
M1 - M3 = O'2A Hm+2(Ca; A2) — 65/[2Hm+2(0a; Az)—H7n+4(Ca; Az)],

M, - M, = 02A(m — 2){2E[x; 35 (A2)] — (m — 2Bl 4, (A2)]}
—(m? — 4)36'E[x,, 4 (A2)],

and

M, - Ms = 02A E[(1 — (m — 2)x;,25(A2)21(x%, 12(A%) < m — 2)
—88'{2E[(1 = (m — 2)x;, 32 (A?)I(X712(A%) <m — 2)]
~E[(1— (m - Q)X;ziz(Az))QI(X?nH(AQ) <m—2)]}.

From Saleh (2006, p.362), the ADMSE differences are positive semi-definite

whenever we have, for a non-zero vector I = (Iy,la,... ,1,)

(i) /(M; - M3) I > 0 whenever A% <1,

e\ gy . 2 Hoyo(cqin?)
(ii) I'(M; - M3) I > 0 whenever A? < T o lenas) T (enia?) <1,

(iii) I'(M; - My) I > 0 whenever mAQE[X;ﬁ_4(A2)] <(m-— 2)E[X7_ni2(A2)],
and
(iv) U'(My - M5) 1 > 0 for all A2,

Thus, fn performs better than 5,, whenever A2 < 1; otherwise C~n is better than
fn. Secondly, CA:T is superior to En in the range of A? specified by (ii) above;
otherwise En is superior to ff T Thirdly, M; - My is not positive semi-definite for
all A? according to (iii). Thus, CAS does not dominate C~n uniformly. Finally, C}f‘*
dominates f;f for all A? by (iv).

Next, we consider some of the other ADMSE differences, namely

M, - M3 = —02A{ [1 - Hyyo(ca; A%)] + 88’1 - 2H,,40(ca; A?)+H,14(ca; A2)]},
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M; - My = —0*A[l = (m = 2){2E[x;52(A%)] + (m — 2)E[x;, 45 (A%)]}
+06"{1 — (m® — 4)E[x;, 44 (A%)]},

and

My - M = 02 A [Hyppo(ca; A%) = (m = 2){2E[x;, 22 (A%)] = (m = 2)E[x;, 1 (A%)]}]
_66,{[2Hm+2 (Cas A2)_Hm+4(cav AQ)] (m2 - 4)E[Xm+4(A2)H

Thus, we find that My - M3 is positive semi-definite whenever

2 ]- H7n+2(cou )
(a) A - 1 2Hm+2(ca AZ)— m+4(ca§A2)]-

In addition, we find that My - My is positive semi-definite whenever

- (m=2){ 2B, (AM)]+(m-2)Ex, L. (AH)]}
I - (m2-9E[;, %, (a2)] ’

(b) A2 <

and that My - Mg is positive semi-definite whenever

Honga(cain?) —(m=2){2E[x, 5, (AM)+(m=2) B, (A7)}
2Hm+2(ca A2) Hm+4(ca AQ) (m2 4)E[Xm+4(A2)] ’

(c) A% <

Accordingly ¢, is superior to ff: T if (a) holds; otherwise ff T is superior. Similarly,
if (b) holds then ¢, is superior to C}f, otherwise fs is superior. In addition, fs is
superior to P if (c) holds.

In general, under Hy: H¢ = h, one can order the ADMSE’s according to the

dominance as
M; > My > M; > M3 > M,.

Note also that the position of M3 may change according to the size of the test to
M; > M3 > My > Mj5 > Mo.

4.3 Comparison of Quadratic Risk Functions

Finally, we compare the asymptotic distributional quadratic risks (ADQR) of the
estimators. Thus the asymptotic risk efficiency (ARE) of fn to Zn is given by

d oz (WA §WE
ARE(Cn . Cn) - [1 tr(WE) + U2tr(W2)]

Note that ARE(fn : Zn) is a decreasing function in A? due to
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. ’

(i) Cliypiy, (WE) < IV < Chinax(WE)
where Chy;;, and Chpax are the minimum and maximum characteristic roots of
W3, and

(ii) 0 A%Chyiy (WE) < 8'W4 < 0°A?Chpax(WE)

Hence, if n = tr(WA)/tr(WX),

A2Chmin(W2)]_1

2Ch W3, _ z Lz
1=+ SR < ARE(Gn : G) < [1- n+ —— il

tr(WX)

Note that when A? = 0, the bounds are equal to [1 - n]~! > 1.
Next, since the ARE of éfT to ¢, is given by ARE(E}:T : ¢n) = Ri/R3, we

have

ARE(&:T : En): [1 - nHm+2(Ca; A2)

’
+tf(\v7\‘/7g3) {2Hp12(Cas A%)=Hypnyalca; A%

Then {PT is superior to ¢, if

AQ < Chmax(wz) Hm+2(ca?A2)
= tr(WY)  (2Hni2(ca;282)—Himia(ea;a®)}’

and if

Chpip (W) Hoya(casn?)
tr(WX)  {2H.i2(ca;a?)—Honpa(cas;a2)}’

A2 >

then ¢, is superior to ff: T Since ff T does not dominate ¢, uniformly, one may

select an optimum critical value c,~ such that

miny2 ARE(CET : {,) = minpz E(a, A?) = E(a, A2 . ) = E.

min
The resulting (a°P?t, Afnin) provide the minimum guaranteed ARE(E}: T .¢,) for

the application of the PTQMLE.
Now we compare C}f with 5,, Writing R4 as

Ry = 02(WS)— (m — 2)02r(WA){2E[x; 2 5(A2)] — (m — 2)E[x; 4 (A2)]}
+(m? - 4)5'WE[x,,,(22)]

Hence, we have
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