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ABSTRACT

For the ARMA(p1, p2) model: Xt − θ1Xt−1 − . . . − θp1
Xt−p1

= ǫt − α1ǫt−1 −
. . . − αp2

ǫt−p2
where {ǫt} are distributed as i.i.d.N (0, σ2), setting p = p1 + p2 we

consider the problem of estimation of the p x 1 parameter vector ζ= (θ0,α0)′ where

θ0 = (θ1, . . . , θp1
) and α0 = (α1, . . . , αp2

), when it is suspected that ζ may belong

to the subspace Hζ = h, where both the m x p matrix H and the m x 1 vector h

consist of constants. Five estimators are defined and their asymptotic distributional

bias, MSE matrices, and risk expressions are obtained and compared.
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1 I N T RODUCT I ON

Consider the problem of estimating a p x 1 parameter vector ζ = (ζ1, . . . , ζp)
′ when

it is suspected that ζ belongs to a subspace defined by Hζ = h where both the m

x p matrix H and the m x 1 vector h consist of known constants. Specifically, we

consider the general subspace restriction of the form
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Hζ =




H1 0

0 H2








θ

α



 =




h1

h2



 = h, (1.1)

where for i = 1, 2, we have that Hi is a mi x pi matrix and hi is a mi x 1

vector, all consisting of known constants. This type of restriction arises in applied

problems featuring the ANOVA model, and the sub-hypothesis (See Graybill 1976,

p.172) where the equality of the components of θ and/or α is/are to be tested, for

example.

To resolve this problem, Saleh (2006, p.157) introduced the concept of quasi-

empirical Bayes (QEB) methods, which are straightforward to apply. The methods

have been successfully applied in the area of time series, starting with the autore-

gressive Gaussian processes by Saleh (1992) to study the properties of such esti-

mators. Subsequently, Ould Haye and Saleh (2006) used this quasi-empirical Bayes

method for the estimation of the parameters of the ARMA(p1, p2) model when it

is suspected that the MA(p2) parameters are specified apriori. Recently, Taniguchi

(2008) has applied this estimation method to study the regression model with long

memory disturbances. In this paper, we consider the estimation of the parameters

of the ARMA(p1, p2) model defined by

Xt − θ1Xt−1 − . . . − θp1
Xt−p1

= ǫt − α1ǫt−1 − . . . − αp2
ǫt−p2

, (1.2)

where the parameters θ = (θ1, . . . , θp1
)′ and α = (α1, . . . , αp2

)′ are such that

all the roots of the polynomials hp1
(z) = 1 − θ1z − . . . − θp1

zp1 and gp2
(z) =

1− α1z − . . . − αp2
zp2 are greater than one in absolute value. Here z = eiλ, where

λ is the periodicity of the process.

It is well known that the spectral density of the process {Xt} is a rational

function of the form

fζ(λ) =
σ2

π
|gp2

(z)|2|hp1
(z)|−2 > 0, (1.3)

where σ2 is the variance, and the covariance function satisfies the equations β(τ ) =
∑p1

j = 1 θjβ(τ − j), τ = p2 + 1, p2 + 2, . . . (See Doob 1953, Chapter 10, Section 10).

For the estimation of the parameters, one can consider the loglikelihood function

based on a sample of size n, with the sample stretch X = (X1, . . . , Xn)
′ given by
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Ln(ζ) = log[p(X1, . . . , Xn)] = −1

2
{nlog(2π) + log [det(Bf )] +X

′B−1
f X}, (1.4)

where Bf is the Toeplitz matrix associated with the spectral density fζ given by

equation 1.3. Note that

Bf =















β(0) β(1) · · · β(n − 1)

β(1) β(0) · · · β(n − 1)
...

...
. . .

...

β(n − 1) β(n − 2) · · · β(0)















(1.5)

where

β(τ ) = E(XtXt + τ ) =

∫ π

−π

eiλτfζ(λ)dλ. (1.6)

In general, the loglikelihood function is computationally complex, and difficult

to manipulate. As such, Whittle (1952) suggested the use of the “principal parts”

of the loglikelihood given by

L̃n(ζ) = −n

2
{log(2π) +

1

2π

∫ π

−π

log[2πfζ(λ)]dλ +
1

2π

∫ π

−π

In(λ, X)

fζ(λ)
dλ}, (1.7)

where

In(λ,X) =
1

2π
|

n
∑

j = 1

Xje
iλj |, (1.8)

is the periodogram of the process {Xt}.
Thus, using the “principal part” of the loglikelihood function (see Dzhaparidze

1986, p.50), one obtains the asymptotic quasi-MLEs (QMLE), θ̃n = (θ̃1, . . . , θ̃p1
)′

and α̃n = (α̃1, . . . , α̃p2
)′, as the roots of the system of equations

∫ π

−π

In(λ)|hp1
(z)|2|gp2

(z)|−4[cos(kλ)−
p2
∑

j = 1

αjcos(k − j)λ]dλ = 0, (1.9)
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for k = 1, . . . , p2,

∫ π

−π

In(λ)|gp2
(z)|−2[cos(kλ)−

p1
∑

j = 1

θjcos(k − j)λ]dλ = 0, (1.10)

for k = 1, . . . , p1, and

σ̃2
n =

∫ π

−π

In(λ)|1− θ̃1z − . . . − θ̃p1
zp1 |2|1− α̃1z − . . . − α̃p2

zp2 |−2dλ. (1.11)

It is straightforward to verify that the (p+1) x (p+1) information matrix in this

case is given by (See Dzhaparidze 1986)

Γ³;¾2 =









Γµ -Ω0 0

-Ω Γ® 0

0 0 1/2σ4








(1.12)

where

Γµ = [β(l − k)/σ2]k,l = 1,... ,p1
, (1.13)

is a p1 x p1 matrix,

Γ® = [
1

2π

∫ π

−π

ei(l−k)λ|gp2
(z)|−2dλ]k,l = 1,... ,p2

, (1.14)

is a p2 x p2 matrix, and

Ω(kl) =
1

2π

∫ π

−π

zk−l|hp1
(z)|−1|gp2

(z)|−1dλ, (1.15)

is the kl-th component of the p2 x p1 matrix Ω, with z = eiλ. In addition, Ω0 is the

transpose of Ω. Also define the submatrix Γ³ as

Γ³ =




Γµ -Ω0

-Ω Γ®



 (1.16)
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2 LOCALLY ASYM P T OT I C N ORM ALI T Y
(LAN )

As stated above, we consider the “principal parts” of the loglikelihood function of

the ARMA process given by equation 1.7. Set L̃n(ζ̃n) = minζL̃n(ζ). Then, by

Theorem 2.2.1 of Dzhaparidze (1986), ζ̃n is consistent for ζ; that is ζ̃n → ζ in

probability as n → ∞.

Next, we consider local alternatives:

K(n) : θ( n) = θ + n−1/2δ1,δ1 ∈ ℜp1 and α( n ) = α+ n−1/2δ2, δ2 ∈ ℜp2 . (2.1)

Define the p-dimensional column vector

∆n;³ = −n1/2 ∂

∂ζ
L̃n(ζ) =

n1/2

4π

∫ π

−π

In(λ, X)

fζ(λ)

∂

∂ζk
logfζ(λ)dλ, (2.2)

for k = 1, . . . , p. Using Corollary A.1.1 of Appendix 1 of Chapter II of Dzhaparidze

(1986), one may show that under {K(n)}, as n → ∞, the loglikelihood ratio

log(dPn,ζ + n − 1/2δ/dPn,ζ)− δ0∆n;³ + δ0Γ³δ → 0, (2.3)

where for k, l = 1, . . . , p, the kl-th component of Γ³ is given by

Γ³ ( k l ) =
1

4π

∫ π

−π

∂

∂ζk
logfζ(λ)

∂

∂ζl
logfζ(λ)dλ. (2.4)

Hence

∆n;³ ∼ Np(0, σ
−2Γ³). (2.5)

Consequently, by Theorem 2.2.2 of Dzhaparidze (1986)

√
n(ζ̃n − ζ) ∼ Np(0, σ2Γ¡1

³ ), (2.6)

where ζ̃n = (θ̃0
n

, α̃0
n
)′.
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Next, we consider the quasi-restricted MLE of ζ under the restriction Hζ = h

by partitioning H as

H =




H1 0

0 H2



 (2.7)

and similarly partitioning h as h = (h′
1, h

′
2)

′. Thus, we define

ζ̂n = argmaxζ{Ln(ζ) + γ(Hζ − h)}, (2.8)

where γ is the Lagrange multiplier. Using the LAN results above, one may show

that

ζ̂n = ζ̃n − Γ¡1
³ H′(HΓ¡1

³ H′)−1(Hζ̃n − h) + op(1) = (θ̂0
n

, α̂0
n
)′ + op(1). (2.9)

Recently, Ould Haye and Saleh (2006) considered the case where α = α0 without

any restriction on θ.

We can easily verify that

√
n(ζ̂n − ζ) ∼ Np[−δ, σ2(Γ¡1

³ −A)], (2.10)

where

δ = −Γ¡1
³ H′(HΓ¡1

³ H′)−1(Hζ − h), (2.11)

and

A = Γ¡1
³ H′(HΓ¡1

³ H′)−1HΓ¡1
³ . (2.12)

For the test Hζ = h versus Hζ �= h, we may use the likelihood ratio test defined

by

Tn = 2[L̃n(ζ̃n)− L̃n(ζ̂n)] = σ̃−2
n (Hζ̃n − h)′(HΓ¡1

³̃
H′)−1(Hζ̃n − h) + op(1).

(2.13)
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Hence, as n → ∞, the limit of

P(Tn ≤ x| H0) = Hm(x; 0), (2.14)

where Hm(x; 0) is the cumulative distribution function of a central chi-square dis-

tribution with m degrees of freedom. Our problem is the estimation of ζ when it is

suspected that ζ may belong to the subspace defined by Hζ=h.

3 VARI OUS E ST I M AT ORS OF ζ AN D T H E I R
ASYM P T OT I C P ROP E RT I E S

In Section 2, we have considered two estimators of ζ, namely, the unrestricted

quasi-MLE (UQMLE) given by ζ̃n, and the restricted quasi-MLE (RQMLE) given

by ζ̂n. In this section, we define three more estimators of ζ following Saleh (2006) by

combining UQMLE and RQMLE via the test statistics, Tn as follows. Specifically,

we define the preliminary test quasi-MLE (PTQMLE) as

ζ̂PT
n

= ζ̃n − (ζ̃n − ζ̂n)I(Tn < cα),

where I(A) is the indicator function of the set A. Next, we define the Stein-type

quasi-MLE (SQMLE), ζ̂S
n
, as

ζ̂S
n
= ζ̃n − k(ζ̃n − ζ̂n)T

−1
n , k = m − 2,

where k is the shrinking constant, and the positive-rule Stein-type quasi-MLE

(PRSQMLE) given by

ζ̂S +
n

= ζ̂S
n
− (ζ̂S

n
− ζ̂n)I(Tn ≤ k).

Now we have the following Theorem based on the LAN of ∆n;³ stating the asymp-

totic properties of the estimators.

Theorem 1. Under {K(n)} and equations 1.2 and 1.13, as n → ∞, we have
√

n(ζ̃n − ζ) ∼ Np(0, σ2Γ¡1
³ ),

√
n(ζ̂n − ζ) ∼ Np[−δ, σ2(Γ¡1

³ −A)],

Farrell and Saleh 141



√
n(ζ̃n − ζ̂n) ∼ Np(δ, σ2A),

and

lim
n → ∞ P {Tn ≤ x|K(n)} = Hm(x; ∆2), where ∆2 = σ2(δ0Γ³δ).

Setting G1 = Γ
¡1
³ H ′ (HΓ¡1

³ H ′)−1 and G2 = (HZ+δ)′(H Γ¡1
³ H ′)−1(HZ+δ),

√
n(ζ̂PT

n
− ζ) = Z−G1(HZ+δ)I{G2 ≤ cα}+ op(1),

√
n(ζ̂S

n
− ζ) = Z− (m − 2)G1(HZ+δ)G−1

2 + op(1),

and

√
n(ζ̂S +

n
− ζ) = Z− kG1(HZ+δ)G−1

2

−G1(HZ+δ)[I{G2 < m − 2} − kG−1
2 I{G2 < m − 2}] + op(1).

We may now use asymptotic distributional theory (See Saleh 2006) to obtain the

asymptotic distributional bias (ADB) and asymptotic distributional MSE matrix

(ADMSE) for ζ̃n as

b1 =
lim

n → ∞ E {√n(ζ̃n − ζ)} = 0,

and

M1 =
lim

n → ∞ E {√n(ζ̃n − ζ)}2 = σ2Γ¡1
³

= σ2Σ (say),

respectively. We calculate the asymptotic distributional quadratic risk (ADQR) of

the estimators based on the quadratic loss function

L(ζ¤
n
; ζ) =

√
n (ζ¤

n
-ζ)′ W(ζ¤

n
-ζ),

where ζ¤
n

is any estimator, and W is the matrix of the quadratic loss function.

Thus, for ζ̃n, we have

R1 = tr(M1W) = p if W =(σ2Σ)−1.

Similarly,

b2 =
lim

n → ∞ E {√n(ζ̂n − ζ)} = −Σ H′(HΣ H′)−1ξ = −δ,
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M2 =
lim

n → ∞ E {√n(ζ̂n − ζ)}2 = σ2(Σ - A) + δδ0,

and

R2 = tr(M2W) = σ2 tr[(Σ - A)W] + δ0Wδ.

We further note that

b3 =
lim

n → ∞ E {√n(ζ̂PT
n

− ζ)} = −δ Hm + 2(cα; ∆
2), where ∆2 = σ−2δ0Γ³δ,

M3 =
lim

n → ∞ E {√n(ζ̂PT
n

− ζ)}2

so that

M3 = σ2Σ− σ2AHm + 2(cα; ∆
2) + δδ0[2Hm + 2(cα; ∆

2)−Hm + 4(cα;∆
2)],

and R3 = tr(WM3), giving

R3 = R1 - tr(WA) Hm + 2(cα; ∆
2) + δ0Wδ [2Hm + 2(cα; ∆

2)−Hm + 4(cα;∆
2)].

For the Stein-type estimators, we have

b4 =
lim

n → ∞ E {√n(ζ̂S
n
− ζ)} = −δ(m − 2)E[χ−2

m−2(∆
2)].

In addition, since M4 =
lim

n → ∞ E {√n(ζ̂S
n
− ζ)}2, we have

M4 = σ2Σ− σ2(m − 2)A{2E[χ−2
m + 2(∆

2)]− (m − 2)E[χ−4
m + 2(∆

2)]}
+(m2 − 4)δδ0E[χ−4

m + 4(∆
2)],

while the asymptotic distributional quadratic risk is given by

R4 = R1 -(m-2)tr(WA) {2E[χ−2
m + 2(∆

2)]− (m − 2)E[χ−4
m + 2(∆

2)]}
+(m2 − 4)δ0Wδ E[χ−4

m + 4(∆
2)].

Finally, for ζ̂S +
n

b5 =
lim

n → ∞ E {√n(ζ̂S +
n

− ζ)} = −δ{(m − 2)E[χ−2
m + 2(∆

2)]

+E[(1− (m − 2)χ−2
m + 2(∆

2))I(χ2
m + 2(∆

2) ≤ m − 2)]}.

We also have
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M5 = M4 − σ2A E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m + 2(∆

2) ≤ m − 2)]

+δδ0{2E[(1− (m − 2)χ−2
m + 2(∆

2))I(χ2
m+ 2(∆

2) ≤ m − 2)]

-E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m + 2(∆

2) ≤ m − 2)]},

and

R5 = R4 - tr(WA) E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m + 2(∆

2) ≤ m − 2)]

+ δ0Wδ {2E[(1− (m − 2)χ−2
m + 2(∆

2))I(χ2
m + 2(∆

2) ≤ m − 2)]

-E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m + 2(∆

2) ≤ m − 2)]}.

4 AN ALYSI S OF ADB , ADM SE AN D RI SK
FUN CT I ON S

4.1 Compar ison of ADB

First, we compare the asymptotic distributional bias (ADB) via the quadratic bias

expressions defined by B(ζ¤
n
) = b(ζ¤

n
)′ Γ³ b(ζ

¤

n
). Explicitly, they are

B1(ζ̃n) = 0,

B2(ζ̂n) = σ−2δ0Γ³
¡1δ = ∆2,

B3(ζ̂
PT
n

) = ∆2H2
m + 2(cα; ∆

2),

B4(ζ̂
S
n
) = ∆2(m − 2)2{E[χ−2

m−2(∆
2)]}2,

and

B5(ζ̂
S +
n

) = ∆2{(m − 2)E[χ−2
m−2(∆

2)]

+ E[(1− (m − 2)χ−2
m + 2(∆

2))I(χ2
m + 2(∆

2) ≤ m − 2)]}2.

Clearly, ζ̃n is unbiased and the ADB of the restricted estimator, ζ̂n is unbounded.

The ADB of the PTQMLE, ζ̂PT
n

depends upon the size of the test, α and ∆2, while

the ADB of ζ̂S
n

and ζ̂S +
n

depend only on ∆2. One may easily show that the ADB

relations satisfy

0 = B1(ζ̃n) ≤B5(ζ̂
S +
n

) ≤B4(ζ̂
S
n
) ≤B3(ζ̂

PT
n

) ≤B2(ζ̂n),

under certain conditions on the size of the test. The positions of B3(ζ̂
PT
n

) and

B4(ζ̂
S
n
) switch depending upon the value of α.
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4.2 Compar ison of ADM SE

Next we compare the estimators with respect to the asymptotic distributional MSE

matrices (ADMSE). First note that

M1 - M2 = σ2A - δδ0,

M1 - M3 = σ2A Hm + 2(cα; ∆
2)− δδ0[2Hm + 2(cα; ∆

2)−Hm + 4(cα; ∆
2)],

M1 - M4 = σ2A(m − 2){2E[χ−2
m + 2(∆

2)]− (m − 2)E[χ−4
m + 2(∆

2)]}
−(m2 − 4)δδ0E[χ−4

m + 4(∆
2)],

and

M4 - M5 = σ2A E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m + 2(∆

2) ≤ m − 2)]

−δδ0{2E[(1− (m − 2)χ−2
m + 2(∆

2))I(χ2
m+ 2(∆

2) ≤ m − 2)]

−E[(1− (m − 2)χ−2
m + 2(∆

2))2I(χ2
m+ 2(∆

2) ≤ m − 2)]}.

From Saleh (2006, p.362), the ADMSE differences are positive semi-definite

whenever we have, for a non-zero vector l = (l1, l2, . . . , lp)
′

(i) l′(M1 - M2) l ≥ 0 whenever ∆2 ≤ 1,

(ii) l′(M1 - M3) l ≥ 0 whenever ∆2 ≤ Hm+2(cα;∆ 2)

[2Hm+2(cα;∆ 2)−Hm+4(cα;∆ 2)]
≤ 1,

(iii) l′(M1 - M4) l ≥ 0 whenever m∆2E[χ−4
m + 4(∆

2)] ≤ (m − 2)E[χ−4
m+ 2(∆

2)],

and

(iv) l′(M4 - M5) l ≥ 0 for all ∆2.

Thus, ζ̂n performs better than ζ̃n whenever ∆2 ≤ 1; otherwise ζ̃n is better than

ζ̂n. Secondly, ζ̂PT
n

is superior to ζ̃n in the range of ∆2 specified by (ii) above;

otherwise ζ̃n is superior to ζ̂PT
n

. Thirdly,M1 -M4 is not positive semi-definite for

all ∆2 according to (iii). Thus, ζ̂S
n

does not dominate ζ̃n uniformly. Finally, ζ̂S +
n

dominates ζ̂S
n

for all ∆2 by (iv).

Next, we consider some of the other ADMSE differences, namely

M2 - M3 = −σ2A{ [1 - Hm + 2(cα; ∆
2)] + δδ0[1 - 2Hm + 2(cα;∆

2)+Hm + 4(cα; ∆
2)]},
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M2 - M4 = −σ2A[1− (m − 2){2E[χ−2
m + 2(∆

2)] + (m − 2)E[χ−4
m + 2(∆

2)]}
+δδ0{1− (m2 − 4)E[χ−4

m + 4(∆
2)]},

and

M4 -M3 = σ2A [Hm+ 2(cα; ∆
2)− (m− 2){2E[χ−2

m + 2(∆
2)]− (m − 2)E[χ−4

m + 2(∆
2)]}]

−δδ0{[2Hm + 2(cα;∆
2)−Hm + 4(cα; ∆

2)] + (m2 − 4)E[χ−4
m + 4(∆

2)]}.

Thus, we find that M2 - M3 is positive semi-definite whenever

(a) ∆2 ≤ 1 - Hm+2(cα;∆ 2)

1 - 2Hm+2(cα;∆ 2)−Hm+4(cα;∆ 2)]
.

In addition, we find that M2 - M4 is positive semi-definite whenever

(b) ∆2 ≤ 1 - (m−2){2E[χ− 2
m+2(∆

2)]+ (m−2)E[χ− 4
m+2(∆

2)]}

1 - (m2−4)E[χ− 4
m+4(∆

2)]
,

and that M4 - M3 is positive semi-definite whenever

(c) ∆2 ≤ Hm+2(cα;∆ 2)−(m−2){2E[χ− 2
m+2(∆

2)]+ (m−2)E[χ− 4
m+2(∆

2)]}

2Hm+2(cα;∆ 2)−Hm+4(cα;∆ 2)−(m2−4)E[χ − 4
m+4(∆

2)]
,

Accordingly ζ̂n is superior to ζ̂PT
n

if (a) holds; otherwise ζ̂PT
n

is superior. Similarly,

if (b) holds then ζ̂n is superior to ζ̂S
n
; otherwise ζ̂S

n
is superior. In addition, ζ̂S

n
is

superior to ζ̂PT
n

if (c) holds.

In general, under H0: Hζ = h, one can order the ADMSE’s according to the

dominance as

M1 ≥ M4 ≥ M5 ≥ M3 ≥ M2.

Note also that the position of M3 may change according to the size of the test to

M1 ≥ M3 ≥ M4 ≥ M5 ≥ M2.

4.3 Compar ison of Quadr atic Risk Functions

Finally, we compare the asymptotic distributional quadratic risks (ADQR) of the

estimators. Thus the asymptotic risk efficiency (ARE) of ζ̂n to ζ̃n is given by

ARE(ζ̂n : ζ̃n) = [1− tr(WA)

tr(WΣ)
+ δ0Wδ

σ2tr(WΣ)
]−1.

Note that ARE(ζ̂n : ζ̃n) is a decreasing function in ∆2 due to
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(i) Chmin (WΣ) ≤ δ0Wδ
δ0Σ¡1δ

≤ Chmax(WΣ)

where Chmin and Chmax are the minimum and maximum characteristic roots of

WΣ, and

(ii) σ2∆2Chmin (WΣ) ≤ δ0Wδ ≤ σ2∆2Chmax(WΣ)

Hence, if η = tr(WA)/tr(WΣ),

[1 - η + ∆ 2Chmax(WΣ)

tr(WΣ)
]−1 ≤ ARE(ζ̂n : ζ̃n) ≤ [1 - η +

∆ 2Chmin(WΣ)

tr(WΣ)
]−1.

Note that when ∆2 = 0, the bounds are equal to [1 - η]−1 ≥ 1.

Next, since the ARE of ζ̂PT
n

to ζ̃n is given by ARE(ζ̂PT
n

: ζ̃n) = R1/R3, we

have

ARE(ζ̂PT
n

: ζ̃n)= [1 - ηHm + 2(cα; ∆
2)

+ δ0Wδ
tr(WΣ)

{2Hm + 2(cα; ∆
2)−Hm + 4(cα; ∆

2)}]−1.

Then ζ̂PT
n

is superior to ζ̃n if

∆2 ≤ Chmax(WΣ)

tr(WΣ)

Hm+2(cα;∆ 2)

{2Hm+2(cα;∆ 2)−Hm+4(cα;∆ 2)}
,

and if

∆2 >
Chmin(WΣ)

tr(WΣ)

Hm+2(cα;∆ 2)

{2Hm+2(cα;∆ 2)−Hm+4(cα;∆ 2)}
,

then ζ̃n is superior to ζ̂PT
n

. Since ζ̂PT
n

does not dominate ζ̃n uniformly, one may

select an optimum critical value cα∗ such that

min∆ 2 ARE(ζ̂PT
n

: ζ̃n) = min∆ 2 E(α,∆2) = E(α,∆2
min) = E0.

The resulting (αopt,∆2
min) provide the minimum guaranteed ARE(ζ̂PT

n
: ζ̃n) for

the application of the PTQMLE.

Now we compare ζ̂S
n

with ζ̃n. Writing R4 as

R4 = σ2tr(WΣ)−(m − 2)σ2tr(WA){2E[χ−2
m + 2(∆

2)]− (m − 2)E[χ−4
m+ 2(∆

2)]}
+(m2 − 4)δ0WδE[χ−4

m + 4(∆
2)],

Hence, we have
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