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ABSTRACT

This paper presents a review about the theory of regression analysis based on Jgrgensen’s
dispersion models, which extends the classical theory of generalized linear models (GLMSs).
Dispersion models provide a rich class of parametric models useful to conduct regression
analysis of non-normal data, which contain all the error distributions considered in the
classical GLMs. One example used to illustrate the extension is the simplex GLM for
continuous proportional data. Details concerning the maximum likelihood estimation are
presented, accompanied with some numerical results.
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1 INTRODUCTION

This paper concerns an extended regression analysis theory of generalized linear models
(GLMs) with the utility of Jgrgensen’s (1987; 1997) dispersion models. The dispersion
models provide a rich class of one-dimensional parametric distributions for various data
types, including those commonly considered in the GLM analysis. In effect, error distri-
butions in the classical GLMs (e.g. McCullagh and Nelder, 1989) form a special subclass
of the dispersion models, which are called é&xponential dispersion modelEhis implies

that the GLMs outlined in the current statistical literature, (e.g. McCullagh and Nelder,
1989) are special cases of the models considered in this paper. Two important models that
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530 Dispersion Modelsin Regression Analysis

are not included in the current GLMs but special cases of the dispersion models are the von
Mises distribution for directional (circular or angular) data and the simplex distribution for
compositional (or proportional) data. Some details concerning the simplex distribution will
be discussed throughout this paper.

A classical GLM consists of two components: One is the so-calladom component
specified by an exponential dispersion (ED) family density of the following form:

{y8 —k(8)}
a(e)

with parameter® € © and@ > 0, wherek(+) is the cumulant generating function add

is the support of the density. It is known that the first derivative of the cumulant function
K(-) gives the expectation of the distribution, namph¢ E(Y) = k(). Table 1 lists some
commonly used ED distributions.

p(y;0,0) = exp +Cy,9)|,ye C, (1.1

Table 1: Some commonly used exponential dispersion GLMs.

Distribution Domain Data type Canonical link  Model

Normal (—00,00) Continuous Identity Linear model
Binomial {0,1,...,n} Binary or counts Logit Logistic model
Poisson {0,1,...,}  Counts Log Loglinear model
Gamma (0, 00) Positive continuous  Reciprocal Reciprocal model

The other component of the model is the so-cagdtematic componethat is as-
sumed to take the following form:

9(H) = X"B = Po+Prxa+ -+ BpXp (1.2)

whereg is the link function,x = (1,xq,...,Xp)" is a (p+ 1)-dimensional vector of co-
variates, an® = (o, ..., Bp)T is a(p+ 1)-dimensional vector of regression coefficients.
The canonical linkfunctiong(-) is specified such tha(p) = 6, where8 is the canonical
parameter.

The primary statistical tasks include estimation and inferenc@.fathecking model
assumptions is also an important task of regression analysis. This paper focuses on the
estimation and inference in an extended class of regression models. Let us begin with a
brief review of Jgrgensen’s dispersion models.
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2 DISPERSION MODELS

The normal distributioN(p, ?) plays the central role in the classical linear regression
regression. The density df(, 0?) is

1 1
p(y; b, 0%) = \/%exp{mz(y u)z} , YER,

where(y — 1)? can be regarded as a Euclidean distance that measures the discrepancy be-
tween the observey (data) and the expected(model). And this discrepancy measure is
used to develop many regression analysis methods, such &sdfadistic for the assess-
ment of goodness-of-fit for nested models.

Mimicking the normal density, Jargensen (1987) proposes a class of dispersion mod-
els (DM) by extending the Euclidean distange- p)? to a general discrepancy function
d(y; ). Itis found that many commonly used parametric distributions, such as those in Ta-
ble 1, are included as special cases of this extension. Moreover, each of such distributions
will be determined uniquely by the discrepancy functibmnd the resulting distribution is
fully parameterized by two parametgrandao?.

2.1 Definitions

A (reproductive) dispersion mod&M (p, 6?) with location parameter and dispersion
parametera? is a family of distributions whose probability density functions take the fol-
lowing form:

p(y;,0°) = a(y; 0%) exp{—lizd(y; u)} , YEC (2.1)

wherep € Q, 62 > 0, anda > 0 is a suitable normalizing term that is independent ofithe
This normalizing terna(-) is determined in such a way thata(y, a?) exp{—z—clyzd(y; u)} dy=
1. Usually,Q C ¢ C R. The fact that the normalizing termmdoes not involvau will al-
low us to estimatg (or B in the regression analysis setting) separately from estimating
which gives rise to great ease in the parameter estimation. Such a nice property, known
as the likelihood (or parameter) orthogonality, holds in the normal distribution, and it will
remain in the dispersion models.

A bivariate functiond(-;-) is called theunit deviancedefined on(y,p) € C x Q if it
satisfies the following two properties:

(i) Itis zero when the observgdand the expected are equal, namely

diy;y) =0, WyeQ;
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(i) Itis positive when the observedand the expected are different, namely
diy;w) >0, Vy#p

Furthermore, a unit deviance is callegjular if function d(y; ) is twice continuously
differentiable with respect to/, 1) on Q x Q and satisfies
0%d 0%d
—y) ===, 0 Q.
o2 3% o2 (ViH) - >0, Wye
For a regular unit deviance, the variance function is defined as followsuiiiheari-
ance function V Q — (0,) is

Vi) = o eQ. (2.2)
W (y! u)|y:p

Some popular dispersion models are given in Table 2, in which the unit de\damwbvari-

ance functiorV can be found easily through the definition of dispersion model. Readers
may refer to Song (2007, Chapter 2) for more examples and details regarding the deriva-
tions of deviance and variance functions.

Table 2: Unit deviance and variance functions of some dispersion models.

Distribution Deviancel C Q V(W
Normal (y—w? (—o0, ) (—oo,00) 1
Poisson (?ylog%l —Y+H {0,1,...} (0,0) u
Binomial 2{y|ogﬁ+(n—y)logﬂ%ﬁ} {0,1,...,n} (0,1 U(1—p)
Negative binomial {ylog%—%(l—y)log%yl} {0,1,...} (0, 00) ML+ p)
Gamma 2(% —log — 1) (0, 00) (0, ) w2
Inverse Gaussian % (0,) (0, 0) e

von Mises 41—cody—p)} (0,2m) (0,2m)y 1
Simplex (y—4)? (0,1) (0,1) w3(1—p)

Y(A-y)P(1-?
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2.2 Some Key Properties

Here we list some useful properties of the dispersion models without proofs. Readers may
refer to Song (2007, Chapter 2) for detailed proofs.

Proposition 2.1. If a unit deviance d is regular, then

0°d ’d, 0°d
a—ﬁ(y.y)—a?(y,y)——m(y.y), vy e Q. (2.3)

Proposition 2.2. Taylor expansion of a regular unit deviance d near its mininuspo)
is given by
52

V (ko)

d (Mo + X3; po + md) = (x—m)?+0(5%),

where \[-) is the unit variance function.

In some cases, the normalizing teafl) has no closed form expression, which gives
rise to the difficulty of estimating the dispersion parametér Proposition 2.3 presents
an approximation to the normalizing teit ), based on the so-called saddlepoint approx-
imation of the density under small dispersion. Notatiory b exclusively stands for an
approximation ofa to b when the dispersion? — 0, in the context of small-dispersion
asymptotics.

Proposition 2.3 (Saddlepoint approximation). As the dispersiow? — 0, the density of
a regular DM model can be approximated to be:

P(Y; 1 02) = {2M0%V (y)} 2 exp{—zizd(y; u)} ;

which equivalently says that @& — 0, the normalizing term has a small dispersion ap-
proximation,
a(y; 0?) = {2mo?V (y)} /2, (2.4)

with the unit variance function /).

The proof of this proposition is basically an application of the Laplace approximation
given in, for example, Barndorff-Nielsen and Cox (1989, page 60). Also see Jgrgensen
(1997, page 28).

It follows from Propositions 2.2 and 2.3 that the small dispersion asymptotic normality
holds, as stated in Proposition 2.4.
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Proposition 2.4 (Asymptotic normality). : Let Y ~ DM(lo + o, 02) be a dispersion
model with uniformly convergent saddlepoint approximation, namely convergence in (2.4)
is uniformly iny. Then

Y—to

—= SNV (k). aso®—0.

d

In other words, DM + o, 6%) ~ N(up + o, 6V (Wo)) for small dispersioro?.
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Figure 1: Several simplex density functions.
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To illustrate this small-dispersion asymptotic normality, Figure 1 displays the simplex
distributions simplex distribution with mean mepg- (0.1,0.5,0.7) from left to right and
dispersion parameter? = (42,22, 1) from top to bottom. The solid lines represent the
simplex densities with the histograms as the background. These histograms are based on
500 simulated data from respective densities. See the detail of a simplex distribution in
Table 2. This figure clearly indicates that the smaller the dispersion is, the less deviation
the simplex distribution is from the normality.

2.3 Exponential Dispersion Models

The class of dispersion models contains two important subclasses, namekponential
dispersion (ED) modelandthe proper dispersion (PD) modelBeing the family of error
distributions in the current theory of GLMs, ED models include continuous distributions
such as normal, gamma, and inverse Gaussian, and discrete distributions such as Poisson,
binomial, negative binomial, among others.

To establish the connection of the ED model representation (1.1) to the DM, it is suf-
ficient to show that expression (1.1) is a special form of (2.1). An advantage with the DM
type of parametrization for the ED models is that both meand dispersion parameter$
are explicitly present in the density, whereas expression (1.1) hides thenedme first
order derivativgr= k(8). In addition, having a density form similar to the normal enables
us to easily borrow the classical normal regression theory to the development of regression
analysis for nonnormal data. One example is the analogue of the likelihood ratio test in the
GLMs to the F-test for goodness-of-fit in the normal regression model.

To show an ED model, denoted by BDac?), as a special case of the DM, it suffices to
find a unit deviance functiod such that the density of the ED model can be expressed in
the form of (2.1). First, denote = 1/a(¢). Then, the density in (1.1) can be rewritten as
of the form:

P(y:6,A) = c(y;A) expA{8y—k(6)}], y€ C (2.5)
wherec(-) is a suitable normalizing term. Parameker 1/02 € A C (0,) is called the
index parameteandA is called the index set. To reparametrize this density (1.1) by the
meany and dispersiow?, define themean value mapping: : int(©) — Q,

whereint(0) is the interior of the parameter spa®e

Proposition 2.5. The mean mapping functiani®) is strictly increasing.
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It follows that the inverse of the mean mapping functign exists, denoted b9 =
1 1(), ne Q. Hence, the density in (2.5) can be reparametrized as follows,

pyi10%) = cly;02)exp| o {ye () —k(r 1)) |. (2.6)

Proposition 2.6. The first order derivative of ~1(p) with respect to p is/V (), where
V(W) =TT (W)

This proposition 2.6 shows that th€) is indeed the same as the unit variance function
V(W) given by the definition (2.2). The proof of this result can be found in Song (2007,
Chapter 2).

Define the unit deviance function of the ED model as follows:

diyw) = Z[Sgp{f(y:u)}—f(y:u)}

= 2 [sup{ey—x<e>}—yr1<u>+K<r1<u>>] . @.7)
6cO

Clearly, thisd function satisfies (il(y; ) > Oforally € C andp € Q, and (ii))d(y; y) attains

the minimum a1 = y because the supermum term is independenpt dhus, (2.7) gives a
proper unit deviance function. Moreover, since it is continuously twice differentiable, it is
also regular. As a result, the density of an ED model can be expressed as of the DM form:

1
p(y; 1 0%) = a(y; o) eXp{mzd(y: u)} :
with the unit deviance functiod given in (2.7) and the normalizing term given by

a(y;0%) = c(y;0" %) exp

o 2sup{yd— K(G)}} :

0O

Here are two remarks for the ED models:
(1) Parametepis the mean of the distribution, namely\g = L.
(2) Variance of the distribution is
var(Y) = o?V (p). (2.8)
This mean-variance relationship is one of the key properties for the ED models, which will

play an important role in the development of quasi-likelihood inference.
An important property for the ED models is the closure under convolution operation.
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Proposition 2.7 (Convolution for the ED models). Assume ¥,...,Y, are independent
and
o’ .
Y; ~ ED(H’Wi)’I =1...,n
where ws are certain positive weights. Letw= w; + - - - +w,. Then the weighted average

follows still an ED model; that is,
10 0?
— ZWiYi ~ ED(K, —).
Wy & Wy
In particular, withw = 1,i = 1,... n the sample average
120 o?
=3 Y ~ED(H, —).
- i; i ()

For the example of twbi.d. Poisson random variables with~ ED(, 1), i = 1,2, their
average(Yr + Y2)/2 ~ ED(, %). Note that the resulting Efp, %) is no longer a Poisson
distribution but it is still an ED distribution.

Itis noticeable that although the class of the ED models is closed under the convolution
operation, it is in general not closed under scale transformation. That isay not follow
an ED model even ifr ~ ED(l,0?), for a constant. However, a subclass of the ED
models, termed as thieveedie clasds closed under this type of scale transformation. The
Tweedie models will be discussed in Section 2.4.

2.4 Tweedie Class

Tweedie class is an important subclass of the ED models, which is closed under the scale
transformation. Tweedie models are characterized by the unit variance functions in the
form of the power function;

Vp(u) = “pvue va (29)

wherep € Ris ashapeparameter.
It is shown that the ED model with the power unit variance function (2.9) always exists
except 0< p < 1. A Tweedie model is denoted by~ Twp (|, 02) with meanpand variance

Var(Y) = o?P.

The following proposition gives the characterization of the Tweedie models.
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Proposition 2.8 (Tweedie Characterization).Let ED(, 02) be a reproductive ED model
satisfying (1) = 1and1 € Q. If the model is closed with respect to scale transformation,
such that there exists a functiornt R, x A=t — A~ for which

cED(i,6%) ~ ED[cy, f(c,0?)],Vc > 0,
then
(@) ED(y,0?) is a Tweedie model for somegR\ (0, 1);
(b) f(c,0%) =c*Po?;
(c) the main domaif2 = R for p=0andQ = (0, ) for p # 0;
(d) the model is infinitely divisible.
It follows immediately from Proposition 2.8 that
cTwp(i,0%) = Twp(cp ¢® Po?).

The importance of the Tweedie class is that it serves as a class of limiting distributions of
the ED models, as described in the following proposition.

Definition 2.1. The unit variance functioW is said to be regular of ordgrat O (or ateo),
if V(W) ~ copP asp— 0(or p— o) for certainp € ® andcp > 0.

Proposition 2.9. Suppose the unit variance function V is regular of order | at at co,
with p¢ (0,1). For any pu> 0 ando? > 0,

¢ LED(cp 2 Pa?) % TWh(, coo?), as c— 0or oo,
where the convergence is through values of ¢ such that@and ¢2/0? € A.

Refer to Jargensen et al. (1994) for the proof of this result.

3 MAXIMUM LIKELIHOOD ESTIMATION AND
INFERENCE

This section is devoted to maximum likelihood estimation and inference in the regression
analysis based on the dispersion models. Therefore, the MLE theory given in, for example
McCullagh and Nelder (1989), is a special case, because the ED family is a subclass of the
DM family.
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3.1 General Theory

Consider a cross-sectional dataggt, xi),i = 1,...,K, where they’s arei.i.d. realiza-
tions of Yi’s according to DM, 0%) andg(W) = X' B. Lety = (y1,...,yk)" andp=
(Mg, ..., M) ". The likelihood for the parameter vectdr= (B,0?) is given by

K

L(B;y) = Ua(yi;oz) exp{—zizd(yi;u;)} ,BeRP0’>0.

The log-likelihood is then

K
(oy) = leogay. 20221 (Vis ki)
= leogay,, 202 D(y; W), (3.1

wherep; = 1 (B) is a nonlinear function i and D(y; W) = ziKzld(yi;M-) is the sum of
deviances depending @wonly. ThisD is analogous to the sum of squared residuals in the
linear regression model.

The score function for the regression coefficiBrs

0/@) 1 & ad(yisk) Ow
B 202 on OB

Denote thé-th linear predictor by); = x{ 3, and denote thdeviance scorelsy

5(yi;“"):‘;adgf,;m

s(y;B) =

i=1,... K. (3.2)

)

Note that
Of Oy On; — o))
I

B oni B
whereg(p) is the first order derivative of link functiog w.r.t p Table 3 lists some com-
monly used link functions and their derivatives.
Then the score function f@ takes the form

S(y;B) = 02; G S0 (3.3)

Moreover, the score equation leading to the maximum likelihood estimate #fithe

K

1
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Table 3: Some common link functions and derivatives. NB and IG stand for Negative
binomial and Inverse Gaussian, respectively.

Model Link Derivative Domain
g g Q
- - i o 1
Binomial or simplex Iog(ﬁ) TE= pe (0,1)
Poisson, NB, gamma, or IG |0g) %1 pe (0,0)
Gamma ﬁ *u*lz HeE (0,)
von Mises taf/2)  3sed(y/2) pel[-mm

Note that this equation does not involve the dispersion pararoétetynder some mild
regularity conditions, the resulting ML estimatﬁk, which is the solution to the score
equation (3.4), is consistent

ﬁK 2 BasK — oo,

and asymptotically normal with mean 0 and covariance matrix8). Herei(8) is the
Fisher information matrix given by

i(6) —E{s(Y:B)}

= X'u~1x/0? (3.5)

whereX is aK x (p+ 1) matrix with thei-th row being thex|, andU is a diagonal matrix
with thei-th diagonal elemeny; given by
S (<)) TP (3.6)
E{-a(Yi; )}

The asymptotic hormality provides the theoretic basis to conduct statistical inference.
For example, the Wald statistic can be formed to test for the significance of a subvector of
the 3, and 95% confidence intervals of the regression coefficients can be constructed based
on the asymptotic normal distribution of the MLE.

When the dispersion paramets? is present in the model, the ML estimation for the
dispersion parameter can be derived similarly, if the normalizing temty; 02) is simple
enough to allow such a derivation, such as the case of the normal distribution. However,
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in many cases, the tera-) has no closed form expression and its derivativet. o2

may appear too complicated to be numerically solvable. In this case, two methods have
been suggested to acquire the estimationofor The first method is to invoke the small
dispersion asymptotic normality (Proposition 2.3), where subject to a constant,

loga(y; 0%) ~ —% logo?.

Applying this approximation in the log-likelihood (3.1) and differentiating the resulting
approximate log-likelihoodl.r.t. a2, one can obtain an equation as follows,

K 1

202 el =0

Solution to this equation gives an estimator of the dispersion paraowgter

GZ—ED( =15 dn 3.7
=% y.u)—KiZl (yi: fu)- 3.7)

Song (2007) refers this estimator tothe Jgrgensen estimatof the dispersion parameter,
which in fact is an average of the estimated unit deviances.

However, the Jgrgensen estimator is not, in general, unbiased even if the adjustment
on the degrees of freedo{,— (p+ 1) is made to replac&. Moreover, this formula is
recommended when the dispersion parametés small, say less than 5.

To obtain an unbiased estimator of the dispersion paranstethe second method
utilizes a moment property given in the following proposition.

Proposition 3.1. Let Y ~ DM(y, 6?) with a regular unit deviance @; ). Then,

E(3(Y:W} = O,
var{d(Y;p)} = o?E{-3(Y;w},
whered is the first order derivative of the deviance score given in (@.2}). p.

Based on this result, Song (2007) suggested to consistently estimate the dispersion
parameteo? by the method of moments:

> T (5—8)?
o= zZiKi(l(—Si)) 7 9

whered; = 3(yi; i), & = 8(yi; f§) andd = £ 3, 3.
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3.2 MLE in the ED Models

Now consider the traditional GLMs based on the ED models. For the unit deviance of the
ED model given in (2.7), it is easy to see

3(y;H) = % : (3.9)

It follows that the score equation (3.4) becomes

K
1
Xi————(Yi—H)=0.
2 gtV Y
Letw; = g()V (). Then the score equation can be re-expressed as of the form
K

;xiwrl(yi —H)=0,

or in the matrix notation,
XTWHy—p =0,
whereW = diag(wi, ...,wk ). The following result is useful to calculate the Fisher infor-
mation.
Proposition 3.2. Suppose Y~ ED(Y,6?). Then,
1
V(W'

whereS(y; W) is the first order derivative of the deviance scofg; ) w.r.t. J.

E{-3(Y;W)} =

In the Fisher information matrix(8) of (3.5),i(8) = XTU~1X/0?, U is a diagonal

matrix whose-th diagonal element can be simplified as
Ui = {9(W) 12V (k).

Furthermore, if the canonical link functian=1=(-) is chosen, then a further simplifica-
tion leads ton; = 1 andu; = 1/V (1) because in this casg(i) = 1/V(1). So, the matrix
W becomes the identity matrix and the matixis determined by the reciprocals of the
variance functions.

It is interesting to note that the choice of the canonical link simplifies both score func-
tion and Fisher information. In summary, under the canonical link function, the score
equation of an ED GLM is

K
lei(yi —W) =0, orX"(y—p =0,
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and the Fisher information takes the form
i(0) =XTU~1Xx/0?

whereU = diag(us,...,Ux), a diagonal matrix with variance function(y;) as thei-th
diagonal element.

Each ED model holds the so-called mean-variance relatien,var(Y) = gV (),
which may be used to obtain a consistent estimator of the dispersion pararhgieen as

follows:
2
1 K 1 K y_ﬂl
0°=——S 2= ! ,
K_p_li; > K_p_li; VV ()

wherer}, is the Pearson residual. In fact, the relation given in Proposition 3.1 is equivalent
to this mean-variance relation for the ED models, simply because of Proposition 3.2.

4 AN APPLICATION: THE SIMPLEX GLM

This section supplies one non-ED GLM based on the simplex distribution for proportional
data, which is not available in the classical theory of GLMs (e.g. McCullagh and Nelder,
1989).

4.1 Model Formulation

Continuous proportions or ratios are widely seen in practice as a primary response variable
of interest. For example, percent decrease in glomerular filtration rate (GFR) at a follow-
up time from the baseline is regarded as a measure that reflects directly the loss of renal
function. In cancer studies, percent change of tumors than their actual sizes is of greater
interest in disease diagnosis and monitoring. A key feature of this type of data is the
confinement with a finite interval, often in the unit interval. An appropriate statistical
analysis should take the finite support of the data distribution(@dy, into account. The
simplex distribution provides a parametric model useful to analyze such proportional data.

From the methodological point of view, in the ED GLMs both score equation and Fisher
information can be treated as a special case of weighted least squares estimation, due to the
fact that the first order derivative of the unit deviancéyis- ) /V (1), which is linear iny.
However, this linearity no longer holds for a DM GLM outside the class of the ED GLMs.
The simplex distribution is one of such examples.
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A simplex modelS™(i; 6%) has the density given by

p(y; i, 0%) = [2me?{y(1—y)}*] 2e><|0{—2$2d(y: u)} ,y€e(0,1),u€ (0,1),

with the unit deviance function

N2
Al = e+ Y€ e (0.0

wherep = E(Y) is the mean. The unit variance functionMgp) = (1 — )3, obtained
from (2.2). Figure 1 displays several simplex density functions.

For a non-ED GLM, the canonical link function no longer helps to simplify the weights
u; or thew;, because the density does not explicitly involve the cumulant generating func-
tionk(-) as in the ED GLM. For the simplex distribution, singe (0,1), one may take the
logit as the link function to formulate the systematic component:

M T
log——— = .
097 =X B
According to Table 3g(p) = {u(1—p)} 2. It follows from (3.4) that the score equation
for the regression parametgis

K
3 x{(1= )38y =0 (4.2)
where the deviance score is
Sy = —%d(y; W
oy . 1
ETEET {d(y' W+ u2<1—u>2}' -2

It is clear that thisd function is nonlinear in botly and . Solving nonlinear equation
(4.1) can be done iteratively by the Newton-Raphson algorithm or quasi-Newton algorithm.
The calculation of the Fisher information requires the knowledge{oféEYi;m}. Itis
equivalent to deriving Ed(Y;; ).

Differentiatingd W.Lt. pgives

Yivw = — 1 dyws 1My wdly:
éd(y'p) o p(lfu)d(y’“)—’_uZ(liu)z(y H)d(y,ll)
o ()
B(I-w3 e 1-p?
T PR A C: Lt
TR A e it (4.3)
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Hence,

1 VA 1 . _ _ .
SEG} = TS (B}~ E(Y —d(vi)]
1-2u ) 1
L WA e
302 1

+ )

M- p3(1—p?3

where the last equation holds by applying part (e) of Proposition 4.1 below. Therefore, the
Fisher information is

+

(4.4)

K

B = g2 >

=
where

PR () i=1,... K.

1+302{p(1-w)}y?" 77

As seen in (4.3), the first order derivative of the deviance sScappears tedious, but its
expectation in (4.4) is much simplified. Therefore, it is appealing to implement the Fisher-
scoring algorithm in the search for the solution to the score equation (4.1). One compli-
cation in the application of Fisher-scoring algorithm is the involvement of the dispersion
parametep?. This can be resolved by replaciog with a v/K-consistent estimaté&?. A
consistent estimate of such a type can be obtained by the method of moments. For example,
the property (a) in Proposition 4.1 is useful to establish an estimaté as follows:

o 1

K
0= m_;d(wﬁi)- (4.5)

Proposition 4.1. Suppose Y~ S (i; 62) with mean p and dispersias?. Then,
(@) E{d(Y;w)} =0
(b) E{(Y —Wd(Y;W} = —20%
(© E{(Y-wd(Y;Ww}=0;
(d) E{d(Y:} =0;
(&) $E(d(Y: )} = 255 + mimm:
(f) var{d(Y;w)} = 2(02)2;
(@) var{3(V; W} = 355 + 5%

HI-p) T -
The proof of Proposition 4.1 can be found in Song and Tan (2000) and Song (2007).
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4.2 Simulation Experiment

For simplicity, often in practice the normal linear regression model is applied to analyze the
proportional data. This analysis apparently ignores the confinement of the support of the
data distribution, which can potentially cause problems in prediction. A simple solution
to overcome this is to invoke logit transformation on the observations directly. Thus, in
the application of the simplex GLM, one issue that deserves some attention is whether
there is much difference between the normal linear model based on logit-transformed data,
log{yi/(1—vVi)}, and the direct simplex GLM. The difference between the two models is
that the former models|©g{Y;/(1—Yi)}] as a linear function of covariates, and that the
latter modelgy = E(Y;) via log{li/(1— W)} as a linear function of covariates, so that the
meany; can be expressed as an explicit non-linear function of the covariates. As a result,
the direct GLM approach gives rise to much ease in interpretation.

The following simulation study suggests that when the dispersion paraatésdarge,
the performance of the logit-transformed analysis may be questionable, if the data are really
from a simplex distributed population.

The simulation study assumes the proportional data are generated independently from
the following simplex distribution,

Y, ~S (4,0%),i=1,...,150,
where the mean follows a GLM of the following form:

logit() = Bo+ B1Ti + B=S.

CovariatesT and S are presumably drug dosage levels indicated{by,0,1} for each
50 subjects and illness severity score ranged0rl,2,3,4,5,6} that is randomly as-
sumed to each subject by a binomial distributio(v®.5). The true values of regres-
sion coefficients are set g = 0.5,51 = —0.5,32 = 0.5, and the dispersion parameter
02 = 0.5,50,200,400.

For each combination of parameters, the same simulated data was fit by the simplex
GLM for the original responses and the normal linear model for logit-transformed re-
sponses. Two hundred replications were done for each case. Results are summarized in
Table 4, including the averaged estimates, standard deviations of 200 replicated estimates,
and standard errors of estimates calculated from the Fisher information.

This simulation study indicates thél} when the dispersion parametst is small, the
logit-transformed analysis appears fine, with little bias and little loss of efficiency, because
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Table 4: Summary of the simulation results for the comparison between the direct simplex
GLM analysis and logit-transformed linear model analysis.

Parameter Simplex GLM Logit-Trans LM

True Mean Std Dev Std Err Mean Std Dev Std Err
0’>=05

Bo(0.5) 4996 .0280  .0254 .5089 .0288  .0263
B1(-0.5) —.5023 .0330 .0308 -.5110 .0345  .0322
B2(0.5) 5015 .0195  .0205 5101 0199  .0222
02 =50

Bo(0.5) .5062 .0983  .0960 .8057 1769 1752
B1(—0.5) —.5068 1141 1185 —.7998 .2065  .2148
B2(0.5) .5170 .0860  .0835 .8153 1366  .1483
0 =200

Bo(0.5) .5060 1145 1021 1.0162 2741 2541
B1(—0.5) —.5262 1346 1263 —1.0479 3218  .3114
B2(0.5) .5238 .0971  .0899 1.0430 1919 2150
02 =400

Bo(0.5) .5253 0963  .1032 1.2306 2767  .2980
B1(—0.5) —.5001 1486  .1275 —1.1336 .3888  .3652
B2(0.5) .5165 1000  .0909 1.1686 2286  .2521
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of small-dispersion asymptotic normalit§if) when the dispersion parameter is large, the
estimation based on the logit-transformed analysis is unacceptable, in which bias increases
and efficiency drops when th# increases.

One may try to make a similar comparison by simulating data from the normal distribu-
tion as well as from the beta distribution. Our simulation study suggested that in the case of
normal data, the direct simplex GLM performed nearly as well as the normal model, with
only a marginal loss of efficiency; in the case of beta distributed data, the simplex GLM
clearly outperformed the normal linear model. Interested readers can verify the findings
through their own simulation studies.

4.3 Data Analysis

Penrose et al. (1985) reports a dataset including variables such as percentage of body fat,
age, weight, height, and ten body circumference measurements (e.g., abdomen) for 252
men. The data is obtained at http://www.amstat.org/publications/jsddjsearchive.html.

Body fat, a measure of health, is estimated through an underwater weighing technique.
Percentage of body fat may be then calculated by either Brozek’s equation or Siri’'s equa-
tion. Fitting body fat to the other measurements using GLM provides a convenient way of
estimating body fat for men using only a scale and a measuring tape.

In this example, the simplex GLM is illustrated simply by fitting the the body fat index
as a function of covariatege. Suppose the percentage of bodyMat S~ (1, 02), where
L

log - =Po+Brage

The Fisher-scoring algorithm was applied to obtain the estimates of the regression coef-
ficients and the standard errors were calculated from the Fisher information. The results
were summarized in Table 5, in which the dispersion parameter is estimated by the method
of moments in (4.5). Clearly, from the results given in Table 5, age is an important pre-
dictor to the percentage of body fat in both Brozek’s and Siri's equations. The dispersion
o2 is found not small in this study, so according to the conclusions drawn from the above
simulation studies, it might be worrisome for the appropriateness of either a direct linear
model analysis (with no transformation on the response) or logit-transformed linear model
analysis.
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Table 5: Results in the regression analysis of body fat percentage using the simplex GLM.

Parameter
Body-fat measure Intercept (Std Err)  Age (Std Err) o2
Brozek's —2.7929(0.3304) 0.0193(0.0070) 55.9759
Siri's —2.8258(0.3309) 0.0202(0.0070) 57.0353

5 CONCLUDING REMARKS

This paper has focused on the regression analysis of one-dimensional cross-sectional data
using the class of dispersion models. This analysis covers a wider range of models than
those considered in the classical GLM theory, and the simplex GLM is illustrated in detalil

as an important practical example for the analysis of proportional data.

Extension of the univariate dispersion models to multivariate dispersion models has
drawn much attention recently in the literature. Jgrgensen and Lauritzen (2000) suggested
an extension in that the multivariate distributions unfortunately are not marginally closed;
that is, the marginal distributions of a multivariate dispersion model are not necessarily the
same as the known margins. A more appealing extension was proposed by Song (2000)
where the multivariate dispersion models are generated from multivariate Gaussian cop-
ulas. In the Song’s extension, many desirable properties are established, including the
property of marginal closure. Based on Song’s extension, one of new developments is the
vector generalized linear models (Song et al., 2009). On the other hand, applying dispersion
models to the analysis of clustered or longitudinal data has also been studied extensively
in the literature. For example, Artes and Jgrgensen (2000), Song and Tan (2000), Song
et al. (2004), Qiu et al. (2008) and Zhang et al. (2009). Most of the published works
have focused on the aspect of estimation, and further works in model diagnostics, Bayesian
estimation theory, and software development are worth serious exploration. Readers may
refer to Song (2007) for more details about other applications of the dispersion models; for
example, the dispersion models in time series data analysis.
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