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ABSTRACT

Regression analysis when the underlying regression function has jumps is a research
problem with many applications. In practice, jumps often represent structure changes of a
related process. Hence, it is important to detect them accurately from observed noisy data.
In the literature, there are some jump detectors proposed, most of which are based on local
constant or local linear kernel smoothing. For a given application, which method is more
appropriate to use? Will local quadratic or local higher-order polynomial kernel smoothing
provide a better jump detector in certain cases? All these practical questions have not been
well addressed yet. To answer these questions, in this paper, we study both theoretical and
numerical properties of jump detectors based on various local polynomial kernel smooth-
ing, and provide certain guidelines on their practical use. Besides a simulation study, two
real data examples are presented for demonstrating cases when two specific jump detectors
are more appropriate to use, compared to other methods.
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1 INTRODUCTION

Regression analysis provides a major statistical tool €ilding a functional relationship
between response variables and explanatory variablesertaitc applications, such a func-
tional relationship has jumps at some unknown positiorgegenting structural changes
of a related process. For instance, stock indices would hbugpt changes after certain
unexpected events of great social or economic impact. lbkas demonstrated that sea-
level pressures observed by a Bombay weather station i Imalie a jump around the
year 1960 (Qiu and Yandell 1998). In these examples, jumpsaimportant part of the
underlying regression function; accurate detection ofrtieimportant for understanding
the structural changes of the process and for estimatingetiression function properly.
This paper focuses on jump detection in regression curves.

In the literature, a number of jump detectors have been @ethoMany of them are
based on local constant kernel smoothing (e.g., Qiu 1991etal. 1991, Muller 1992, Wu
and Chu 1993, Qiu 1994, Gijbedg al. 1999, Qiu 1999), or local linear kernel smoothing
(e.g., Loader 1996, Qiu and Yandell 1998, Grégoire and téamr2002). A recent jump
detector by Joo and Qiu (2009) is based on local quadratitekemoothing. Other jump
detectors include the partial smoothing spline method Lgs(1987), the method based
on comparison of three local linear estimators by Hall arttefington (1992), the semi-
parametric method by Eubank and Speckman (1994), the wavahsformation method
by Wang (1995), the robust jump detector by Miller (2002¢, inethod for handling time
series data by Wu and Zhao (2007), among others. Jump-pigeurve estimation based
on local linear kernel smoothing is discussed by Qiu (20G§helset al. (2007), and the
references cited therein. See Chapter 3 of Qiu (2005) fotaaldd introduction about jump
detection and jump-preserving curve estimation.

For a real application, should we use a jump detector basddoah constant kernel
smoothing, or a method based on local linear kernel smog®hiffould local quadratic or
local higher-order polynomial kernel smoothing provideedtér jump detector in certain
cases? These practical questions have not been well addiieghe literature. In this pa-
per, we study jump detection based on local polynomial Kesm®othing systematically.
By investigating both theoretical properties and numémpesformance of such edge de-
tectors, certain practical guidelines are provided abbeir tuse. Basically, we conclude
that (i) it depends on the curvature of the true regressiowecto choose local constant,
local linear, or local quadratic kernel smoothing for jurrgiettion, (ii) lower order local
polynomial kernel smoothing should be used when the curgasusmaller, and (iii) local
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polynomial kernel smoothing of order 3 or higher would hgrgiovide good results in
most cases.

The rest part of the paper is organized as follows. In next@eqump detection based
on general local polynomial kernel smoothing is descrilmeditail. Theoretical properties
of the corresponding jump detectors are discussed in $e8tioSelection of procedure
parameters is discussed in Section 4. A simulation studyeisemted in Section 5, where
we compare various jump detectors in many different cases réal data examples are
presented in Section 6. Some concluding remarks are givBadtion 7. Proofs of several
theorems are provided in the Appendix.

2 Jump Detection by Local Polynomial Kernel
Smoothing

Letp = {(X,Yi),i =1,2,--- ,n} ben observations from the following regression model:
Y||X.:f(X.)+0(X.)s|, i:1727"'7n7 (21)

wheref is the unknown regression functiam.X;) is the standard deviation of the response
variableY atX;, {; } are independentand identically distributed random emfttsE (g;) =
0 andVar(gi) = 1, {Xi} are[0,1]-valued design points, anK;} and{e;} are independent
of each other. The regression functibiis assumed to be

J

f(x) =g(x) + Zldjl(x>3j), x€[0,1], (2.2)

=
whereg is a continuous function in the design inter{@l1], | (u) is an indicator function
taking the value of 1 when ="true” and 0 otherwise] denotes the number of jumpsn
{sj,j=1,2,---,3} are jump locations, anftlj, j = 1,2, --- ,J} are the corresponding jump
magnitudes. In model (2.1) and (2.8),9, J, {sj,j =1,2,--- ,.J} and{d;,j =1,2,--- ,3}
are all assumed unknown.

To detect a jump at a given poixtwe consider two one-sided neighborho@ds+ hy]
and[x— hp,x) with bandwidthh,. Then, we construct estimators of the right and left limits
of f atx (denoted as (x) andf_(x)) by the following local polynomial kernel smoothing
in (X,X+ hy] and[x— hy,X), respectively:

n Xi—X

2
p .
i . (X —x)) =
o pin i:§ [Y. J§: B;j (X X)] K|( h ) =12, (2.3)

3
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wherep is the order of the local polynomig;s are coefficients, anid; andK; are two
density kernel functions with suppoi(8, 1] and[—1,0), respectively. The solutions f&
of the minimization problem (2.3) whdn= 1,2 are denoted a%hn (x) and fA;;,hn (X). They
are the locap-th-order polynomial kernel estimators bf (x) and f_(x).

By some routine algebraic manipulatiorfg,hn (x) and pr_,hn (x) have the following ex-
pressions:

- n 3P oW 6 =X —x
+ J*O Jhn A
i = 3 FE v (T,
- n 3P W6 X)X —x
- _ =027}, hn YK 2.4
p,hn(x) i; |W(2)| in2 hn ) ( )
where
[ | [
Wé )h g.,)hn EJ,) hn
[ | |
wh — W(l,)h W(Z,)hn §J—>¢—17 hn
| [ |
W(p-,)hn W(p)+1., hn (23 n
| | [ [
(1,)hn W},)hn Wﬁlz, hn WEJ-)Fl, hn
DN j+1 Wg)h W('I)lh W('I)sh W(I)Zh
(Wh,) =ty | T2 Him o Ham Tz
| [ | [
W(p,>hn WEJ)rpfl,hn Wg)errl,hn Wég,hn
forl=1,2,j=0,1,---,p,and
n
DN VY (Xix> L _
W = —Xx)'K , forj=0,1,2,...,2p, | =12
i = 2 06— { j p
A natural jump detection criterion is then defined by
Mp(x) = fA;Thn(X) - fA;;hn(X)- (2.5)

If xis a jump point, thenMp(x)| would be relatively large. Otherwise, it would be rel-
atively small. Whenp = 0, Mg(x) (or, similar quantities) is the jump detection criterion
discussed in references, such as @iwal. (1991), Muller (1992), Wu and Chu (1993),
Qiu (1994), and Gijbelgt al. (1999), which detect jumps based on local constant kernel
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smoothing. Whemp = 1, M1(x) (or, similar quantities) is the jump detection criterios-di
cussed by several authors, including Loader (1996), Qiuvamdell (1998), and Grégoire
and Hamrouni (2002), who suggest detecting jumps basedoah lioear kernel smooth-
ing. BecausegMp(x)| is based on one-sided logadth-order polynomial kernel smoothing,
k-th-order trend inf, fork=1,2,..., p, would have little effect oMp(x)|. For instance,
when f is continuous ak with a large slope|M1(x)| would still be small, which is one
major advantage of jump detection based on local lineardtesmoothing, compared to
jump detection based on local constant kernel smoothing@ifi 1999). Similarly, jump
detection based ofM2(x)| might be more appropriate whenhas large curvature at cer-
tain places. In the next two sections, we will investigatthtibeoretically and numerically
whether jump detection based fMp(x)| would always be improved whemincreases.
When the number of jumpkis known, jump positions can be estimated as follows. Let
s be the maximizer ofMp(x)| over the range € [hn, 1 — hn]\( j;i[s’; — hn, 5+ hy)), for
j=1,2,...,J. The order statistics dfs], j = 1,2,---,J} are denoted as{h < S{Z) <<

SZFJV Then, estimators of the jump positions and jump magnitedesbe defined by

§ =5 dj=Mp(s;),  forj=12---J.

When the number of jumpdis unknown, jump detection becomes much more chal-
lenging. In such cases, some existing methods (e.g., Qid)18& the strategy that only
those design points whose signal-to-noise ratio valuealzwee a threshol@, are flagged
as jump points. Based on the fact th4g(x) is a linear combination of independent obser-
vations and on Theorem 1 in Section 3, we know tgtx) has the following asymptotic
distribution »2p .

207 ¥ 20K 2K
NI fo(x)—f_(x — £1=0 e
< +( ) ( )a nhn|K|2 )
whereK; o, Kj*yl, and|K| are constants depending on the kernel funconThen, it is
natural to choos€, such thaP(|Mp(x)| > Cs) < oy, which results in

2625%P K; oK?
_ j=0"M.2j 1
Cn= Zan/z\/ T amKE (2.6)

whereq,, is a significance level arof is a consistent estimator of. By usingC, in (2.6),
x would be detected as a jump pointip(x)| > Cy, or equivalently,

2p KK
. [ 220K 2K 1
M 2=/~
| p(x)|/0>zdn/2 nhn|K|2 ’

5
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where|M,(x)|/G can be regarded as an estimated signal-to-noise rakolat is a true
jump point with jJump magnitudey, then the probability that it is detected as a jump point

is asymptotically
202y 5P K; oK
Pl —=22 207 14, > Cy
(\/ nhn|K|2 + Qx| > ,

whereZ denotes a random variable with a standard normal distdbutNote that, in the
above expression, bo\V((ZGZ Z?po K; ,zkil)/mmx |2) andC,, would converge to 0 when

n increases, under some regularity conditions given in 8e@&i Sox would be detected
with probability 1.

When the number of jump3 is unknown, in finite sample cases, certain false jump
points would be detected around true jump points if a thriekaue, such ag;, in (2.6),
is used in jump detection. To delete those false jump po@its(1994) proposed a modi-
fication procedure, briefly described below. {ef,i = 1,2,...,m} be the set of detected
jump points satisfying

IMp(X)| >Cpn,  fori=12,...,m

If there arer; < rp such that the distance between any two consecutive poil{ut$lin<;*l+l,
., X, } is smaller than or equal tla, X, —X;, 1 > hn, andxy, ., — X7, > hy, then we say

that{x;,, X/ . 1,..-, X, } forms a tie in{x",i = 1,2,...,m} and the entire tie set is replaced

by its central pointx;, +x;,)/2 for estimating the jump positions. After this modificatjon

the detected jump points and the corresponding jump madgstare denoted as

~

§, andd; =Mp(§), forj=1,2,....J. 2.7)

3 Statistical Properties of Jump Detection byMp(x)

This section discusses certain properties of the jump tetecriterionMp(x) and its de-
tected jumps (cf., expressions (2.5) and (2.7)). Theoremldwshows thaM,(x) would
not be affected by the firgt derivatives of the true regression functibn

Theorem 1. In regression model (2.1), assume that f has right and (pft- 1)-st-
order derivatives at the jump poin{s; }, and that f is(p+ 1)-st-order differentiable at
any other points if0,1]. The bandwidth h satisfies the conditions that, = o(1) and
1/(nh,) = 0o(1). The two one-sided kernel functions satisfy the conditiat K; (x) =
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K2(—x), for x € (0,1], and they are both Lipschitz-1 continuous in their suppoitet
Ki, 1, = JoutK 2 (u)du, for ty,tp = 0,1, ..., and

Koi K11 -+ Kpz
K — %,1 21 pJ.rl,l
Kp1 Kpriz -+ Kzpa

Then, if x is a true jump point, we have

E(Mp(X))

P kx .
= (fr(x)—f-(x) + (fi"“)(x), f£p+1>(x)) 20K} 1Kp+j+11

hR™* + o(hf™),

(p+ K]
and
202(x) 5 2P K oK 1
Var(Mp(x)): ()Zj_o 2J7 j,1 =),
nhy|K]| nhy
where
Kl,l Kj,l Kj+27l Kp+17l
. K K K ... K
K}‘yl:(—l)(lﬂ) Z1 H_l’l H_3’l p+_2’1 ,forj=0,1,...,p,
Kpit 7 Kigp-11 Kjspsr1 ... Kopi
and
Kii= > KK
11+12=]
i1,J2=0,1.2,--,p

Corollary3.1.  Under the assumptions of Theorem 1x i (0, 1) is a continuity point of
f, then

2 ~
202(x) 370K 2K} 4

(i) E(Mp(x)) = O(h8*?), and VarMp(x)) = — 4o (ﬁlﬁ) :

(i) whenh, ~ n_Zp%S, the mean squared error (MSE) M, (x) converges to 0 with the
2p+2
optimal rateO(n”;:%).
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From result (i) of Corollary 3.1, it seems that it is betteute higher-order local poly-
nomial smoothing in jump detection, becaugdl(x)) is much smaller whemp is larger.
However, this is a large-sample result and it is based ondbenaption that a same band-
width is used inMp(x) when p varies. Under this assumption, when the sample size is
finite, VariMp(x)) can actually change a lot. For instance, wiianis chosen to be the
Epanechnikov kernel functioi; (x) = 1.5(1 — x?), for x € (0,1], and whenp=0,1,2,3,
we have

2 2
Var(Mp(x)) = %Jro(nin) Var(My(x)) = %4’0(%),

2 2

Var(Mz(x)) = 88%7) ngh( ) o <%) , Var(Mg(x)) = 722.8;5:; LI (%) .
Thus, in practice, we still need to choogesarefully for different data sets. To this end,
some practical guidelines will be provided in the next settbased on a large simulation
study.

The next two theorems establish strong consistencfgq)g; (X), ﬁ;hn (x), and the de-
tected jumps (cf., expressions (2.4) and (2.7)). First, taesome assumptions.

Assumption A: Letv be a positive number ann}_; be a series of positive numbers
such thatl /B, = o(1).

Assumption B: The bandwidth his chosen such thatqh: o(1) andl/(nhn =o0(1).

~1/2
Assumption C: v, B,,, and h, satisfy the condltlonsthqﬁtﬁ— andhﬁT =
o(1).
Assumption D: The design pointéx,i =1,2,...,n} satisfy the condition thahaxi<j<n1|% —
Xi—1] = O(1/n), where x = 0and »1 = 1.
Assumption E: For1<i <n, E(oz(x.)sz) < M, where M is a positive number.

i n hy' “Bnl
Assumption F: (Zr‘;)/f’/z =0(1) andﬁinvogf/z) =0(1).

Theorem 2. Under Assumptions A — E, if f {$+ 1)-th-order differentiable in0, 1]
and the other conditions in Theorem 1 hold, then

\

Bnlog(n) )xe h /21 ‘fp’ ()~ X )‘ oY) as, (3.1)

v
T Su f () —f(x)|=o0(1 a.s.. 3.2
Bnlog(n) xe[O,lﬁn/z]‘ ooy (¥) = F( )‘ (1) (3.2)
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Theorem 3.  Under Assumptions A — F and all conditions in Theorem 1, wehav

lim J=J as., (3.3)
rI\lm §j =S as., forj=212...,3, (3.4)
lim Mp(Sj) = d; as., forj=12,---,J. (3.5)

n—oo

4 Bandwidth Selection

In the jump detection procedure (2.3)—(2.7), there are mrameter$, anday, to choose.
In this section, we propose a bootstrap procedure for thgggse. For a given observed
dataset> = {(x1,Y1), (X2, Y2),..., (Xn, Yn)} @and given parametets, anday, in (2.3)—(2.7),
assume that the estimated jumpsﬁfe{ﬁ-, i=12,... ,JA} and the estimated jump magni-
tudes are{(:Tj,j =12,... ,JA}. The Hausdorff distance betweBrmnd the set of true jumps

Sis
dH (S Shn, on) = maxq supinf |s; — sp|, supinf |s; — |
5,€S5€S 5 c8%2<S

Bandwidth Selection Procedure

e Step 1:Define new observations
J
= Z (x >§j), fori=1,2,....n

Estimateg by local linear kernel smoothing with bandwidtky: from data{ (x ,\?i),i =
1,2,...,n}, and the estimator is denoted@sT hen, define residuals

J
Z (x >§j), fori=1,2,...,n

¢ Step 2: ObtainB batches of resampled residuals frégni = 1,2,...,n}, by random
selection with replacement; each batch haslues. For thé-th batch of resampled
residuals, denoted d8;,i = 1,2,...,n}, define pseudo-data as follows.

i
Z (X >§j)+€, fori=1,2,..
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e Step 3: Apply the jump detection procedure (2.3)—(2.7) with partersh, anda,
to theb-th pseudo-data, and the set of detected jumps is denot8gl a&hen, the
Hausdorff distancey (S, Shn, an) is estimated by

o}

dH (g §31 hn,an, heSt)7
1

W~

a;-| (S; §; hn, an, hest) =
b

whered (S, S; hn, tin, hest) denotes the Hausdorff distance betw&smdS,, which
depends on parametérg ap, andhest.

e Step 4:Parameterk, anday, are approximated by the solution of

min min | min du(S,S hn, on, Nest) | -
hn>0ane(0,1] | hest>0 (S’ Y )

In the literature, Gijbels and Goderniaux (2004) has disedsbootstrap bandwidth
selection for jump detection. Our proposed procedure nexdtfieirs in several aspects.
First, Gijbels and Goderniaux use the same bandwidth fopjdetection and for estimat-
ing g. In our procedure, two different bandwidthgsandhes; are used for the two purposes.
Based on our numerical experience, the bandwidth for jumpatien should be chosen
smaller than the bandwidth for curve estimation. Thereftiis modification should im-
prove jump detection performance. Second, Gijbels and Béalex discuss bandwidth
selection in cases when the number of jumps is fixed, and ttagoge an estimator of the
number of jumps using cross-validation. In our proposea@dare, bandwidth selection
is discussed in the general case when the number of jumpkiswm, which simplifies
its execution.

It should be pointed out that, in the above bandwidth selagirocedure, we resample
residuals when constructing the bootstrap estimator dfithesdorff distancdy (S, S hn, On),
which has been shown effective in the literature (e.g., &gjland Goderniaux 2004) in
cases when the error terms in model (2.1) are homogeneousasks when the error
terms are heterogeneous, it might be more reasonable tmpésariginal observation
pairs{(x,Yi),i =1,2,...,n}.

5 A Simulation Study

In this section, we present some simulation results reggrflimp detection byMp(x)
discussed in the previous sections. In model (2.1), for baityy we seto(X) = o. The

10
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regression functiori takes one of the following three forms:

2/3—2x 0<x<1/3
fix) =14 1 1/3<x<2/3
—2(x—2/3)(x—2) 2/3<x<1

10— 30x 0<x<1/3
fa) =< —360(x—1/2%+11 1/3<x<2/3
exp[15(x—2/3)/2] -1 2/3<x<1

72(x—1/3) 0<x<1/3
fa(x) = ¢ 8sin15mx) +1 1/3<x<2/3
25[log(x+1/6)—log(5/6)] 2/3<x<1.
Threeo values 0.1, 0.25, and 0.5, and fawalues 100, 200, 500, and 1000 are considered.
The two one-sided kernel functions used in (2.3) are chasée t

Ki(2) =1.5(1-2)(-1<2<0), Ky(2)=151-2)I(0<z<1).

Whenn = 100 ando = 0.5, one realization of observations from model (2.1) withttiree
regression functions is shown in Figure 1. From the figurecavesee that each of the three
regression functions has two jumpsxat 1/3 andx = 2/3, and they have quite different
curvature, withf; being linear in continuity regiondp being curved in certain regions, and
f3 having large curvature in most part of the design interval.

We then apply the jump detection procedure (2.3)—(2.7)itoetkample. The procedure
parameterf, anda, are chosen by the bootstrap procedure discussed in Secfiabkes
1-3 present averaged Hausdorff distances between thedsteated jump§and the set of
true jumpsS, averaged from 100 replications, and the correspondiregtesl bandwidths
(in parentheses), by the jump detection criteddp(x) with p=0,1,2, and 3 in various
cases. We also considered cases when3. But results in such cases were found not to
be the best in any of the scenarios considered. Theref@gaite not presented here.

From Table 1, we can see thdp(x) performs the bestin all cases when- f1. There-
fore, it seems reasonable to conclude that, whés quite straight in continuity regions,
jump detection using local constant kernel smoothing wdadda good choice. Table 2
shows that, in the case whdn= fa, Mz(X) performs the best whem is relatively small
or whenn is relatively large (i.e., wheo = 0.1, or wheno = 0.25 andn > 200, or when

11
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Figure 1: One realization of observations from model (2.ithwhe three regression func-
tions whermn = 100 ando = 0.5. (a) f1, (b) f2, and (c)fs.

o = 0.5 andn > 500). OtherwiseM1(x) performs well. These results imply that, when
f has quite large curvature in certain small regions and &@gitt in majority part of the
continuity regions, we can consider usikfg (x) or M2(x), depending on the sample size
and the noise level. If the noise level is low or the sample 82Zarge, theM(x) often
performs better thaM;(x). Otherwise,M1(x) would be a good choice. From Table 3,
it can be seen that, wheihhas large curvature in majority part of the continuity regp
M2(x) or M3(x) would be good for jump detection. In such cases,ig small om s large,
thenM3(x) could be used. Otherwis®l,(x) would be a good choice.

6 Applications

In this section, we apply the jump detection procedure ({3Y) to two real data sets. The
first data consist of thickness measures of two US penniesafit year from 1945 to 1989,
which are shown in Figure 2(a). The second dataset, showigimd-2(b), includes weekly
values of the Dow Jones Index Open Price from September 2080dgust 2002. From the
plots, it can be seen that penny thickness measure has twasjamund years 1959 and
1975, which was confirmed by Gijbels and Goderniaux (2004Q,the Dow Jones Index
Open Price has a dramatic jump around the 56-th week, whittreisveek immediately
after September 11, 2001 when the airplane suicide attackg-Qaeda greatly hurt the
US and world markets and the Dow Jones Industrial Averageifell 684 points, or 7.1%,
on September 17, 2001.

In the jump detection procedure (2.3)—(2.7), paramdigmnda,, are chosen by the

12
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Table 1: Averaged Hausdorff distances between the set ef:tdﬂtjumpsg by jump de-
tection criteriaMp(x), for p=10,1,2, and 3, and the set of true jumBsn the case when
f = f1. Numbers in parentheses denote selected bandwidths.

n=100 n=200 n=500 n=1000
0=0.1 Mo(x) 0.0033(0.04) 0.0015(0.02) 0.0016(0.01) 0.0009 (0.002)
Mi(x) 0.0271(0.14) 0.0168(0.14) 0.0131(0.14) 0.0144 (0.14)
Ma(x) 0.0279(0.14) 0.0192(0.10) 0.0173(0.09) 0.0129 (0.14)
Ms(x) 0.0354(0.16) 0.0177(0.11) 0.0103(0.06) 0.0089 (0.07)
0=0.25 Mo(x) 0.0135(0.01) 0.0044(0.04) 0.0091(0.04) 0.0026 (0.01)
Mi(x) 0.0489(0.18) 0.0559(0.17) 0.0369(0.15) 0.0223(0.15)
Ma(x) 0.0996 (0.47) 0.0349(0.23) 0.0206(0.10) 0.0208 (0.14)
Ms(x) 0.2406 (0.41) 0.0734(0.36) 0.0189(0.21) 0.0142 (0.10)
0=0.5 Mo(x) 0.0839(0.32) 0.0341(0.23) 0.0111(0.06) 0.0076 (0.03)
Mi(x) 0.1376(0.36) 0.0705(0.27) 0.0500(0.16) 0.0581 (0.16)
Ma(x) 0.3499 (0.57) 0.1624(0.56) 0.0703(0.43) 0.0308 (0.16)
Ma(x) 0.3643(0.85) 0.2694(0.82) 0.1712(0.43) 0.0522(0.34)

bootstrap procedure described in Section 4. The detectepsiyMp(x) whenp=0,1,
and 2 are listed in Table 4. From the table, we can see thathéopenny thickness data
which are quite straight in continuity regiondp(x) performs well and botiM;(x) and
M2(x) miss one jump. These results are consistent with those fraloleTL. The Dow
Jones Open Price data look curved in the entire 2-yearIDd-week) range. For this data,
jump detection byM2(x) identifies one jump at the 56-th week, while jump detection by
Mo(x) andM1 (x) identifies two and four jumps, respectively, at certain ptilaces. After
checking the data carefully, we think that jump detectiorMayx) might be more reliable

in this case.

7 Concluding Remarks

Jump detection in regression curves is important for aedpplications. In the literature,
a number of jump detectors have been proposed, among whigh gietectors based on

13
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Table 2: Averaged Hausdorff distances between the set ef:tdﬂtjumpsg by jump de-
tection criteriaMp(x), for p=10,1,2, and 3, and the set of true jumBsn the case when
f = f2. Numbers in parentheses denote selected bandwidths.

n=100 n=200 n=500 n=1000

0.2902 (0.04)
0.0213 (0.16)
0.0153 (0.15)
0.0218 (0.16)

0.2705 (0.03)
0.0256 (0.15)
0.0116 (0.12)
0.0152 (0.14)

0.2637 (0.02)
0.0329 (0.14)
0.0134 (0.09)
0.0098 (0.07)

0.0397 (0.002)
0.0390 (0.13)
0.0165 (0.05)
0.0678 (0.05)

0.1946 (0.05)
0.0230 (0.17)
0.0249 (0.16)
0.0304 (0.24)

0.2896 (0.05)
0.0260 (0.16)
0.0155 (0.16)
0.0304 (0.19)

0.2962 (0.04)
0.0245 (0.16)
0.0103 (0.15)
0.0167 (0.17)

0.0721 (0.006)
0.0289 (0.16)
0.0110 (0.11)
0.0123 (0.13)

0.0625 (0.03)
0.0194 (0.17)
0.0871 (0.19)
0.2082 (0.28)

0.2555 (0.06)
0.0220 (0.16)
0.0505 (0.18)
0.1399 (0.27)

0.2735 (0.05)
0.0299 (0.16)
0.0242 (0.17)
0.0351 (0.25)

0.0818 (0.01)
0.0296 (0.16)
0.0118 (0.16)
0.0254 (0.24)

one-sided local constant kernel smoothing and one-sided limear kernel smoothing are
the major ones. In this paper, we discuss jump detectiordbasehe general framework
of one-sided local polynomial kernel smoothing. Based aih tieeoretical and numerical
arguments, different jump detectors under this framewrglcampared, and some practical
guidelines are provided. We conclude that (i) when the ugiohey regression functiori is
quite straight in continuity regions, jump detection usiig(x) is recommended, (ii) when
f has quite large curvature in certain small regions and &gdit in majority part of the
continuity regions, jump detection usimdy (x) or M2(x) is recommended, depending on
the sample size and the noise level (if the noise level igivelst low or the sample size
is large, therMy(x) often performs better tha¥, (x); otherwise M1 (x) would be a good
choice), and (iii) whenf has large curvature in majority part of the continuity retp
M2(x) or M3(x) would be good for jump detection.

In this paper, procedure parameters are chosen to be theigdh@entire design in-
terval, which may not be ideal for certain applications.ultiely, in regions where the

14
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Table 3: Averaged Hausdorff distances between the set ef:tdﬂtjumpsg by jump de-
tection criteriaMp(x), for p=10,1,2, and 3, and the set of true jumBsn the case when
f = f3. Numbers in parentheses denote selected bandwidths.

n=100

n=200

n=500

n=1000

0=01 M

0.1213 (0.03)
0.1755 (0.04)
0.0913 (0.09)
0.1762 (0.08)

0.2102 (0.03)
0.1710 (0.04)
0.0992 (0.09)
0.0955 (0.05)

0.1402 (0.02)
0.1475 (0.03)
0.0876 (0.09)
0.0172 (0.04)

0.1116 (0.015)
0.1715(0.03)
0.0638 (0.02)
0.0075 (0.04)

0=0.25 M

0.2061 (0.05)
0.1679 (0.05)
0.0458 (0.09)
0.0650 (0.16)

0.1950 (0.04)
0.1427 (0.04)
0.0294 (0.09)
0.0713 (0.06)

0.1668 (0.03)
0.1710 (0.05)
0.0345 (0.09)
0.0300 (0.06)

0.1594 (0.027)
0.1714 (0.04)
0.0688 (0.03)
0.0159 (0.05)

0o=05 M

0.2085 (0.07)
0.1752 (0.06)
0.0388 (0.09)
0.0359 (0.17)

0.2118 (0.06)
0.1609 (0.05)
0.0233 (0.09)
0.0275 (0.16)

0.1603 (0.02)
0.1714 (0.05)
0.0252 (0.09)
0.0254 (0.16)

0.1778 (0.035)
0.1461 (0.04)
0.0266 (0.09)
0.0861 (0.16)

underlying regression curve has relatively large cungttine bandwidth, for instance,
should be chosen relatively small to reduce possible estimbias, and it should be cho-
sen relatively large in regions where the regression curaeite flat. Selection of variable
procedure parameters requires much future research. Wisalid not discuss jump de-
tection in boundary region®,hn) and (1 — hy, 1] in this paper. When the sample size is
limited, this boundary jump detection problem could be imgot, which also requires
much future research effort.

Acknowledgments: We thank two referees for many helpful comments which
greatly improved the quality of the paper. This researchuppsrted in part by an NSF

grant of USA.
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Figure 2: (a) The penny thickness data. (b) The weekly Doves@pen Price data.

Table 4: Detected jumps bM,(x) whenp = 0,1, and 2 for the penny thickness data and
the weekly Dow Jones Open Price data.

Mo(x) M1 (x) M2(x)
Penny thickness data 1959, 1975| 1975 1974
Dow Jones Open Price data50, 80 34,60, 78, 89| 56
APPENDIX

A Proof of Theorem 1

In Section 3, we defink, ;, = f3 UK2(u)du= [, W1KZ(u)dy, for ty,t; = 0,1,.... By
integration approximation with summations, fert, =0,1,2,...,2p, we have

1 n Xj—X ty t Xi—X B 1 n Xi—X ty t2 Xi—X B
o, () 4 ()~ (7)1 (57) Koo
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~

For E(fp+hn (X)), by some routine algebraic manipulations and the abovédtseste have

R n (X —x)]
e = 3 2 ’|vhv")T P (5) 100

. i?ll( )(xh”?;f(x;”?)ff;

1[ )6 (55 o)
(‘”Z:fsw( X)S+0((% — x)p“))]

e for S g L () (5]

+o(hR*Y)

p
= |K|71JZO(KJ',1)* L; S!X (hn)sKj+s,1
p+1 f(S) (X)(hn

1 S 0
= [K|” Z)+T Z)(KJ 1) Kjs1
= g i=

K*.,K
_ (011, 21=0K}' 1 PHAL by
= RO K]

= IKI1

= IKI1

©
F
..
—h
—
w
—
NaJ

+o(hf™)

4

+o(h*h

+o(hpt).

(A.1)
Notice that the last equation holds because it is not difftcutheck that

P ) {0, ifl1<s<p
J:

%(Kj,l) Kiys1=
K|, if s=0.

Similarly, we have

Zj OK 1KP+J+1 1hp+1
(p+ K]

() = f-(x+ 1P x) +o(ht™Y).  (A2)

Therefore, by (A.1) and (A.2),

ZJ OKj 1Kprjt1.1 hp+l

o(hPthy.
(Pt DIK] o)

E(Mp(x)) = (f+ (%) — f-(x)) + (FP" Y () — £ P x))
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To prove the result aboMar(Mp(x)), we rewriteMp(x) = 31, GY;, where

oW =X —x) IR )X % —x
o= () - e (R
Then,
_ic? +zlocJ X)1(X) .
1= 1]
= nc-zf2 - nc:-2 2(X Cif X
i; i (X|)+|; i +|lecl | ) ( J)
Thus,
varMp(9) = [EMp()]° - [(Mp())?] = 31, 0%(X)C?
" PN O —x)
- o[ B g

(zl o(W Jhn)*(x‘*)()j)2 2 Xi—X
EE K2< )

1) s i
2o (%= X)
W)

(5Pt mg« x)i)zKf € x)]

AP
= Zi;cr

£ [0 01 (3 negr i) )|

n
— 2y i1,J2=0.12,.p
= 2;0 (%) WO
= 23 0%+ 0(% X
s (5, )
WP

2p .
202(x) Yi—oKi2 (Zjl J121+012 21 Ki 1K, 1) o 1
nhy K[? '

18



Bo Zhang et al. 523

B Proof of Theorem 2

Here, we only prove equation (3.1). Equation (3.2) can begmtdn a similar way. From
equation (2.4), by the Taylor's expansionfdiX;) atx, we have
E[ff.] = n
P iZ\ wa

Y -
TX| X) f(xi>Kl(thn x)

n (X — X)) - 1£(9)

_;ZJ o J|vr\1/) Tx - K1<X|hn X) <p§0 U (Nx>s+o((xx)p+l>>

w :

1

n P ( h)*W 1h 1 1

= f(x)+ fPD(x 120070 TPt i = o p(pHL) (P
00 2 = ) w) (™)

”Z, o(W ]h>*
|

The second equation follows from the facts tgﬁ;o(wﬁ’lﬁn)*wt(fjflj h, =0, for1<t<p,

and the definition

n

0 ik (KX i

wi'), = (xi—x)JK|( ) j=0,1,2,....2p, | =1,2.

b i; hn
So,

sy (D)
- 0 3P o(w! >w
E[f, ] f(x) = fP () y S22 i PR pohPTY) . (B

Define

0 .
V= [ dkabodx  for  j=0.1,2:p+1

Then, it is easy to check that

W
hn
rjwl =V +0(1). (B.2)

Now, define
§i:0(xi)£i (.1/27|O-( ) |) i:1727"'ana

ZJ o(W Jhn)*(xi*X)j

ZLK1< hn ) W@ (X,
-3 ()

) ey i
o) = (X5 Z?o<ww(>l>|<x W
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Then, by the exponential form of Chebyshev inequality, for g we have

? (Bnil::gn [Gn(X) — E(Gn(x))] > s>

IN

exp(logn~*P " )E <rlexp<# [Gn(i) — E(@nam))

IN

n B exp( " S var@i()) | (B.3)
B &

By results (B.2) and Assumption E, it is easy to check that

92
n B n o 5P (W(ll)n)*(xifx)J M
i;Var(gnO)) <M i;r<f<xhn X) { 1=0 J|r&(1)| = o G,

whereM andC; (K;) are constants. By assumption C, we have

Voo . Y
P (70gn 0~ E@)] > ¢) = O ") .4

which is uniformly true for alk € [hn/2, 1]. We now defind, = {x: |x| <n'/®+1,x€ R}

for somed > 0. LetE, be the smallest subset §if/n? : i = 1,2, ...,n?} such that, for any
x € Dy, there exists som&(x) € Ep satisfying|x — Z(x)| < n~2. Then,E, has at most
Nn = [2n?(nY/® 4 1)] + 1 elements, wherfx] denotes the integer part ®f Clearly, we can

write
nV

Baiogn 190~ E(@)llim/2 00y < SintSn+ San, (B.5)
where )
n
n = ~n - Nn Z
St Arlogn Xe[hn/s;wg (X) — Gn(Z(¥)))|
nV
= On(Z —E(G,(Z
T ulogn ey, o, HE) T EG(E0) (®.6
Sn = oy sup  [E(@(Z()) — E@Gn()]-

Bnlogn scih,/2, 10D,
From (B.4) and (B.6), we have

1/2
P(SZn > 5) =0 (NnnsB” > .
By the Borel-Cantelli Lemma,

rI1im Sn= 0, a.s (B.7)
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Now,
S = | [ () T )
L=
BnlogN yeihn/2, 1Dn i; hn W@
K, (K2 Z?:o(Wﬁ,an)*(Xi—Z(X))j
! hn W@
nv+l/2
<

3 B[ (5w (S50 Yz

S su
BnlogN yefhn/2,2nDn

nv+l/2 C2(K1)
Bnlogn n2h,

whereC,(Ky) is a constant, angr (x) = ZJP:O(WE,l)hn)*(Xi —x)1/]WW@|, Therefore

rI1im Sn=20 a.s (B.8)
Similarly,
rI1im Sh=0 a.s (B.9)
By (B.7) — (B.9), we have
n’ N N
Bnlogn ||Gn — E(Gn) |l /2, 1D, = 0(1), &.S. (B.10)
n

Now,

1190 — E(9n)litn/2, 2 < 1190 — Gnllhn/2, 27 + 1Gn — E(Gn)lhn/2, 27 + [[E(Gn) — E(9n)|ljhn/2, 1-

By Assumption E, there exists a full s@p such that for eachy € Qg there exists a finite
positive integeN,, such that, fof > N, & (w) = a(X)& (w). So, for alln > Ny,

N 1R /X —x < | C(Nw)
00— 001 < -5 K (X5 ) | 000000~ | < Sl @
where. (x) is a continuous function. Therefore,
\
[1Gn — Gnl ljhy/2, 11 = 0(1), a.s. (B.12)

Bnlogn
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Similarly,
n' .
BnlognHE(g”) —E(9n)ll (/2,7 = 0(1), a.s. (B.13)
By (B.10), (B.12) and (B.13), we have
nV
Bnlo_gan” —E(9n)|[jhy/2.1 = 0(1), a.s. (B.14)

Thus, by (B.1) and (B.14), we have

nv oo~
m” forbn — fllinn/2. = 0(2), as.

C Proof of Theorem 3

First, by Theorem 2, we have

nV

Balog(m) M|y 1-h\UP_ 5~ hnsj+ho] =0 @S

This result and assumption F imply that, wheris large enough, none of the detected
jumps (cf., Section 2) would fall into continuity regiofig, 1 — hn]\ UJp:l[Sj —hn,sj+hp).
On the other hand, it is easy to check, based on Theorems 1, #mat 2

r!im Mp(sj) =dj, forj=1,2,---,p, a.s.

Therefore, for a given true jurmg, the design point that is closestgpamong all design
points would be detected as a jump point. In the intefsjal- hy, sj + hy], there might be
multiple detected jumps; but, they would form a tie (cf.,adission at the end of Section
2) and be replaced by the central point of the tie. After thalification procedure, there
would be one and only one detected jumgsp— hn,sj + hy|. After combining the above
results, conclusions (3.3)—(3.5) in Theorem 3.3 can beirdxda
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