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ABSTRACT

Principal component analysis (PCA) can be seen as a singular value decomposition

(SVD) of a column-centred data matrix. In a number of applications, no pre-processing

of the data is carried out, and it is the uncentred data matrix that is subjected to an SVD,

in what is often called an uncentred PCA. This paper explores the relationships between

the results from both the standard, column-centred, PCA, and its uncentred counterpart. In

particular, it obtains both exact results and bounds relating the eigenvalues and eigenvectors

of the covariation matrices, as well as the principal components, in both types of analysis.

These relationships highlight how the eigenvalues of both the covariance matrix and the

matrix of non-central second moments contain much information that is highly informative

for a comparative assessment of PCA and its uncentred variant. The relations and the

examples also suggest that the results of both types of PCA have more in common than

might be supposed.
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1 Introduction

Principal component analysis (PCA) can be seen as a singularvalue decomposition (SVD)

of a column-centred data matrix. In a variety of applications, no pre-processing of the

data is carried out, and the uncentred data matrix is subjected to an SVD. The SVD of a

matrix that has not been previously column-centred is oftenreferred to as an uncentred

PCA. We shall use this terminology, although from a historical point of view it is debat-

able whether the adjectiveprincipal should be used in this context. Whereas the standard,

column-centred, PCs are uncorrelated linear combinationsof the column-centred variables

which successively maximize variance, uncentred PCs are linear combinations of the un-

centred variables which successively maximize non-central second moments, subject to

having their crossed non-central second moments equal to zero. Despite warnings [3] there

has been a tendency in some fields to equate the name singular value decomposition only

with the uncentred version of PCA.

Uncentred PCAs have been used in many areas of application, such as climatology

[19], astronomy [4], the study of microarrays [1], neuroimaging data [6], ecology [18],

chemistry [10] and geology [15], among others.

In most cases, the use of either variant of PCA seeks to describe and explore the data,

rather than to model it. Hence there is a need for a greater understanding of the nature of

uncentred PCA and of its relations with the standard, column-centred, PCA. In particular,

quantitative relations between both types of PCAs are essential to clarify these relations,

and they do not seem to be currently available.

This paper compares the results from standard, column-centred, principal component

analysis, and from its uncentred counterpart. In particular, it obtains both exact relation-

ships and bounds involving the eigenvalues and eigenvectors of the matrices of covariances

and of non-central second moments, as well as the principal components in both types of

analysis. The eigenvalues of both covariation matrices tell us a great deal about the com-

parative behaviour of both kinds of PCAs.

Section 2 introduces the basic concepts and the notation that will be used. Section 3

presents the main results regarding the relations between column-centred and uncentred

PCAs, the proofs of which are left to an Appendix. In Section 4these results are applied in

the discussion of two examples. Finally, Section 5 presentsa few conclusions.
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2 Preliminaries and notation

Standard principal component analysis replaces a set ofp variables withp new variables,

called principal components (PCs), which are uncorrelatedlinear combinations of the orig-

inal (centred) variables. The first PC is the linear combination of maximum variance (with

a unit-norm vector of coefficients); subsequent PCs are the linear combinations of maxi-

mum variance, but with the additional requirement of zero correlation with all previously

defined PCs. As is well known [11], the vectors of coefficientsthat define the PCs (the PC

loadings) are the eigenvectors of the covariance matrix of the p variables (or correlation

matrix, if we work with standardized variables). Each eigenvalue of the covariance matrix

is the variance of the PC defined by the corresponding eigenvector. Eigenvectors and PCs

only define directions: they can be arbitrarily multiplied by −1. Some authors confusingly

call the vectors of PC loadings “principal components” (e.g., [6]), but we reserve this name

for the linear combinations of the observed variables that are defined by those loadings, in

keeping with Hotelling [8].

Alternatively, PCA can be given via a singular value decomposition [5, 11] of the

column-centredn× p data matrix, whosen rows are associated with the observation units

(“individuals”) and whosep columns are associated with the observed variables. Column-

centring means that the raw data matrix is pre-processed, sothat the mean of each column

is subtracted from all observations on that matrix column, which therefore becomes a zero-

mean vector of observations.

Throughout, anm×m identity matrix will be denoted byIm. An m-dimensional vector

of ones is represented by1m. The subspace spanned by the columns of a givenn×k matrix

A - i.e., the rangespace ofA - will be represented byR (A) and its orthogonal complement

– i.e., the subspace of all elements ofR
n that are orthogonal toeveryelement ofR (A) –

by R (A)⊥. PA indicates the matrix of orthogonal projections onto the subspaceR (A), so

thatPA = A(AtA)−1At , assumingA is of rankk. If PA is ann×n matrix of orthogonal

projections onR (A), thenIn−PA is the matrix of orthogonal projections onR (A)⊥.

An uncentredn× p data matrix will be represented byXuc and its column-centred

counterpart byXcc. Unless otherwise stated, it is assumed thatn > p and that any multi-

collinearities in the data were previously removed, so thatthe rank ofXcc is p. It is assumed

throughout thatXuc 6= Xcc, i.e., that the data columns do not all originally have zero means.

In algebraic terms, column-centring results from pre-multiplying a raw data matrixXuc by

then×n matrix In−P1n, whereP1n = 1
n1n1t

n, i.e.,Xcc = (In−P1n)Xuc.
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Let a singular value decomposition (SVD) of a rankr matrix 1√
n
Xcc be given by

1√
n
Xcc = U∆Wt =

r

∑
i=1

σiuiwt
i , (2.1)

where∆ is the diagonal matrix of singular values{σi}r
i=1, U is an n× r matrix whose

columns are the left singular vectors{ui}r
i=1, andW a p× r matrix whose columns are

the right singular vectors{wi}r
i=1. The columns of bothU andW form orthonormal sets,

so thatUtU = WtW = I r . If the columns of the column-centred matrixXcc are linearly

independent (i.e., ifr = p), thenW is an orthogonal matrix (WtW = WW t = I p). But

even when there are no multicollinearities, the productUUt is ann×n matrix that isnotan

identity matrix: it can have no more thanr = p non-zero eigenvalues, since its rank must

equal the rank ofXcc. The multiplicative constant1√
n

in equation (2.1) is useful because

the matrix product( 1√
n
Xcc)

t( 1√
n
Xcc) produces the covariance matrixS of the original data.

Therefore

S = (W∆Ut)(U∆Wt) = W∆2Wt , (2.2)

is a spectral decomposition [7, p.171] forS. The eigenvectors and the (non-zero) eigenval-

ues of the covariance matrixS are, respectively, the right singular vectors and the squared

singular values of 1√
nXcc. The j-th principal component (i.e., vector of PC scores) is

given by ηηη j = Xccw j ∈ R
n, and again resorting to the SVD of1√nXcc, we haveηηη j =√

n∑p
i=1 σiuiwt

i ·w j =
√

nσ ju j . Thus, the left singular vectors ofXcc are the principal

components re-scaled to have unit length with theℓ2 norm.

Similar comments apply to the counterpart of the covariancematrix S, if one begins

with an uncentred data matrix, which is the matrix of non-central second moments,

T =
(

1√
n
Xuc

)t (
1√
n
Xuc

)

. (2.3)

The matricesS andT will be collectively calledcovariationmatrices. The uncentred

correlation coefficients are sometimes referred to ascongruence coefficients[9]. Super-

scripts[c] and[u] are used to distinguish the column-centred and the uncentred case, in the

eigen- or singular value decompositions.

3 Main results

A first result relates the singular values of the column-centred and the uncentred data matri-

ces, and therefore the eigenvalues of the covariance (correlation) matrixSand its uncentred
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counterpartT, as well as the proportion of variation explained by the PCs in both cases.

This result is a direct application of the following theoremwhich Takane and Shibayama

[17] attribute to Yanai and Takeuchi [21, in Japanese], and which is related to the eigen-

value interlacing theorems for symmetric matrices whose difference is of reduced rank [7,

p.184].

Theorem 1(Yanai & Takeuchi Separation Theorem). LetY be an n× p matrix. LetPn and

Pp be, respectively, n×n and p× p orthogonal projection matrices of rank r and s. Then,

σ j+t(Y) ≤ σ j(PnYPp) ≤ σ j(Y) , (3.1)

whereσ j(·) indicates the j-th largest singular value of the matrix and t= n+ p− (r +s).

Corollary 3.1. Let Sbe the covariance matrix for a given data set, andT its corresponding

matrix of non-central second moments. Letλ j(·) be thej-th largest eigenvalue of either ma-

trix, andπ j(·) =
λ j (·)

∑p
i=1 λi(·)

the proportion of total variation accounted for by the correspond-

ing PC. Thenλ j+1(T) ≤ λ j(S) ≤ λ j(T). Equivalently,π j+1(T) ·α ≤ π j(S) ≤ π j(T) ·α.

whereα = tr(T)
tr(S) = 1

1−‖cm‖2/tr(T)
, with tr(·) the matrix trace,cm = 1

nXt
uc1n and‖cm‖2 =

ct
mcm. The p-dimensional vectorcm is the vector of column means of the uncentred data

matrixXuc and‖cm‖2 is the sum of squares of those column means.

Hence, the eigenvalues ofS are interlaced with those ofT: an eigenvalue ofS can-

not be larger than the eigenvalue ofT of equal rank - nor smaller thanT’s next ranking

eigenvalue. However, sinceα ≥ 1, the proportion of variance accounted for by thej-th

column-centred PC can be either smaller or larger than the proportion of total variation

(sum of non-central second moments) of the uncentred PC of equal rank. In our context,

it is possible to go further than the above separation theorem and obtain exact relations

between the eigenvalues of matricesS andT, thus providing a fuller understanding of the

effects of column-centring.

The following Theorem addresses the eigendecomposition ofthe difference in thep× p

covariation matrices,T−S, which has important consequences for the comparative study

of column-centred and uncentred PCAs. This is a symmetric matrix, with a full set of

orthonormal real eigenvectors associated with itsp real eigenvalues.

Theorem 2. LetXuc be an n×p data matrix, whose vector of column means iscm= 1
nXt

uc1n

and whose matrix of non-central second moments isT = 1
nXt

ucXuc. LetSbe the covariance

matrix of the data, andXcc be the column-centred data matrix so thatS= 1
nXt

ccXcc. Then,
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1. Eigendecomposition of T−S: The matrixT−S can be written as

T−S = cm ·ct
m , (3.2)

It is a matrix of rank one, whose only nonzero eigenvalue is‖cm‖2, associated with

the unit-norm eigenvectorcm/‖cm‖. Any vectory ∈ R (cm)⊥ is an eigenvector of

T −S, with eigenvalue zero.

2. For any vectorx ∈ R
p, the difference in the Rayleigh-Ritz ratios ofT andS is:

xtTx
xtx

− xtSx
xtx

= ‖cm‖2 ·cos2(cm,x) . (3.3)

3. If one of the eigenvectors of eitherT or S is exactly equal to the (unit-norm) vector

of means of the columns ofXuc, the vectorcm/‖cm‖, then:

• S andT have a common set of eigenvectors (including the vectorcm/‖cm‖);

• The p−1 eigenvalues ofS and T that are not associated with the common

eigenvectorcm/‖cm‖ are shared;

• If the common eigenvectorcm
‖cm‖ has eigenvalueλ[u] in T and λ[c] in S, then

λ[c] = λ[u]−‖cm‖2.

Note that the rank of this final eigenvalue ofS need not be the same as inT.

A few comments on the statements in this Theorem:

• It is a direct consequence of the first point of Theorem 2 that

tr(T)− tr(S) = ‖cm‖2 . (3.4)

• The matrix(T−S)/‖cm‖2 is a matrix of orthogonal projections onto the one-dimensional

subspaceR (cm), butT−S is not: it does not preserve the vectors in that subspace,

but rather re-scales them.

• It is a direct consequence of (3.3) that for any vectorx in the (p−1)-dimensional

subspaceR (cm)⊥, thenTx = Sx. If any such vector is an eigenvector of one of the

matrices, it must also be an eigenvector (with a common eigenvalue) of the other

matrix.

6
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• It is known that the eigenvalues of a symmetric matrix successively maximize its

Rayleigh-Ritz ratio, among all vectorsx that are orthogonal to previously determined

solutions [7, p.176]. Equation (3.3) tells us that maximizing S’s Rayleigh-Ritz ratio

is a trade-off between maximizing the Rayleigh-Ritz ratio of T and staying as orthog-

onal as possible to vectorcm, with ‖cm‖2 playing the role of a penalizing constant

for excessive closeness tocm.

• The above remarks help explain why many eigenvectors in column-centred and un-

centred PCAs are often similar, namely when they have approximately equal-sized

eigenvalues (as distinct from the proportions of variationwhich they account for).

This is illustrated by the examples in Section 4.

• It is unlikely that any of the matrices will have an eigenvector that is exactly colinear

with cm, but it is very often the case thatT’s first eigenvector is close to that direction,

in R
p, which unites the origin and the centre of gravity of then-point scatter that is

defined by the rows ofXuc. The final point in the Theorem can therefore be useful

as a benchmark against which to compare what happens whenT’s first eigenvector

diverges from the direction ofcm.

We now consider the implications of these results for the relations between both types

of PCAs.

Proposition 3.1. Let Xuc, Xcc, cm, S andT be defined as in Theorem 2. LetS andT have

eigenvalues
{

λ[c]
i

}p

i=1
and

{

λ[u]
i

}p

i=1
, and eigenvectors

{

w[c]
i

}p

i=1
and

{

w[u]
j

}p

j=1
, respec-

tively. Letηηη[c]
i denote the i-th column-centred PC andηηη[u]

j its j-th uncentred counterpart.

Then,

1. The mean score,sj , on the j-th uncentred principal component issj = ‖cm‖·cos(w[u]
j ,cm).

Equivalently,

cos(w[u]
j ,cm) =

sj

‖cm‖
, (3.5)

2. The variance of the scores on the j-th uncentred principalcomponent is

var(ηηη[u]
j ) = λ[u]

j −‖cm‖2 ·cos2(cm,w[u]
j ) . (3.6)

The covariance of the scores on the i-th and j-th uncentred Principal Components

(i 6= j) is

cov(ηηη[u]
i ,ηηη[u]

j ) = −‖cm‖2 ·cos(cm,w[u]
i )cos(cm,w[u]

j ) . (3.7)
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The covariance matrix of the uncentred PCs isW[u]tSW[u], whereW[u] is the matrix

whose columns are the eigenvectors ofT. This matrix has the same eigenvalues asS,

the data’s covariance matrix. The coordinates of the j-th eigenvector ofW[u]tSW[u]

are the cosines of the angles which the j-th eigenvector ofS forms with each ofT’s

eigenvectors.

3. The cross-covariance between the i-th column-centred PCand the j-th uncentred PC

is

cov(ηηη[c]
i ,ηηη[u]

j ) = λ[c]
i ·cos(w[c]

i ,w[u]
j ) . (3.8)

4. The correlation between the i-th column-centred PC and the j-th uncentred PC is

r
ηηη[c]

i ,ηηη[u]
j

=

√

var(ηηη[c]
i )

var(ηηη[u]
j )

·cos(w[c]
i ,w[u]

j ) =

√

λ[c]
i

λ[u]
j −‖cm‖2·cos2(cm,w[u]

j )
·cos(w[c]

i ,w[u]
j ) . (3.9)

5. The cosine of the angle inRn between the i-th column-centred PC and the j-th un-

centred PC is

cos(ηηη[c]
i ,ηηη[u]

j ) =

√

λ[c]
i

λ[u]
j

·cos(w[c]
i ,w[u]

j ) . (3.10)

6. The standard Euclidean distance inR
n between the i-th column-centred PC and the

j-th uncentred PC is the smallest of the two distances

‖ηηη[c]
i ±ηηη[u]

j ‖ =

√

nλ[c]
i · ‖w[c]

i ±w[u]
j ‖2 +n(λ[u]

j −λ[c]
i ) . (3.11)

7. The standard Euclidean distance inR
n between the i-th unit-norm column-centred

PC, u[c]
i =

ηηη[c]
i

‖ηηη[c]
i ‖

, and the j-th unit-norm uncentred PC,u[u]
j =

ηηη[u]
j

‖ηηη[u]
j ‖

, is the smallest

of

‖u[c]
i ±u[u]

j ‖ =

√

√

√

√2

[

1±
√

λ[c]
i

λ[u]
j

·cos(w[c]
i ,w[u]

j )

]

. (3.12)

8. We have
(

λ[u]
j −λ[c]

i

)

·cos
(

w[c]
i ,w[u]

j

)

= ‖cm‖2 ·cos(w[c]
i ,cm) ·cos(w[u]

j ,cm) (3.13)

which, whencos(w[c]
i ,w[u]

j ) 6= 0, is equivalent to

λ[u]
j = λ[c]

i +
‖cm‖2 ·cos(w[c]

i ,cm) ·cos(w[u]
j ,cm)

cos(w[c]
i ,w[u]

j )
. (3.14)
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9. Let Ak (ak) denote the largest (smallest) sum of variances of any k uncentred PCs.

Then, the sums of the k largest and the k smallest eigenvaluesof S satisfy:

k

∑
i=1

λ[c]
i ≥ Ak and

p

∑
i=p−k+1

λ[c]
i ≤ ak (3.15)

In particular, we have the following lower bound for the largest eigenvalue ofS:

λ[c]
1 ≥ max

j
{λ[u]

j −‖cm‖2 ·cos2(cm,w[u]
j )} = max

j
{var(ηηη[u]

j )} . (3.16)

10. Let ξi = λ[c]
i + ‖cm‖2 · cos2(cm,w[c]

i ) (i = 1, ..., p). Let Bk (bk) denote the largest

(smallest) sum of any k differentξi ’s. Then, the sums of the k largest and the k

smallest eigenvalues ofT satisfy:

k

∑
j=1

λ[u]
j ≥ Bk and

p

∑
j=p−k+1

λ[u]
j ≤ bk (3.17)

In particular, we have the following lower bound for the largest eigenvalue ofT:

λ[u]
1 ≥ max

i
{λ[c]

i +‖cm‖2 ·cos2(cm,w[c]
i )} . (3.18)

11. For any k= 1, ..., p, we have the following bounds for sums involving the k largest

eigenvalues ofT andS:

k

∑
i=1

cos2
(

w[c]
i ,cm

)

≤
k

∑
i=1

λ[u]
i −λ[c]

i

‖cm‖2 ≤
k

∑
i=1

cos2
(

w[u]
j ,cm

)

(3.19)

In particular, the first eigenvectors for each centring, andtheir associated eigenval-

ues, satisfy the following bounds:

cos2
(

w[c]
1 ,cm

)

≤ λ[u]
1 −λ[c]

1

‖cm‖2 ≤ cos2
(

w[u]
1 ,cm

)

(3.20)

For any k= 1, ..., p, we have the following bounds for sums involving the k smallest

eigenvalues ofT andS:

p

∑
j=p−k+1

cos2
(

w[u]
j ,cm

)

≤
p

∑
j=p−k+1

λ[u]
i −λ[c]

i

‖cm‖2 ≤
p

∑
i=p−k+1

cos2
(

w[c]
i ,cm

)

(3.21)

9
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12. The largest eigenvalue ofT and the largest and smallest eigenvalues ofS satisfy the

following bounds:

‖cm‖2 + λ[c]
p ≤ λ[u]

1 ≤ ‖cm‖2 + λ[c]
1 (3.22)

13. The cosine of the angle inRp between the i-th eigenvector ofS and the j-th eigen-

vector ofT satisfies the following bound:

∣

∣

∣
cos(w[c]

i ,w[u]
j )

∣

∣

∣
≤

√

λ[u]
j −‖cm‖2·cos2(cm,w[u]

j )

λ[c]
i

=

√

var(ηηη[u]
j )

var(ηηη[c]
i )

. (3.23)

14. The cosine of the angle between the first eigenvector of each ofT andS satisfies:

cos2(w[c]
1 ,w[u]

1 ) ≥ cos2(w[c]
1 ,cm)

cos2(w[u]
1 ,cm)

. (3.24)

3.1 Implications of Proposition 3.1

• Equation (3.5) states that the cosine between an eigenvector of T and the vectorcm

of column means ofXuc is directly proportional to the mean score on the uncentred

PC which that eigenvector defines. In particular, the mean score of an uncentred PC

is zero if and only if the vector of PC loadings is orthogonal to cm. As was seen in

the discussion following Theorem 2, eigenvectors ofT that are orthogonal tocm are

also eigenvectors ofS with a common eigenvalue and from equation (3.10), define

a common PC. Therefore, an uncentred PC can only have a zero mean score if it

coincides with some column-centred PC.

• Expressions (3.6) and (3.7) highlight that uncentred PCs are different from their

column-centred counterparts in important respects. They are not uncorrelated among

themselves, in general, and their associated eigenvalues do not indicate PC variances,

but only the non-central second moments of those PCs, as can be seen from equation

(3.6).

• Equation (3.9) implies the condition for strongly correlated PCs of both types:

r2
ηηη[c]

i ,ηηη[u]
j

≥ ε ⇐⇒ cos2(w[c]
i ,w[u]

j ) ≥ ε · var(ηηη[u]
j )

var(ηηη[c]
i )

.

10

On relationships between uncentred and column-centred...482



This condition cannot be met ifλ[c]
i < ε ·var(ηηη[u]

j ). The PCs cannot be perfectly cor-

related unless cos2(w[c]
i ,w[u]

j ) =
var(ηηη[u]

j )

var(ηηη[c]
i )

=

(

λ[u]
j −‖cm‖2cos2(cm,w[u]

j )
)

λ[c]
i

. Equation (3.10)

tells us that the cosine of the angle between then-dimensional vectors of PC scores

is related in a more direct way to their associated eigenvalues.

• The Euclidean distance (3.11) between a column-centred PC and an uncentred PC

provides a measure for the similarity of the scores on both components, but also a

measure of the similarity of the “functional forms” of both principal components,

which is useful whenever the nature of the data suggests thatthe patterns of these

components are meaningful. Since PCs can be arbitrarily multiplied by−1, we must

consider the norms of bothηηη[c]
i −ηηη[u]

j andηηη[c]
i +ηηη[u]

j . The analogous expression (3.12)

is useful for comparing such “waveforms” regardless of size, since the PCs have been

standardized to have unit norm.

• Equality (3.13) has many interesting implications. It indicates that ifS andT share

a common eigenvalue,λ[c]
i = λ[u]

j , then either the associated eigenvector ofS, w[c]
i , is

orthogonal tocm, in which case (as we saw in the discussion following Theorem2)

it is also an eigenvector ofT with the same eigenvalue; orT’s associated eigenvector

w[u]
j is orthogonal tocm, in which case it is also an eigenvector ofS with the same

eigenvalue. If none of the matrices have repeated eigenvalues, thenλ[c]
i = λ[u]

j implies

w[c]
i = w[u]

j . Recall, from Theorem 1, that it is only possible forλ[c]
i = λ[u]

j if i = j

or i = j + 1, unless there are repeated eigenvalues in either matrix. If any of the

matrices has repeated eigenvalues, there is an element of arbitrariness in choosing

their associated eigenvectors, but it is always possible tochoose those eigenvectors

in such a way thatS andT share an eigenvector. This line of reasoning remains

approximately valid when the two eigenvalues in question are only approximately

equal, although the discussion in this case is not entirely straightforward, as will be

seen in Sections 4 and 5.

• By a similar argument, ifw[c]
i is orthogonal tow[u]

j , then (3.13) implies that either

w[c]
i ⊥ cm, or w[u]

j ⊥ cm (or both). If w[c]
i ⊥ cm, thenTw[c]

i = Sw[c]
i = λ[c]

i w[c]
i , with a

similar result in the case ofw[u]
j . Hence, an eigenvector ofScan only be orthogonal to

an eigenvector ofT if at least one of them is a common eigenvector for both matrices,

with the same eigenvalue.

• But common eigenvectors ofT andS (apart from a multiplication by−1) may be

11
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associated with different eigenvalues. Ifw[c]
i = ±w[u]

j , the column-centred PCηηη[c]
i is

the result of column-centring the uncentred PCηηη[u]
j . From equations (3.13) and (3.6),

cos(w[c]
i ,w[u]

j ) = ±1 implies

λ[u]
j −λ[c]

i = ‖cm‖2cos2(cm,w[u]
j ) ⇐⇒ var(ηηη[u]

j ) = var(ηηη[c]
i ) ,

andλ[c]
i 6= λ[u]

j , unlessw[c]
i ,w[u]

j ⊥ cm. The PCsηηη[u]
j andηηη[c]

i are not colinear, unless

w[c]
i ,w[u]

j ⊥ cm, since equation (3.10) gives cos2(ηηη[u]
j ,ηηη[c]

i ) = λ[c]
i /λ[u]

j , which can only

equal 1 ifw[u]
j ⊥ cm.

• In bounds (3.15), there is no guarantee that the variances ofthe uncentred PCs are

ranked in the same order as their corresponding eigenvalues. The nature of the in-

equalities implies, of course, that similar bounds are valid if Ak andak are replaced

by the sum of variances ofany kuncentred PCs, but the bounds given in (3.15) are

the optimal ones. A similar comment applies to the bounds (3.17). Relaxations of

this kind produce the bounds (3.19) which will therefore, ingeneral, be less tight

(though possibly more useful) than the previous set of bounds. Whenk = p, all three

members in the inequalities (3.19) and (3.21) will have value 1.

• The inequalities (3.20) imply that the vectorcm always forms a smaller angle with

the direction ofT’s first eigenvector, than with the direction of the first eigenvector

of S. The former angle is small ifλ[u]
1 ≫ λ[c]

1 (as often happens).

• The upper bound (3.22) is less tight than the upper bound obtained from the right-

hand inequality in (3.20), but it does not depend on the eigenvector. The bounds

(3.22) are also useful to highlight that, if‖cm‖2 ≫ tr(S), then most of the excess

in the trace ofT, vis-a-vis the trace ofS, will be associated withT’s largest eigen-

value. Since none of the eigenvalues ofS can exceed equal-rank eigenvalues ofT,

the remaining eigenvalues of both matrices must, in this case, be similar.

• The bound (3.24) implies that the first eigenvector ofS must form a smaller angle

with T’s first eigenvector than with the vectorcm of column means.

4 Examples

Consider then-point scatter inRp which is defined by then rows of an uncentred data

matrixXuc. Equation (3.4) indicates that the total variation of the data set about the origin,

12
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as measured bytr(T), can be decomposed into the sum of the squared distance from the

origin of the cloud’s centre of gravity (‖cm‖2), plus the within-cloud variability of the

points around that center of gravity, as measured bytr(S). A fairly trivial situation will

not be considered in great detail: if the cloud’s center of gravity is close to the origin

when compared to the within-cloud variability, i.e., if‖cm‖2 ≈ 0 (tr(T) ≈ tr(S)), the two

variation matrices will be similar (T ≈ S) and both eigendecompositions and PCAs will

be similar. The two examples that are now considered illustrate situations where (i) the

cloud’s center of gravity is very far from the origin, when compared with the variability

around the centre of gravity, i.e.,‖cm‖2 ≫ tr(S) and‖cm‖2 ≈ tr(T) (first example); or (ii)

the inner-cloud variability,tr(S), is comparable in size to the distance of the cloud’s centre

of gravity from the origin:tr(S) ≈ ‖cm‖2 (second example).

4.1 The crayfish data

Somers [16] discusses a 13-variable dataset of morphometric measurements onn = 63

crayfish from Lake Opeongo, in Canada. We shall consider a correlation matrix PCA of

the data. For our purposes, this means that the column-centred data matrixXcc is the

matrix of standardized data, whereas the columns of the uncentred data matrix,Xuc are the

observed values, divided by their standard deviation, but not mean-centred. Hence, matrix

S is the correlation matrix of the original variables and matrix T is the matrix of non-

central second moments of the scaled data. The trace of the 13×13 matrixT is tr(T) =

2857.302. The vector of column means of the uncentred data matrix has norm squared

‖cm‖2 = 2844.302, that is, over 99.5% of the trace ofT. Such extremely high values of

this ratio are not uncommon for morphometric data sets, reflecting the fact that individual

variability is small, compared to the overall (scaled) sizeof the individuals. From equation

(3.3), the non-central variability associated with the directionx = cm is given by ct
mTcm
ct
mcm

=
ct
mScm
ct
mcm

+ ‖cm‖2 ≥ ‖cm‖2. Hence, the proportion of total non-central variability associated

with that direction must exceed‖cm‖2/tr(T) = 0.993. The main direction of variability

about the origin in the 13-dimensional scatter ofn = 63 points must therefore be very close

to the direction that unites the scatter’s centre of gravitywith the origin, reflecting the

dominance of overall size. In fact, the cosine of the angle betweenT’s first eigenvector and

cm is almost unity:|cos(w[u]
1 ,cm)| = 0.9999998. Necessarily, the otherp−1 eigenvectors

of T are nearly orthogonal tocm and therefore, as was seen in the discussion of Theorem 2,

we should expect fairly similar sets of eigenvalues and eigenvectors to those of the data’s

correlation matrix,S.

13
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Table 1: The eigenvalues of the correlation matrix (S) and of the matrix of non-central
second moments of the scaled crayfish data (T), and the absolute values of the cosines
of the angles between each eigenvector and the vectorcm. The second column gives the
variances of each uncentred PC. Column seven gives the values ξi , used in the bounds of
point 10) of Proposition 3.1.

Uncentred Eigenvalues Column-centred

Rank var(ηηη[u]
j ) |cos(w[u]

j ,cm)| T S |cos(w[c]
i ,cm)| ξi

1 7.60997 1.00000 2851.91089 8.00809 0.96851 2676.01891

2 2.38198 0.00045 2.38255 2.10800 0.20844 125.68760

3 0.73956 0.00014 0.73961 0.71934 0.05167 8.31378

4 0.53522 0.00001 0.53522 0.53519 0.00185 0.54489

5 0.38785 0.00014 0.38790 0.37425 0.03321 3.51137

6 0.30207 0.00019 0.30218 0.28851 0.01145 0.66134

7 0.28607 0.00007 0.28608 0.26208 0.05121 7.72230

8 0.24008 0.00008 0.24010 0.22377 0.05652 9.31028

9 0.18121 0.00009 0.18124 0.16867 0.03946 4.59844

10 0.15549 0.00006 0.15551 0.14149 0.06425 11.88184

11 0.10074 0.00006 0.10075 0.09098 0.05553 8.86101

12 0.04757 0.00001 0.04757 0.04744 0.00623 0.15777

13 0.03218 0.00000 0.03218 0.03218 0.00017 0.03226

Table 1 confirms the overall similarity in the eigenvalues ofT andS, except for the

largest eigenvalue of each matrix, which are associated with eigenvectors that are close

to the direction ofcm. For these eigenvectors, as indicated in point 3) of Theorem2, the

similarity is betweenλ[c]
1 = 8.0081 andλ[u]

1 −‖cm‖2 = 7.6100. This difference is large

enough to be associated with an angle of over 14 degrees between the directions ofcm and

of the first eigenvector ofS, a fact which is partially concealed by the non-linear cosine

transformation which reads out as a more impressive value of0.9685. This latter value is

an approximate lower bound for the absolute value of the cosine of the angle formed by the

first eigenvector of each matrix (inequality 3.24). Whereasall of T’s eigenvectors from rank

2 onwards are almost orthogonal tocm, the cosine involvingcm and the second eigenvector

of S looks fairly large:|cos(cm,w[c]
2 )| = 0.2084. It corresponds to a an angle of almost 78

14
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Table 2: The cosines of the angles between the eigenvectors of the correlation matrixSand
those of the non-central covariation matrixT for the scaled crayfish data.

S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13

T1 0.97 0.21 0.05 0.00 0.03 0.01 -0.05 0.06 -0.04 0.06 -0.06 0.01 0.00

T2 0.22 -0.97 -0.04 0.00 -0.02 -0.01 0.03 -0.03 0.02 -0.04 0.03 0.00 0.00

T3 0.05 0.06 -0.99 0.00 -0.04 -0.01 0.04 -0.04 0.03 -0.04 0.030.00 0.00

T4 0.00 0.00 0.00 -1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.000.00

T5 -0.05 -0.05 -0.06 0.00 0.96 0.05 -0.16 0.14 -0.07 0.10 -0.07 0.01 0.00

T6 -0.07 -0.06 -0.07 0.00 -0.25 0.45 -0.69 0.39 -0.16 0.22 -0.14 0.01 0.00

T7 -0.02 -0.02 -0.02 0.00 -0.07 -0.89 -0.40 0.17 -0.06 0.08 -0.05 0.00 0.00

T8 -0.03 -0.03 -0.03 0.00 -0.06 -0.06 0.54 0.81 -0.13 0.15 -0.09 0.01 0.00

T9 0.03 0.03 0.02 0.00 0.04 0.03 -0.16 0.34 0.81 -0.42 0.16 -0.01 0.00

T10 -0.02 -0.02 -0.02 0.00 -0.03 -0.02 0.09 -0.15 0.53 0.81 -0.15 0.01 0.00

T11 0.02 0.02 0.01 0.00 0.02 0.01 -0.05 0.08 -0.10 0.26 0.95 -0.02 0.00

T12 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.01 -0.01 0.03 1.00 0.00

T13 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00-1.00

degress, that is, an angle of over 12 degrees betweenw[c]
2 and the subspaceR (cm)⊥. These

perturbations at the top of the scale smooth out for subsequent eigenvectors. None of the

vectorsw[u]
j ,with j ≥ 3 forms an angle larger than 4 degrees with the subspaceR (cm)⊥.

What has just been said might suggest that the eigenvectors of both matrixT and matrix

S are similar. But Table 2 shows that the situation is not entirely straightforward.

While there is a fairly strong association between equal-rank eigenvectors of both ma-

trices, at both ends of the scale, things are much fuzzier in the middle-ranking range. For

example, the sixth eigenvector ofS forms a smaller angle withT’s seventh eigenvector

than withT’s eigenvector of equal rank, and the seventh eigenvector ofS does not form

small angles with any ofT’s eigenvectors. Figure 1 illustrates how this is connectedwith

the pattern of eigenvalues of both matrices. When the eigenvalues ofS are almost equal

to their same-rank counterparts inT, the dots in each box of Figure 1 are located near the

upper right-hand corner of the box, as occurs with eigenvalues 3 to 5 and 11 to 13.

If eigenvaluei of S is almost equal to eigenvaluei+1 of T, the dots appear in the bottom

left-hand corner, as occurs with eigenvaluei = 6 of S. When the dots are near the center

of the box (e.g.,i = 7), λi(S) is about half-way betweenλi(T) andλi+1(T). This Figure
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Figure 1: Each box has its upper right corner(λ[u]
j ,λ[u]

j ), whereλ[u]
j is T’s j-th eigenvalue

( j ≥ 3), for the crayfish data. The lower left-hand corners are thepoints(λ[u]
j+1,λ

[u]
j+1). These

are the bounds given in Corollary 3.1 for the eigenvalues of the crayfish correlation matrix,

S. The dots inside each box are the points(λ[c]
i ,λ[c]

i ), whereλ[c]
i denotes thei-th eigenvalue

of S. For reasons of scale, the two largest eigenvalues ofT andS have been left out.

should be compared with the cosines of the angles between thecorresponding eigenvectors,

in Table 2, which follow similar patterns.

This situation, where the eigenvalues ofS andT offer an indication on the relations

between their associated eigenvectors, has been observed in other data sets and seems to

be fairly general. But the fact that the eigenvalues of both matrices are interlaced imposes

a structural constraint on how far these differences can go and implies that a matrix of

cosines between eigenvectors, such as Table 2, essentiallyconsists of a diagonal band of

larger magnitude values, with values nearer to zero as the row- and column-numbers of the

matrix diverge.
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The variances of the uncentred PCs (column 2 of Table 1) are very close toT’s eigen-

values from rank 2 onwards, since the eigenvectors (vectorsof PC loadings) which define

them are almost orthogonal tocm (see equation 3.6). This is not surprising. Unlike the

eigenvalues ofS, the eigenvalues ofT indicate non-central second moments, rather than

variance, of the uncentred PCs. But the concepts of central and non-central second mo-

ment coincide for zero-mean data, which is approximately the case in the latter uncentred

PCs (see equation 3.5). Equation (3.9) ensures that, in thiscase, the correlations between

the uncentred and column-centred PCs defined by the eigenvectors ofS andT are essen-

tially the same as the cosines given in Table 2 (slightly smaller), a situation which need not

occur in general. For similar reasons, the correlation between the first PC of each kind is

slightly larger (0.99) than the cosine between their vectors of loadings (0.97). In this exam-

ple many uncentred PCs account for approximately the same non-central variation as their

nearly-equivalent column-centred PCs account for variance, but the situation has changed

dramatically in terms of the proportion of total variability which is accounted for. Whereas

the second column-centred PC accounts for over 16.2% of total variance, the uncentred

counterpart which accounts for almost the same variabilityrepresents less than 1/1000

of total (non-central) variability. These differences in proportion of total variability often

conceal the noticeable similarities that exist between theeigendecompositions ofT and of

S.

Given the very small trace of matrixS, when compared with‖cm‖2, the bounds (3.22)

are fairly tight, ensuring thatλ[u]
1 ∈ [2844.334,2852.310].

4.2 An mRNA data set

The second example deals with a data set from the field of DNA microarrays that has been

discussed by Alter and Golub [1].The data matrix consists ofmeasurements of relative

abundance levels of gene transcripts in yeast. It hasn = 6776 rows (observations) corre-

sponding to different genes andp = 30 columns (variables) corresponding to different gel

slices. Alter and Golub [1] find the singular value decomposition of this data matrix. They

note that one of the matrices in the decomposition contains the eigenvectors of what they

call the ’correlation matrix’ for the data, but which is, in fact, the 30×30 matrix of non-

central second moments of the unstandardized data. They call these eigenvectors, which

arise from an uncentred PCA of the data, ’eigengenes’. The results in [1] are now compared

with those from a standard column-centred PCA.

In this example, the trace of the 30× 30 matrix of non-central second moments is

17
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tr(T) = 111.0344, while the centre of gravity of then-point cloud inR
30 is at a squared

distance‖cm‖2 = 36.6781 from the origin. Thus, the total variability of the points around

their centre of gravity is about twice as big as the squared norm of cm: tr(S) = 111.0344−
36.6781= 74.3563. However,T’s first eigenvector still points in a direction that is not

too different from that ofcm, since all the extra variability inT (vis a vis that of S) is

due to that direction (equations 3.3 and 3.4), andcm accounts for a proportion of at least

‖cm‖2/tr(T)≈ 1/3 of total non-central variability. Table 3 confirms thatT’s first eigenvec-

tor is indeed close to the direction of vectorcm (it forms an angle of just under 7 degrees).

The proportion of total variability associated with it is 0.3827.

As noted above, Alter and Golub (2006) are concerned with theeigenvectors of matrix

T, which they call “eigengenes”. Figure 2 depicts the first eigengene of the data and the

unit-norm vector of column means, confirming a good deal of agreement between both

vectors.

From inequality (3.20), the first eigenvalue ofS is bounded below by the variance of

the first uncentred PC: 6.3393. But inequality (3.16) ensures thatλ[c]
1 is bounded below by

the variance of any uncentred PC, and the variance of the second uncentred PC provides

a much better lower bound: 12.7800. Likewise, the right-hand side of inequality (3.19)

ensures thatλ[c]
1 + λ[c]

2 is bounded below by var(ηηη[u]
1 )+var(ηηη[u]

2 ) = 19.1197. But the better

bounds (3.15) guarantee that the sum of the two largest eigenvalues ofS is bounded below

by the sum of variances of any two uncentred PCs, and so by the largest of them all:

var(ηηη[u]
2 ) + var(ηηη[u]

3 ) = 22.0122. Note how the variance of the second uncentred PC is

larger than that of the first uncentred PC. By definition, thiscould not happen with column-

centred PCs.

The eigenvalues of both matrices are broadly speaking similar, as in the previous ex-

ample, and this is related to the fact that both sets of eigenvalues are interlaced (Corollary

3.1). In particular, for ranks 12, 17 and 23 through 30, thereare very small differences

in the eigenvalues which, from the discussion in Section 3.1, suggests that there may be

similar eigenvectors. This is usually the case with eigenvectors associated with near-zero

eigenvalues, since they tend to be very close toR (cm)⊥ – see bounds (3.21). Eigenvalues

1, 3, 4, 5, 7 and 8 ofSare closer to the eigenvalues ofT of rank larger by one, than to their

equal-rank counterparts, suggesting closer agreement of those pairs of eigenvectors.

The cosine of the angle between any given eigenvectors ofT and ofScan be computed

from the information provided in Table 3, using (3.13). The most striking difference in

relation to the previous example is thatT’s first eigenvector is not similar to any eigenvector

of S: the cosine of the angle it forms with any eigenvector ofS is never larger, in absolute
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Table 3: Results for the mRNA data set (table structure as in Table 1).

Uncentred Eigenvalues Column-centred

Rank var(ηηη[u]
j ) |cos(w[u]

j ,cm)| T S |cos(w[c]
i ,cm)| ξi

1 6.3393 0.9928 42.4898 13.1083 0.2440 15.2914

2 12.7800 0.0302 12.8138 11.5702 0.4279 18.2859

3 9.2317 0.0955 9.5665 8.2055 0.1175 8.7122

4 8.0117 0.0333 8.0526 6.8557 0.1988 8.3052

5 6.5449 0.0338 6.5869 4.9294 0.2087 6.5267

6 4.8863 0.0050 4.8873 4.7148 0.3972 10.5002

7 3.9925 0.0318 4.0298 3.5107 0.0975 3.8596

8 3.4962 0.0037 3.4967 3.3836 0.2467 5.6162

9 3.1892 0.0159 3.1985 2.7665 0.3766 7.9687

10 2.5958 0.0069 2.5976 2.5091 0.2839 5.4647

11 2.0286 0.0140 2.0358 1.9040 0.2248 3.7576

12 1.7564 0.0020 1.7565 1.7538 0.0374 1.8050

13 1.5260 0.0148 1.5340 1.4197 0.1604 2.3632

14 1.3506 0.0066 1.3522 1.2921 0.1970 2.7154

15 1.0432 0.0087 1.0460 1.0037 0.1184 1.5182

16 0.9333 0.0056 0.9345 0.9091 0.1111 1.3621

17 0.8169 0.0028 0.8172 0.8136 0.0347 0.8578

18 0.7386 0.0100 0.7422 0.6804 0.1077 1.1057

19 0.6690 0.0021 0.6692 0.6520 0.1540 1.5216

20 0.5326 0.0042 0.5332 0.5195 0.0840 0.7784

21 0.4598 0.0045 0.4605 0.4469 0.0689 0.6212

22 0.4346 0.0025 0.4348 0.4227 0.1099 0.8656

23 0.3188 0.0005 0.3188 0.3186 0.0122 0.3241

24 0.2226 0.0016 0.2227 0.2211 0.0264 0.2467

25 0.1669 0.0040 0.1675 0.1567 0.0729 0.3516

26 0.1469 0.0002 0.1469 0.1468 0.0087 0.1496

27 0.0638 0.0005 0.0638 0.0636 0.0085 0.0663

28 0.0562 0.0008 0.0563 0.0558 0.0152 0.0643

29 0.0170 0.0002 0.0170 0.0170 0.0027 0.0172

30 0.0055 0.0008 0.0056 0.0051 0.0136 0.0120
19
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Figure 2: The first eigenvector (eigengene) of matrixT (solid line), and the unit-norm vec-
tor of column (array) means of the uncentred data matrix (dashed line), plotted against the
ranks of their coordinates. As in Alter and Golub (2006), thecoefficients of the eigenvector
have been given positive signs and the points in both vectorsare joined by line segments,
to highlight their “form”.

value, than 0.50. This is in agreement with the information in the sixth column of Table

3. The cosines (in absolute value) of the angles formed byT’s eigenvectors of rank 2 to 9

with the eigenvectors ofS of ranks 1 to 8, are, respectively: 0.92, 0.75, 0.94, 0.92, 0.91,

0.68, 0.95, 0.77. The comparative graphs of the first six of these pairs are given in Figure 3.

Even for the pairs with largest difference there is substantial visual similarity. The patterns

described in Alter and Golub (2006) have been essentially preserved.

The correlations between the PCs of both kinds which these eigenvectors define are

larger: 0.93, 0.84, 0.95, 0.94, 0.91, 0.74, 0.95, 0.80. Thisreflects the fact that the standard

deviations are larger in these column-centred components (see equation 3.9 and Table 3).

From rank 10 onwards, equal-rank eigenvectors in both matrices form angles with cosines:

0.81, 0.87, 0.99, 0.76, 0.79, 0.89, 0.91, 0.98, 0.64, 0.68, 0.95, 0.83, 0.84, 1.00, 1.00, 0.99,
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Figure 3: Eigenvectors (eigengenes) 2 to 7 of matrixT (solid line) and eigenvectors 1 to 6
of matrix S (dashed lines), are plotted against the ranks of their coordinates. Eigenvectors
may have been multiplied by−1 to highlight their similarity.

1.00, 1.00, 1.00, 1.00, 1.00. The smaller values for pairs 13/14 and 18/19 are, once again,

associated with situations in which the difference in a pairof eigenvalues from both matri-

ces is smaller for different ranking eigenvalues than for their equal-rank counterparts. The

ninth eigenvector ofS never forms an angle with cosine in excess of 0.56 with any eigen-

vector ofT, in much the same way as its eigenvalue does not pair up with any eigenvalue

of T.

5 Discussion

Carrying out a singular value decomposition on an uncentreddata matrix can be viewed

as a variant of principal component analysis that produces “uncentred principal compo-

nents” - linear combinations of the uncentred variables, whose loadings are given by the

eigenvectors of the matrix of the data’s non-central secondmoments.
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From a strictly mathematical point of view, there is nothingwrong with carrying out

an uncentred PCA, that is, a singular value decomposition ofa given matrix. Whether

or not it is statistically appropriate to do so in any given context, and what conclusions

can be drawn from such an analysis, are a different matter. Inan uncentred PCA it is

variability about the origin, rather than about the centre of gravity of then-point scatter in

R
p, that will be of concern. Unless the origin is an important point of reference for thep

variables, an uncentred PCA may be an artificial procedure that merely highlights the size

of the variable means relative to the origin [11]. On the other hand, centring columns may

destroy meaningful patterns in the rows of the data matrix, which would therefore also be

lost in the eigenvectors of a covariance matrix. This is a relevant concern in the second of

the examples considered in Section 4.

In both variants of PCA, the underlying variables are pre-processed in different ways,

the criterion for choosing a linear combination of the variables is different (maximizing

central or non-central second moments) and the additional requirements are also differ-

ent (uncorrelatedness, or zero crossed non-central secondmoments). Despite all this, the

relationships between a standard, column-centred, PCA andits uncentred counterpart are

strong, and have so far not been the object of a quantitative discussion.

Unsurprisingly, the vectorcm of column means ofXuc, which is a measure of the overall

size of the data, plays an important role in the comparative study of both types of PCA. The

proportion ofT’s total variation that is associated with the direction ofcm always exceeds

‖cm‖2/tr(T). Three types of situation can arise:

• If the norm squared ofcm is very small, when compared with the trace of matrixT,

then the eigendecompositions ofT and of the data’s covariance matrixS are similar

and the two PCAs will also be similar.

• If the norm squared of vectorcm is very large when compared withtr(T), as in

the first of the examples considered in Section 4, then the characterization of the

eigenstructure ofT andS made in point 3) of Theorem 2 remains, broadly speaking,

valid. However, some perturbations can arise even whenT’s first eigenvector is

extremely close to the vector of variable means. Even if bothmatrices essentially

share all their eigenvectors, the rank of the eigenvector close tocm can remain the

same (as in the first example), but can also drop.

• In between these two extremes, the situation becomes less clear and there is more

scope for differences between both eigendecompositions and PCAs. However, as the

second example illustrates, it is often still the case thatT’s first eigenvector is not too
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divergent fromcm and that many eigenvalues and eigenvectors in both matricesare

similar.

In general, the inspection of both matrices’ eigenvalues contains much valuable infor-

mation regarding both PCAs. Whenever both matrices have very similar eigenvalues, the

corresponding eigenvectors and PCs are also similar. It will often be the case that the

eigenvalues of equal rank in bothS andT are the most similar ones, also as a result of the

fact that both sets of eigenvalues are interlaced (Corollary 3.1). But when an eigenvalue

of S, say, is half-way between two eigenvalues ofT, or even closer to the next-ranking

eigenvalue ofT than to its equal-rank counterpart, that situation tends bereflected in the

corresponding eigenvectors. The ocurrence of a situation of this kind is associated with a

perturbation which can affect one or more subsequent eigenvectors.

An important issue remains: when and why do such perturbations arise? The corre-

lations between the uncentred principal components which are given by combining ex-

pressions (3.6) and (3.7) provide a clue to what lies behind these perturbations. Although

uncentred PCs with loadings that are approximately orthogonal tocm are nearly uncorre-

lated among themselves, the uncentred PC defined by a vector that is close tocm may have

a non-negligible correlation with the remaining uncentredPCs. The implication is that the

eigenvectors of matrixScannot remain exactly the same since, in that case, the PCs which

they define would not be uncorrelated (recall that, for equalvectors of loadings, the cor-

relation remains the same, whether we consider linear combinations of uncentred, or of

column-centred, variables).

The many relations stated in Section 3 can provide a better understanding of the fairly

substantial links between the standard, column-centred, and the uncentred principal com-

ponents, as well as ensuring a better understanding of the nature and implications of the

latter variant of principal component analysis. Despite the differences between the anal-

yses, our experience with a number of examples shows that theconstraints imposed by

the results of Section 3 often lead to a remarkable degree of similarity between many of

the eigenvectors and components obtained from the two techniques, although their relative

importance may sometimes differ dramatically.

Many of the results reported in this paper can be adapted withmore or less effort to

related situations. For instance, the discussion in this paper has been entirely for the con-

ventional case wheren> p. In a non-trivial number of applications, the number of variables

p exceeds the number of observationsn. A classic example is in atmospheric science where

a meteorological variable is measured atp geographical locations andn time points. If the

spatial domain is large and the time series short, it can happen thatn ≪ p [20, Section
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11.6]. With larger and larger data sets being collected in areas ranging from microarrays

to the spectral energy of blazars [4],n < p is increasingly common. Another related situa-

tion concerns the use of hybrid varieties of PCA, in which constants other than the column

means are subtracted from each column ([12], [13], [14]). Yet another possible variant

revolves around the use SVDs of row-centred data matrices, or matrices that are both row-

and column-centred ([2], [3]). Row-centring may make sensewhen the rows of the matrix

can be viewed as variables, or when they are individuals for which variables (columns) on

a common scale have been measured and it is desired to filter out some measure of overall

size of individuals prior to the analysis. It is most frequent together with column-centring.

Details of the relevant relations in such situations will bereported elsewhere.

A Proofs

A.1 Proof of Corollary 3.1

The first pair of inequalities results from a direct application of the Yanai & Takeuchi

Separation Theorem, withY = 1√
n
Xuc, Pn = In −P1n andPp = I p. Thus,r = n− 1 and

s= p, and sot = 1. The second pair of inequalities is a direct result of dividing through by

the trace ofS. The second expression forα results from the fact that, by definition,

S= 1
nXt

uc(In−P1n)Xuc = T −cm ·ct
m , (A.1)

and sotr(S) = tr(T)− tr(cm·ct
m) = tr(T)−‖cm‖2 by the circularity property of the trace.

∇

A.2 Proof of Theorem 2

1. The results follow directly from relation (A.1).

2. The difference in the Rayleigh-Ritz ratios ofT and S is a direct consequence of

equation (3.2).

3. Assume that{w[u]
j }p

j=1 are the eigenvectors ofT, with eigenvalues{λ[u]
j }p

j=1, and that

one ofT’s unit-norm eigenvectors, say the first, isw[u]
1 = cm/‖cm‖. From equation
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(3.2) and the spectral decomposition ofT we have

S = T −cm·ct
m =

p

∑
j=1

λ[u]
j w[u]

j w[u]
j

t
−‖cm‖2w[u]

1 w[u]
1

t

=
(

λ[u]
1 −‖cm‖2

)

w[u]
1 w[u]

1

t
+ ∑

j 6=1

λ[u]
j w[u]

j w[u]
j

t
,

which is a spectral decomposition ofS.

∇

A.3 Proof of Proposition 3.1

1. By definition, the mean score is1
nηηη[u]

j

t
1n = 1

nw[u]
j

t
Xt

uc1n = w[u]
j

t
cm= ‖cm‖·cos(cm,w[u]

j ).

2. The covariance of any pair of linear combinationsXuca andXucb of the columns of

Xuc is given byatSb. The i-th uncentred PC results from takinga = w[u]
i . Now,

from equation (A.1), the covariance between thei-th and j-th uncentred PCs is

w[u]
i

t
Sw[u]

j = w[u]
i

t
(T − cmct

m)w[u]
j = λ[u]

j w[u]
i

t
w[u]

j − (w[u]
i

t
cm)(w[u]

j

t
cm). Considering,

first i = j and theni 6= j, gives expressions (3.6) and (3.7). In matrix terms, the covari-

ance matrix for the uncentred PCs is justW[u]tSW[u]. Let the spectral decomposition

of matrixSbeS= W[c]Λ[c]W[c]t , whereΛ[c] is the diagonal matrix of eigenvaluesλ[c]
i

of SandW[c] has the eigenvectorsw[c]
i in its columns. Then the covariance matrix of

the uncentred PCs is

W[u]tSW[u] = (W[u]tW[c])Λ[c] (W[u]tW[c])t . (A.2)

Since bothW[u] and W[c] are orthogonal matrices and the product of orthogonal

matrices is an orthogonal matrix, equation (A.2) gives the spectral decomposition

of the covariance matrix of the uncentred PCs. The eigenvalues of this covariance

matrix are therefore the same as those ofS, and its eigenvectors are the columns

of the matrixW[u]tW[c], which has as its(i, j)-th element the cosine of the angle

between thei-th eigenvector ofT and thej-th eigenvector ofS.

3. If y1 andy2 are any two linear combinations of the columns of either the uncentred,

or the column-centred data matrices,y1 = X⋆ca, y2 = X⋆cb, (whereX⋆c denotes

eitherXuc or Xcc), the covariance between them is again given by:

cov(X⋆ca,X⋆cb) = atSb . (A.3)
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The i-th column-centred PC results from takinga = w[c]
i with X⋆c = Xcc, and the

j-th uncentred PC from takingb = w[u]
j with X⋆c = Xuc. Therefore, cov(ηηη[c]

i ,ηηη[u]
j ) =

w[c]
i

t
Sw[u]

j = λ[c]
i w[c]

i

t
w[u]

j , which is the result we wished to prove.

4. A direct result from expressions (3.8) and (3.6), as well as from the fact that the

variance of thei-th standard PC isλ[c]
i . Note that, in general, ify1 andy2 are any two

linear combinations of the columns of either the uncentred,or the column-centred

data matrices,y1 = X⋆ca, y2 = X⋆cb, (whereX⋆c denotes eitherXuc or Xcc), the

correlation between them is:

r(X⋆ca,X⋆cb) = atSb√
atSa·btSb

. (A.4)

5. If y1 is any linear combination of the columns of the uncentred data matrix,y1 =

Xuca, andy2 is any linear combination of the columns of the column-centred data

matrix,y2 = Xccb, then the cosine of the angle between them is:

cos(Xuca,Xccb) = <Xuca,Xccb>
‖Xuca‖·‖Xccb‖ = atSb√

atTa·btSb
. (A.5)

The j-th uncentred PC results from takinga = w[u]
j , and thei-th column-centred PC

from takingb = w[c]
i . Therefore,

cos(ηηη[u]
j ,ηηη[c]

i ) =
w[u]

j

t
Sw[c]

i
√

w[u]
j

t
Tw[u]

j ·w[c]
i

t
Sw[c]

i

=
λ[c]

i w[u]
j

t
w[c]

i
√

λ[u]
j ·λ[c]

i

=

√

λ[c]
i

λ[u]
j

·cos(w[u]
j ,w[c]

i ) .

6. Theℓ2 norm of the difference betweenηηη[c]
i = Xccw

[c]
i and±ηηη[u]

j = ±Xucw
[u]
j is

‖ηηη[c]
i ∓ηηη[u]

j ‖ =

√

w[c]
i

t
Xt

ccXccw
[c]
i ∓2w[c]

i

t
Xt

ccXucw
[u]
j +w[u]

j

t
Xt

ucXucw
[u]
j

=

√

nw[c]
i

t
Sw[c]

i ∓2nw[c]
i

t
Sw[u]

j +nw[u]
j

t
Tw[u]

j

=

√

nλ[c]
i ∓2nλ[c]

i cos(w[c]
i ,w[u]

j )+nλ[u]
j

=

√

nλ[c]
i

[

2(1∓cos(w[c]
i ,w[u]

j ))
]

+n(λ[u]
j −λ[c]

i )

=

√

nλ[c]
i ‖w[c]

i ∓w[u]
j ‖2 +n(λ[u]

j −λ[c]
i ) ,

as we wished to prove.
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7. As with any unit-norm vector, the distance between the re-sized principal compo-

nentsu[c]
i =ηηη[c]

i /‖ηηη[c]
i ‖ and±u[u]

j =ηηη[u]
j /‖ηηη[u]

j ‖ is given by‖u[c]
i ∓u[u]

j ‖=

√

2
[

1∓cos(u[c]
i ,u[u]

j )
]

.

But the angle between the unit-norm components is the same asthat between their

original counterparts, and using expression (3.10) we obtain the desired result.

8. From the definition of eigenvalues/vectors,

Tw[u]
j = λ[u]

j w[u]
j ⇐⇒ w[u]

j = λ[u]
j T−1w[u]

j (A.6)

Sw[c]
i = λ[c]

i w[c]
i ⇐⇒ w[c]

i =
1

λ[c]
i

Sw[c]
i (A.7)

Therefore, the cosine of the angle betweenw[u]
j andw[c]

i can be written as

cos
(

w[u]
j ,w[c]

i

)

= w[u]
j

t
w[c]

i =
λ[u]

j

λ[c]
i

·w[u]
j

t
T−1Sw[c]

i . (A.8)

Now, for any vectorx that is orthogonal tocm, from equation (3.2) we haveT−1Sx=

T−1(T − cmct
m)x = Ix = x (in other words,x ∈ R (cm)⊥ implies thatx is an eigen-

vector ofT−1S, with eigenvalue 1). Thus, ifw[c]
i is orthogonal tocm, then equation

(A.8) becomes:

cos
(

w[u]
j ,w[c]

i

)

=
λ[u]

j

λ[c]
i

·cos(w[u]
j ,w[c]

i ) ,

and we must therefore have, eitherλ[u]
j = λ[c]

i , or w[u]
j ⊥ w[c]

i , or both. In any case,

the result is proved. In the more general case, whenw[c]
i is not orthogonal tocm, we

take the decompositionw[c]
i = Pcmw[c]

i +(I p−Pcm)w[c]
i , wherePcm = cm(ct

mcm)−1ct
m

is the matrix of orthogonal projections onto the subspace spanned by the vectorcm.

The term(I p −Pcm)w[c]
i is now a vector in the subspaceR (cm)⊥, and therefore an

eigenvector ofT−1S with eigenvalue 1. Thus, (A.8) becomes

cos
(

w[u]
j ,w[c]

i

)

=
λ[u]

j

λ[c]
i

w[u]
j

t
T−1SPcmw[c]

i +
λ[u]

j

λ[c]
i

w[u]
j

t
(In−Pcm)w[c]

i

⇔
(

1− λ[u]
j

λ[c]
i

)

cos
(

w[u]
j ,w[c]

i

)

=
λ[u]

j

λ[c]
i

w[u]
j

t (
T−1S− I p

)

Pcmw[c]
i . (A.9)

Now, from equation (3.2), we haveT−1S− I p = −T−1cmct
m. In addition,Pcmw[c]

i =

ct
mw[c]

i
ct
mcm

cm. Substituting, and keeping in mind the relation (A.6), we have

(

1− λ[u]
j

λ[c]
i

)

cos
(

w[u]
j ,w[c]

i

)

= −
λ[u]

j

λ[c]
i

ct
mw[c]

i · 1

λ[u]
j

w[u]
j

t
cm ,
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which is the result we wished to prove.

9. Following the definition in [7, p.192], given two vectorsααα,βββ∈R
p, we say that vector

βββ majorizesvectorααα if the sum ofβββ’s k smallest coordinates is always greater than,

or equal to, the sum ofααα’s k smallest coordinates, for allk= 1, ..., p and with equality

whenk = p. Assuming that the coordinates inβββ andααα are given in decreasing order,

this means that∑p
j=p−k+1β j ≥ ∑p

i=p−k+1αi , for all k = 1, ..., p, with equality when

k = p. For any symmetric matrixA, its vector of diagonal elements majorizes its

vector of eigenvalues [7, p.193]. Since the covariance matrix of the uncentred PCs,

W[u]tSW[u], has the same eigenvalues as the data’s covariance matrixS (see point 2

of this Theorem), the vector of variances of the uncentred PCs majorizes the vector

of eigenvalues ofS. This is the right-hand side statement in (3.15). The lower bound

on the sum of the largestk eigenvalues ofS is also a direct result of the majorization

of the vectors. Given the equality of the sum of all vector coordinates in the definition

of vector majorization, the defining condition is equivalent to saying that the sum of

thek largest coordinates of vectorsααα andβββ satisfy the bounds∑k
j=1 β j ≤ ∑k

i=1 αi , for

all k = 1, ..., p, with equality whenk = p.

10. The proof of this result is analogous to the proof of the previous point if we replace

matrix S with matrix T and matrixW[u]tSW[u] with matrix W[c]tTW [c]. Note that

the latter is a matrix whose diagonal elements arew[c]
i

t
Tw[c]

i = w[c]
i

t
(S+cmct

m)w[c]
i =

λ[c]
i +‖cm‖2 ·cos2(cm,w[c]

i ). On the other hand, the eigenvalues of matrixW[c]tTW [c]

are the same as those of matrixT, since a spectral decomposition of the matrix

W[c]tTW [c] is given by(W[c]tW[u])Λ[u] (W[c]tW[u])t .

11. The first bounds given in (3.15) imply that the sum of thek largest eigenvalues of

S is larger than, or equal to, the sum of the variances ofany kuncentred PCs. This

means that we can use the sum of variances of the firstk uncentred PCs (although this

bound may not be the best one available), and write bounds involving equal-ranking

eigenvalues from both matrices:

k

∑
i=1

λ[c]
i ≥

k

∑
i=1

[

λ[u]
i −‖cm‖2 ·cos2(cm,w[u]

i )
]

=
k

∑
i=1

var(ηηη[u]
i ) .

The upper bound in (3.19) now follows directly. Likewise, the sum of the smallest

k eigenvalues ofS is bounded above by the sum of variances of the lastk uncentred

PCs (the right-most bound in (3.15) implies that it is bounded above by the sum of

variances ofany kuncentred PCs). Thus, we obtain the lower bound in (3.21). The
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lower bound in (3.19) and the upper bound in (3.21) appear in the same way, working

from the bounds in (3.17).

12. The right-hand side bound in (3.22) results directly from relaxing the right-hand side

bound in (3.20). The left-hand side bound in (3.22) results from (3.3), since:

λ[u]
1 ≥ xtTx

xtx = xtSx
xtx +cos2(x,cm) · ‖cm‖2 ≥ λ[c]

p +cos2(x,cm) · ‖cm‖2 .

Since these bounds are valid for any vectorx ∈ R
p, they are valid in particular when

x = cm.

13. This is a direct result of bounding the lefthand side of equation (3.9).

14. From inequality (3.20) and the more general relation (3.13), we obtain the bounds:

cos2(w[c]
1 ,cm) ≤ cos(w[c]

1 ,cm)·cos(w[u]
1 ,cm)

cos(w[c]
1 ,w[u]

1 )
≤ cos2(w[u]

1 ,cm)

1

cos2(w[c]
1 ,cm)

≥ cos(w[c]
1 ,w[u]

1 )

cos(w[c]
1 ,cm)·cos(w[u]

1 ,cm)
≥ 1

cos2(w[u]
1 ,cm)

Squaring and multiplying through by the denominator in the middle term produces

the inequalities:

cos2(w[u]
1 ,cm)

cos2(w[c]
1 ,cm)

≥ cos2(w[c]
1 ,w[u]

1 ) ≥ cos2(w[c]
1 ,cm)

cos2(w[u]
1 ,cm)

.

Only the right-hand side inequality is useful, since the left-hand side bound exceeds

unity.
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