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ABSTRACT

Principal component analysis (PCA) can be seen as a singular value decomposition
(SVD) of a column-centred data matrix. In a number of applications, no pre-processing
of the data is carried out, and it is the uncentred data matrix that is subjected to an SVD,
in what is often called an uncentred PCA. This paper explores the relationships between
the results from both the standard, column-centred, PCA, and its uncentred counterpart. In
particular, it obtains both exact results and bounds relating the eigenvalues and eigenvectors
of the covariation matrices, as well as the principal components, in both types of analysis.
These relationships highlight how the eigenvalues of both the covariance matrix and the
matrix of non-central second moments contain much information that is highly informative
for a comparative assessment of PCA and its uncentred variant. The relations and the
examples also suggest that the results of both types of PCA have more in common than
might be supposed.
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1 Introduction

Principal component analysis (PCA) can be seen as a sinallsg decomposition (SVD)
of a column-centred data matrix. In a variety of applicasiono pre-processing of the
data is carried out, and the uncentred data matrix is swdgdotan SVD. The SVD of a
matrix that has not been previously column-centred is ofedarred to as an uncentred
PCA. We shall use this terminology, although from a hist@rjmoint of view it is debat-
able whether the adjectiy@incipal should be used in this context. Whereas the standard,
column-centred, PCs are uncorrelated linear combinatibtiee column-centred variables
which successively maximize variance, uncentred PCs laealicombinations of the un-
centred variables which successively maximize non-ckséeond moments, subject to
having their crossed non-central second moments equatdo Respite warnings [3] there
has been a tendency in some fields to equate the name singluardecomposition only
with the uncentred version of PCA.

Uncentred PCAs have been used in many areas of applicatich,as climatology
[19], astronomy [4], the study of microarrays [1], neurogivey data [6], ecology [18],
chemistry [10] and geology [15], among others.

In most cases, the use of either variant of PCA seeks to thesand explore the data,
rather than to model it. Hence there is a need for a greatezratahding of the nature of
uncentred PCA and of its relations with the standard, cokaemtred, PCA. In particular,
guantitative relations between both types of PCAs are éiasém clarify these relations,
and they do not seem to be currently available.

This paper compares the results from standard, colummezntrincipal component
analysis, and from its uncentred counterpart. In particil@btains both exact relation-
ships and bounds involving the eigenvalues and eigenweofdine matrices of covariances
and of non-central second moments, as well as the princgmaponents in both types of
analysis. The eigenvalues of both covariation matricésiteh great deal about the com-
parative behaviour of both kinds of PCAs.

Section 2 introduces the basic concepts and the notatiorwilide used. Section 3
presents the main results regarding the relations betwale@mao-centred and uncentred
PCAs, the proofs of which are left to an Appendix. In Sectidheke results are applied in
the discussion of two examples. Finally, Section 5 presifésy conclusions.
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2 Preliminaries and notation

Standard principal component analysis replaces a sgivafiables withp new variables,
called principal components (PCs), which are uncorreltedr combinations of the orig-
inal (centred) variables. The first PC is the linear combdmedf maximum variance (with
a unit-norm vector of coefficients); subsequent PCs areitieal combinations of maxi-
mum variance, but with the additional requirement of zengedation with all previously
defined PCs. As is well known [11], the vectors of coefficights define the PCs (the PC
loadings) are the eigenvectors of the covariance matrixeptvariables (or correlation
matrix, if we work with standardized variables). Each eiggue of the covariance matrix
is the variance of the PC defined by the corresponding eigéoweEigenvectors and PCs
only define directions: they can be arbitrarily multipliegb1. Some authors confusingly
call the vectors of PC loadings “principal components” (d8]), but we reserve this name
for the linear combinations of the observed variables tretafined by those loadings, in
keeping with Hotelling [8].

Alternatively, PCA can be given via a singular value decositan [5, 11] of the
column-centrech x p data matrix, whose rows are associated with the observation units
(“individuals”) and whosep columns are associated with the observed variables. Celumn
centring means that the raw data matrix is pre-processatasthe mean of each column
is subtracted from all observations on that matrix columimicivtherefore becomes a zero-
mean vector of observations.

Throughout, aimm x midentity matrix will be denoted b¥,. An m-dimensional vector
of ones is represented ly,. The subspace spanned by the columns of a givek matrix
A -i.e., the rangespace &f- will be represented bR (A) and its orthogonal complement
—i.e., the subspace of all elementsRt that are orthogonal teveryelement ofR (A) —
by R (A)*. Pa indicates the matrix of orthogonal projections onto thesgiaiceR (A), so
thatPa = A(A'A) 1AL, assumingA is of rankk. If Pa is ann x n matrix of orthogonal
projections or® (A), thenl, — Pa is the matrix of orthogonal projections @(A)*.

An uncentredn x p data matrix will be represented b, and its column-centred
counterpart byX¢c. Unless otherwise stated, it is assumed that p and that any multi-
collinearities in the data were previously removed, sotiatank ofX . is p. Itis assumed
throughout thaX ¢ # X, i.€., that the data columns do not all originally have zesans.
In algebraic terms, column-centring results from pre-iplyiing a raw data matrixc by
then x nmatrix|, — Py, wherePy, = 21,18 i.e., Xcc = (In — P1,) Xue.
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Let a singular value decomposition (SVD) of a rariatrix J-Xcc be given by

r

1 Xee = uAwW! = Zciuiw}, (2.1)
i=

whereA is the diagonal matrix of singular valugsi}{_;, U is ann x r matrix whose
columns are the left singular vectofs;}{_;, andW a p x r matrix whose columns are
the right singular vectoréw; }{_;. The columns of bothJ andW form orthonormal sets,
so thatUtU = W'W = I,. If the columns of the column-centred matdx. are linearly
independent (i.e., if = p), thenW is an orthogonal matrixW/'w = WW*! = I,). But
even when there are no multicollinearities, the prodiildt is ann x n matrix that isnotan
identity matrix: it can have no more than= p non-zero eigenvalues, since its rank must
equal the rank oK. The multiplicative constan% in equation (2.1) is useful because
the matrix prOdUC(%ch)t(%ch) produces the covariance matfof the original data.
Therefore

S = (WAUY)(UAW') = WAW! | (2.2)

is a spectral decomposition [7, p.171] arThe eigenvectors and the (non-zero) eigenval-
ues of the covariance matr&are, respectively, the right singular vectors and the sspliar
singular values O%ch. The j-th principal component (i.e., vector of PC scores) is
given byn; = Xcwj € R", and again resorting to the SVD %ch, we haven;j =
VnsP  oiuwt-wj = /nojuj. Thus, the left singular vectors &€ are the principal
components re-scaled to have unit length withd&haorm.

Similar comments apply to the counterpart of the covariane&ix S, if one begins
with an uncentred data matrix, which is the matrix of nontrarsecond moments,

T = (%Xuc)t(%xuc) . (2.3)

The matricesS and T will be collectively calledcovariationmatrices. The uncentred
correlation coefficients are sometimes referred te@sgruence coefficien{8]. Super-
scripts[c] and[u] are used to distinguish the column-centred and the unckoase, in the
eigen- or singular value decompositions.

3 Main results

A first result relates the singular values of the column-eahénd the uncentred data matri-
ces, and therefore the eigenvalues of the covariance (athor® matrixSand its uncentred
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counterparfl, as well as the proportion of variation explained by the RCbath cases.
This result is a direct application of the following theorerhich Takane and Shibayama
[17] attribute to Yanai and Takeuchi [21, in Japanese], ahithvis related to the eigen-
value interlacing theorems for symmetric matrices whofferdince is of reduced rank [7,
p.184].

Theorem 1(Yanai & Takeuchi Separation TheorenbetY be an nx p matrix. LetP, and
Pp be, respectively, m n and px p orthogonal projection matrices of rank r and s. Then,

Oj(Y) < 0j(PaYPp) < gj(Y), (3.1)
wheregj(-) indicates the j-th largest singular value of the matrix and h+ p— (r +5).

Corollary 3.1 Let Sbe the covariance matrix for a given data set, @rits corresponding
matrix of non-central second moments. het-) be thej-th largest eigenvalue of either ma-
trix, andT(-) = EF% the proportion of total variation accounted for by the cepend-
ing PC. Them\j11(T) < Aj(S) < Aj(T). Equivalently i 1(T)-a < 1;(S) < m(T)-a.
wherea = % = le/trm with tr(-) the matrix tracecm = ¢X!.1n and ||cm||? =
ct.cm. The p-dimensional vectocy, is the vector of column means of the uncentred data

matrix X ¢ and||cm||? is the sum of squares of those column means.

Hence, the eigenvalues &fare interlaced with those df: an eigenvalue of can-
not be larger than the eigenvalue Dfof equal rank - nor smaller thafi’'s next ranking
eigenvalue. However, sinae > 1, the proportion of variance accounted for by thth
column-centred PC can be either smaller or larger than tbpgption of total variation
(sum of non-central second moments) of the uncentred PCual egnk. In our context,
it is possible to go further than the above separation thre@ed obtain exact relations
between the eigenvalues of matric@andT, thus providing a fuller understanding of the
effects of column-centring.

The following Theorem addresses the eigendecompositithreafifference in th@ x p
covariation matrices] —S, which has important consequences for the comparative stud
of column-centred and uncentred PCAs. This is a symmetrizixpavith a full set of
orthonormal real eigenvectors associated witlpitsal eigenvalues.

Theorem 2. LetXc be an nx p data matrix, whose vector of column mearnsjs= ,%Xtucln
and whose matrix of non-central second momen‘t‘sﬂs%xhcxuc. LetSbe the covariance
matrix of the data, an& ¢ be the column-centred data matrix so tisat %xtccxcc. Then,
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1. Eigendecomposition of T—S: The matrixT —S can be written as
T-S = c¢m-¢y, (3.2)

It is a matrix of rank one, whose only nonzero eigenvalugis|?, associated with
the unit-norm eigenvectain/||cm||. Any vectory € R (cm)* is an eigenvector of
T —S, with eigenvalue zero.

2. For any vectox € RP, the difference in the Rayleigh-Ritz ratiosTondSis:

xITx  x!Sx
o " b = l|cml|? - co(Cm, X) - (3.3)

3. If one of the eigenvectors of eith€ror Sis exactly equal to the (unit-norm) vector
of means of the columns ¥fic, the vectorcy/||cm||, then:

e SandT have a common set of eigenvectors (including the vegtojtcm|

);
e The p—1 eigenvalues ofs and T that are not associated with the common
eigenvectocy/||cm|| are shared,;

o If the common eigenvectof®, has eigenvalua¥ in T andAl® in S, then
A =AM —Jjcm 2.

Note that the rank of this final eigenvalue®heed not be the same asTin

A few comments on the statements in this Theorem:

e Itis a direct consequence of the first point of Theorem 2 that

tr(T)—tr(S) = |lom||?. (3.4)

e The matrix(T—S)/||cm||? is @ matrix of orthogonal projections onto the one-dimenaio
subspaceR (cm), butT—Sis not: it does not preserve the vectors in that subspace,
but rather re-scales them.

e It is a direct consequence of (3.3) that for any vectan the (p—1)-dimensional
subspaceR (cm)*, thenTx = Sx. If any such vector is an eigenvector of one of the
matrices, it must also be an eigenvector (with a common gaea) of the other
matrix.
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e It is known that the eigenvalues of a symmetric matrix susigety maximize its
Rayleigh-Ritz ratio, among all vectoxghat are orthogonal to previously determined
solutions [7, p.176]. Equation (3.3) tells us that maximigE's Rayleigh-Ritz ratio
is a trade-off between maximizing the Rayleigh-Ritz rafid @nd staying as orthog-
onal as possible to vectar, with |cm||? playing the role of a penalizing constant
for excessive closenessdg.

e The above remarks help explain why many eigenvectors imoeloentred and un-
centred PCAs are often similar, namely when they have ajppairly equal-sized
eigenvalues (as distinct from the proportions of variatidrich they account for).
This is illustrated by the examples in Section 4.

e [tis unlikely that any of the matrices will have an eigenwedhat is exactly colinear
with ¢y, but itis very often the case thais first eigenvector is close to that direction,
in RP, which unites the origin and the centre of gravity of thpoint scatter that is
defined by the rows oX¢. The final point in the Theorem can therefore be useful
as a benchmark against which to compare what happens Whdinst eigenvector
diverges from the direction af;,.

We now consider the implications of these results for thatiahs between both types
of PCAs.

Proposition 3.1. Let Xy¢, Xce, Cm, SandT be defined as in Theorem 2. L®and T have

eigenvalues{)\i[c]}ip:l and {}\-M}ip:l, and eigenvector{wi[c] }p . and {WE“]}T:l, respec-

I
1=
tively. Letni[c] denote the i-th column-centred PC an%ﬁ} its j-th uncentred counterpart.
Then,

1. The mean scorg;, on the j-th uncentred principal componensjs= ||Cn|| ~cos(w%“] ,Cm)-

Equivalently, ~
coswi cm) = 1, (3.5)
[[cml|
2. The variance of the scores on the j-th uncentred prinaipahponent is
varn!) = A fenl|?- cof(emw!) . (3.6)

The covariance of the scores on the i-th and j-th uncentréddijyal Components
(i#])is

covn!”nl") = — Jlcm|2- coscm,w!™) cos(cm, wit)) . (3.7)



480

On relationships between uncentred and column-centred...

The covariance matrix of the uncentred PCW&!'SWY, wherew!¥ is the matrix
whose columns are the eigenvectord off his matrix has the same eigenvalue$as
the data’s covariance matrix. The coordinates of the j-tieeivector ofvU' SWiUl
are the cosines of the angles which the j-th eigenvect&fofms with each oT’s
eigenvectors.

. The cross-covariance between the i-th column-centredriRGhe j-th uncentred PC

is

counl* nf*) = A -cosuf wi) a8)

. The correlation between the i-th column-centred PC aedjtth uncentred PC is

cl

g =y o)
i n; var(n )

cogwld wliy — A cogwld wli
cosw™.Wj >\/ T el ool O W) (39)

. The cosine of the angle R" between the i-th column-centred PC and the j-th un-

centred PC is

Al
cos(ni[c},ngu]) - W.cos{wi[c],wgu]). (3.10)

]

. The standard Euclidean distancel between the i-th column-centred PC and the

j-th uncentred PC is the smallest of the two distances

In® =0l = /mA ¥ 2wl n @l —A9). (3.11)

. The standard Euclidean distancel®® between the i-th unit-norm column-centred

, is the smallest

i _ nf . w_
PC,u" = I I[C]H' and the j-th unit-norm uncentred P@;" = H f“]H
n nj

ul £l = &

()\E”]—)\i[c]) -cos(wi[c],wgu]) = I\Cm||2-cos(wi[°],cm)~cos(WE”},cm) (3.13)

of

[c]
1+ % -cogw!® ,WEU] )] . (3.12)

J

. We have

which, whercogw® ,WEU]) £ 0, is equivalent to

|12 coswi, crm) - cosw, )

(3.14)

cos(wi[c] ,WEU] )
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9. Let A (ax) denote the largest (smallest) sum of variances of any knirext PCs.
Then, the sums of the k largest and the k smallest eigenvalf Sesatisfy:
k p
ZAH >Ac and A9 < a (3.15)
i= |:p,

In particular, we have the following lower bound for the lagj eigenvalue d:
Al > mjax{)\gu]—||Cm||2-Co§(cm,WE”])} = mjax{var(n%”])}. (3.16)
10. Let& = A9+ jeml|? - coR(emw!¥) (i = 1,...,p). Let B (by) denote the largest

(smallest) sum of any k dlffereﬁts. Then, the sums of the k largest and the k
smallest eigenvalues @f satisfy:

k
S A >Bc  and AU < by (3.17)
=1

j=p—

In particular, we have the following lower bound for the lagj eigenvalue oF:

AP > miax{Ai[c]+|\cm|\2~co§(cm,wi[c])}. (3.18)

11. For any k=1,..., p, we have the following bounds for sums involving the k lstrge
eigenvalues of andS:

k )\H }\_H

|ZLCO§< | ,cm) < Z\HTHZI < Zco§( J ,cm) (3.19)

In particular, the first eigenvectors for each centring, ghdir associated eigenval-
ues, satisfy the following bounds:

Y,
llml?

cog (Wg:],cm) < < coé (W[lu],cm) (3.20)
Forany k=1,..., p, we have the following bounds for sums involving the k ssall
eigenvalues of andS:

p }\[U] _ )\[C] p

jpﬁkﬂc&(wgw,cm) < 3 i< pZ<+lcosz( ©.en) (3:21)

j=p—k+1 ||CmH i—=
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12. The largest eigenvalue ©fand the largest and smallest eigenvalueSahtisfy the
following bounds:

lemZ+A8 < AM < o2 +Al (3.22)

13. The cosine of the angle P between the i-th eigenvector 8fand the j-th eigen-
vector ofT satisfies the following bound:

A oml2-co (cmwl”) varnj’)
. i i A L. .
B \/ A var(n%) (329

14. The cosine of the angle between the first eigenvectorcbf@&d and S satisfies:

cogw; w)

cog(w cm)

cog(w? wlly > (3.24)

co@(wi! cy)

3.1 Implications of Proposition 3.1

e Equation (3.5) states that the cosine between an eigemacioand the vectoc,
of column means oKX is directly proportional to the mean score on the uncentred
PC which that eigenvector defines. In particular, the mearesof an uncentred PC
is zero if and only if the vector of PC loadings is orthogomatt. As was seen in
the discussion following Theorem 2, eigenvector3 dhat are orthogonal toy, are
also eigenvectors d with a common eigenvalue and from equation (3.10), define
a common PC. Therefore, an uncentred PC can only have a zeno scere if it
coincides with some column-centred PC.

e Expressions (3.6) and (3.7) highlight that uncentred P@sdéferent from their
column-centred counterparts in important respects. Treget uncorrelated among
themselves, in general, and their associated eigenvatugstéhdicate PC variances,
but only the non-central second moments of those PCs, asecseeln from equation
(3.6).

e Equation (3.9) implies the condition for strongly correl&PCs of both types:

[u]
var(n:

Py > & < co§(wi[°],wgu]) > €. mfc]).

ni~n;j var(n;~)

10



Cadima and Jolliffe 483

This condition cannot be metkﬁc] < g-var(n E”]). The PCs cannot be perfectly cor-

o MY cm][2 co (e

related unless céewi[c],wgu]) = Varinfc]; = () mHA[C] (Em )>. Equation (3.10)
var(n; !

tells us that the cosine of the anglé betweenrtitimensional vectors of PC scores

is related in a more direct way to their associated eigeeglu

e The Euclidean distance (3.11) between a column-centredndGia uncentred PC
provides a measure for the similarity of the scores on bothpmments, but also a
measure of the similarity of the “functional forms” of bothinripal components,
which is useful whenever the nature of the data suggestshbatatterns of these
components are meaningful. Since PCs can be arbitrarilyiptietl by —1, we must
consider the norms of botfj” —n E“] andn® +nE“]. The analogous expression (3.12)
is useful for comparing such “waveforms” regardless of sSiece the PCs have been
standardized to have unit norm.

e Equality (3.13) has many interesting implications. It iraties that ifSandT share
a common eigenvalual? = )\Eu], then either the associated eigenvectaB ok, is
orthogonal tacy, in which case (as we saw in the discussion following Thea2gm
it is also an eigenvector df with the same eigenvalue; @fs associated eigenvector

w s orthogonal tacy, in which case it is also an eigenvector®fvith the same
vl

J

eigenvalue. If none of the matrices have repeated eigeewaimer?\i[c] =Aj" implies

w = WEU]. Recall, from Theorem 1, that it is only possible g = )\E“} ifi=j
ori = j+1, unless there are repeated eigenvalues in either mafrianyl of the
matrices has repeated eigenvalues, there is an elemertiizheness in choosing
their associated eigenvectors, but it is always possibthtmse those eigenvectors
in such a way that and T share an eigenvector. This line of reasoning remains
approximately valid when the two eigenvalues in questienarly approximately
equal, although the discussion in this case is not entitedyghtforward, as will be

seen in Sections 4 and 5.

e By a similar argument, if/vi[c] is orthogonal t(]NEU], then (3.13) implies that either
€ e, orwgu] 1L ¢ (or both). fw¥ 1 ¢y, thenTw!® = sw? = AW/, with a

similar resultin the case wﬁ“]. Hence, an eigenvector 8fcan only be orthogonal to
an eigenvector of if at least one of them is a common eigenvector for both medric

with the same eigenvalue.

W

e But common eigenvectors df andS (apart from a multiplication by-1) may be

11
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associated with different eigenvalueS\MiLF] = iw%”}, the column-centred PQ[C} is
the result of column-centring the uncentrednﬁ@. From equations (3.13) and (3.6),
cos(wi[c],wgu]) = +1 implies

)\E“]—)\i[c} - ||cm|\zco§(cm,wgu}) e var(n&“]) = varn%),

andAl“ )\Eu], Un|eSSNi[c],WEU] 1 cm. The PCq) Eu] andn'® are not colinear, unless
Wi[c],wgu] 1 cm, since equation (3.10) gives &()E]E“],ni[c]) = )\i[c]/)\gu], which can only
equal 1 iwa“] 1 Cm.

In bounds (3.15), there is no guarantee that the variancé®eaincentred PCs are
ranked in the same order as their corresponding eigenvaltres nature of the in-
equalities implies, of course, that similar bounds aredvidli®x anday are replaced

by the sum of variances @y kuncentred PCs, but the bounds given in (3.15) are
the optimal ones. A similar comment applies to the bounds7(3.Relaxations of
this kind produce the bounds (3.19) which will thereforegameral, be less tight
(though possibly more useful) than the previous set of beuwhenk = p, all three
members in the inequalities (3.19) and (3.21) will have gdlu

The inequalities (3.20) imply that the vectoy, always forms a smaller angle with
the direction ofT’s first eigenvector, than with the direction of the first eigector
of S. The former angle is small Pf[lu] > )\[f] (as often happens).

The upper bound (3.22) is less tight than the upper boundraaidrom the right-
hand inequality in (3.20), but it does not depend on the eigetor. The bounds
(3.22) are also useful to highlight that, |iEm||? > tr(S), then most of the excess
in the trace ofT, vis-a-vis the trace 08§, will be associated witf'’s largest eigen-
value. Since none of the eigenvaluesSofan exceed equal-rank eigenvalues of
the remaining eigenvalues of both matrices must, in thie,dae similar.

The bound (3.24) implies that the first eigenvectoSahust form a smaller angle
with T’s first eigenvector than with the vectay of column means.

4 Examples

Consider then-point scatter inRP which is defined by the rows of an uncentred data
matrix Xyc. Equation (3.4) indicates that the total variation of theadset about the origin,

12
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as measured bty (T), can be decomposed into the sum of the squared distance ffim t
origin of the cloud’s centre of gravity||¢m||), plus the within-cloud variability of the
points around that center of gravity, as measuredrb$). A fairly trivial situation will

not be considered in great detail: if the cloud’s center @vdy is close to the origin
when compared to the within-cloud variability, i.e. ||ifm||? ~ O (tr(T) =~ tr(S)), the two
variation matrices will be similarT ~ S) and both eigendecompositions and PCAs will
be similar. The two examples that are now considered itistsituations where (i) the
cloud’s center of gravity is very far from the origin, whenngpared with the variability
around the centre of gravity, i.el¢m||? > tr(S) and||cm||? ~ tr(T) (first example); or (i)
the inner-cloud variabilityr (S), is comparable in size to the distance of the cloud’s centre
of gravity from the origin1r(S) = |cm||? (second example).

4.1 The crayfish data

Somers [16] discusses a 13-variable dataset of morphanmagasurements om= 63
crayfish from Lake Opeongo, in Canada. We shall consider reledion matrix PCA of
the data. For our purposes, this means that the columnecedata matrixX¢c is the
matrix of standardized data, whereas the columns of thentrembdata matrixX ¢ are the
observed values, divided by their standard deviation, btitmean-centred. Hence, matrix
S is the correlation matrix of the original variables and rxaff is the matrix of non-
central second moments of the scaled data. The trace of thelR3natrixT istr(T) =
2857.302. The vector of column means of the uncentred data matsxnorm squared
llcml|?> = 2844302, that is, over 9% of the trace off. Such extremely high values of
this ratio are not uncommon for morphometric data sets,atéfig the fact that individual
variability is small, compared to the overall (scaled) siféhe individuals. From equation
(3.3), the non-central variability associated with thesdifonx = ¢y, is given byc—;"t;% =
%‘;—i\“ + |leml|? > ||em||?. Hence, the proportion of total non-central variabilitpasiated
with that direction must exceefty||?/tr(T) = 0.993. The main direction of variability
about the origin in the 13-dimensional scattenef 63 points must therefore be very close
to the direction that unites the scatter’s centre of grawiith the origin, reflecting the
dominance of overall size. In fact, the cosine of the angtevbenT s first eigenvector and
Cm IS almost unity:| cos(w[lu},cm)| = 0.9999998. Necessarily, the other 1 eigenvectors
of T are nearly orthogonal t,, and therefore, as was seen in the discussion of Theorem 2,
we should expect fairly similar sets of eigenvalues andreigetors to those of the data’s
correlation matrixS.

13
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Table 1: The eigenvalues of the correlation mat®x &nd of the matrix of non-central
second moments of the scaled crayfish ddtg &nd the absolute values of the cosines
of the angles between each eigenvector and the vegtorhe second column gives the
variances of each uncentred PC. Column seven gives thes@|ugsed in the bounds of
point 10) of Proposition 3.1.

Uncentred Eigenvalues Column-centred
Rank | var(n [j“]) | cos(w%”] .Cm)| T S | |cogw! o)l &
1 7.60997 1.00000 | 2851.91089 8.00809  0.96851 2676.01891
2 2.38198 0.00045 2.38255 2.10800 0.20844 125.68760
3 0.73956 0.00014 0.73961 0.71934  0.05167 8.31378
4 0.53522 0.00001 0.53522 0.53519 0.00185 0.54489
5 0.38785 0.00014 0.38790 0.37425  0.03321 3.561137
6 0.30207 0.00019 0.30218 0.28851 0.01145 0.66134
7 0.28607 0.00007 0.28608 0.26208 0.05121 7.72230
8 0.24008 0.00008 0.24010 0.22377  0.05652 9.31028
9 0.18121 0.00009 0.18124 0.16867 0.03946 4.59844
10 0.15549 0.00006 0.15551 0.14149 0.06425 11.88184
11 0.10074 0.00006 0.10075 0.09098 0.05553 8.86101
12 0.04757 0.00001 0.04757 0.04744 0.00623 0.15777
13 0.03218 0.00000 0.03218 0.03218 0.00017 0.03226

Table 1 confirms the overall similarity in the eigenvalueslond S, except for the
largest eigenvalue of each matrix, which are associateld @ijenvectors that are close
to the direction ofty,. For these eigenvectors, as indicated in point 3) of Thedtethe
similarity is between?\f] = 8.0081 and}\[lu} — |leml|? = 7.6100. This difference is large
enough to be associated with an angle of over 14 degreesdetive directions ofy, and
of the first eigenvector o§, a fact which is partially concealed by the non-linear cesin
transformation which reads out as a more impressive val@9685. This latter value is
an approximate lower bound for the absolute value of theneasi the angle formed by the
first eigenvector of each matrix (inequality 3.24). Wheralasf T's eigenvectors from rank
2 onwards are almost orthogonaldg, the cosine involving, and the second eigenvector
of Slooks fairly large:| cos(cm,wg:])| = 0.2084. It corresponds to a an angle of almost 78
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Table 2: The cosines of the angles between the eigenvedtitrs correlation matrixs and
those of the non-central covariation matfiXor the scaled crayfish data.

T1
T2
T3
T4
TS5
T6
T7
T8
T9
T10
T11
T12
T13

S1
0.97
0.22
0.05
0.00

-0.05
-0.07
-0.02
-0.03
0.03
-0.02
0.02
0.00
0.00

S2
0.21
-0.97
0.06
0.00
-0.05
-0.06
-0.02
-0.03
0.03
-0.02
0.02
0.00
0.00

S3
0.05
-0.04
-0.99
0.00
-0.06
-0.07
-0.02
-0.03
0.02
-0.02
0.01
0.00
0.00

S4
0.00
0.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

S5
0.03
-0.02
-0.04
0.00
0.96
-0.25
-0.07
-0.06
0.04
-0.03
0.02
0.00
0.00

S6
0.01
-0.01
-0.01
0.00
0.05
0.45
-0.89
-0.06
0.03
-0.02
0.01
0.00
0.00

S7
-0.05
0.03
0.04
0.00
-0.16
-0.69
-0.40
0.54
-0.16
0.09
-0.05
0.00
0.00

S8
0.06
-0.03
-0.04
0.00
0.14
0.39
0.17
0.81
0.34
-0.15
0.08
-0.01
0.00

S9
-0.04
0.02
0.03
0.00
-0.07
-0.16
-0.06
-0.13
0.81
0.53
-0.10
0.01
0.00

S10 S11

0.06 -0.001
-0.04 30.0.00
-0.04 0.030
0.00 0.00

0.10 7-0.0.01
0.22140.0.01
0.0850 0.00
0.1%90.0.01

-0.42 0.101-

0.81150 0.01

0.26 0.992-

-0.01 0.080
0.00 0.00

S12 S13
00.00
0.00
0.00
0MOo0
0.00
0.00
0.00
0.00
0.0.00
0.00
00.00
10.00
01000

degress, thatis, an angle of over 12 degrees betw%leand the subspac® (cm)*. These
perturbations at the top of the scale smooth out for subsecpigenvectors. None of the
vectorsw&”} ,with j > 3 forms an angle larger than 4 degrees with the subsfdcg)".

What has just been said might suggest that the eigenvedtoostomatrixT and matrix
Sare similar. But Table 2 shows that the situation is not ehtistraightforward.

While there is a fairly strong association between equak-egenvectors of both ma-
trices, at both ends of the scale, things are much fuzzidramtiddle-ranking range. For
example, the sixth eigenvector 8fforms a smaller angle witfi’s seventh eigenvector
than withT’s eigenvector of equal rank, and the seventh eigenvect&rdies not form
small angles with any of'’s eigenvectors. Figure 1 illustrates how this is conneetid
the pattern of eigenvalues of both matrices. When the eajeas ofS are almost equal
to their same-rank counterpartsin the dots in each box of Figure 1 are located near the
upper right-hand corner of the box, as occurs with eigemsBito 5 and 11 to 13.

If eigenvalud of Sis almost equal to eigenvaliiel of T, the dots appear in the bottom
left-hand corner, as occurs with eigenvalue 6 of S. When the dots are near the center
of the box (e.g.i = 7), Ai(S) is about half-way betweek;(T) andAi;+1(T). This Figure
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Eigenvalues

|
o]

01 02 03 04 05 06 0.7
(53]

Eigenvalues

Figure 1. Each box has its upper right corr@kw,)\gu}), where)\E”] is T's j-th eigenvalue
(j = 3), for the crayfish data. The lower left-hand corners ar@diets()\g‘ﬂ]rl, )\Eﬂl). These
are the bounds given in Corollary 3.1 for the eigenvalueb@ttrayfish correlation matrix,

S. The dots inside each box are the poi@t-@ ,)\i[c]), Where)\i[c] denotes théth eigenvalue
of S. For reasons of scale, the two largest eigenvaludsarfdS have been left out.

should be compared with the cosines of the angles betweeotresponding eigenvectors,
in Table 2, which follow similar patterns.

This situation, where the eigenvalues®&andT offer an indication on the relations
between their associated eigenvectors, has been obserediter data sets and seems to
be fairly general. But the fact that the eigenvalues of bo#ltrites are interlaced imposes
a structural constraint on how far these differences canmgbimplies that a matrix of
cosines between eigenvectors, such as Table 2, essentaltysts of a diagonal band of
larger magnitude values, with values nearer to zero as theanod column-numbers of the
matrix diverge.
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The variances of the uncentred PCs (column 2 of Table 1) ayeclese toT’s eigen-
values from rank 2 onwards, since the eigenvectors (veofdP€ loadings) which define
them are almost orthogonal &y, (see equation 3.6). This is not surprising. Unlike the
eigenvalues of, the eigenvalues of indicate non-central second moments, rather than
variance, of the uncentred PCs. But the concepts of centchhan-central second mo-
ment coincide for zero-mean data, which is approximatedyddse in the latter uncentred
PCs (see equation 3.5). Equation (3.9) ensures that, icdisis, the correlations between
the uncentred and column-centred PCs defined by the eigensedS andT are essen-
tially the same as the cosines given in Table 2 (slightly &mila situation which need not
occur in general. For similar reasons, the correlation betwthe first PC of each kind is
slightly larger (099) than the cosine between their vectors of loadindg®/(0 In this exam-
ple many uncentred PCs account for approximately the sam&@itral variation as their
nearly-equivalent column-centred PCs account for vadahat the situation has changed
dramatically in terms of the proportion of total variahyjlizhich is accounted for. Whereas
the second column-centred PC accounts for ove2%6of total variance, the uncentred
counterpart which accounts for almost the same variahiépresents less thary1000
of total (non-central) variability. These differences importion of total variability often
conceal the noticeable similarities that exist betweerethendecompositions df and of
S.

Given the very small trace of matrB when compared witljcn||2, the bounds (3.22)
are fairly tight, ensuring thdt[lu] € [2844334,2852310.

4.2 An mRNA data set

The second example deals with a data set from the field of DN&aairays that has been
discussed by Alter and Golub [1].The data matrix consistsneisurements of relative
abundance levels of gene transcripts in yeast. Itrhas6776 rows (observations) corre-
sponding to different genes amd= 30 columns (variables) corresponding to different gel
slices. Alter and Golub [1] find the singular value decomfposiof this data matrix. They
note that one of the matrices in the decomposition conthie&igenvectors of what they
call the 'correlation matrix’ for the data, but which is, iadt, the 30< 30 matrix of non-
central second moments of the unstandardized data. Thietheaé eigenvectors, which
arise from an uncentred PCA of the data, 'eigengenes’. Thdtsan [1] are now compared
with those from a standard column-centred PCA.

In this example, the trace of the 3030 matrix of non-central second moments is
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tr(T) = 1110344, while the centre of gravity of thepoint cloud inR3° is at a squared
distance|cy||? = 36.6781 from the origin. Thus, the total variability of the ptsirmround
their centre of gravity is about twice as big as the squareohrod ¢y tr(S) = 1110344—
36.6781= 74.3563. However,T’s first eigenvector still points in a direction that is not
too different from that ofcy, since all the extra variability i (vis a visthat of S) is
due to that direction (equations 3.3 and 3.4), aadaccounts for a proportion of at least
llcml|?/tr (T) =~ 1/3 of total non-central variability. Table 3 confirms ti&s first eigenvec-
tor is indeed close to the direction of vecty (it forms an angle of just under 7 degrees).
The proportion of total variability associated with it is3827.

As noted above, Alter and Golub (2006) are concerned witleitpenvectors of matrix
T, which they call “eigengenes”. Figure 2 depicts the firseamgene of the data and the
unit-norm vector of column means, confirming a good deal séagent between both
vectors.

From inequality (3.20), the first eigenvalue is bounded below by the variance of
the first uncentred PC:8393. But inequality (3.16) ensures thzﬁ is bounded below by
the variance of any uncentred PC, and the variance of thendaauocentred PC provides
a much better lower bound: ZB00. Likewise, the right-hand side of inequality (3.19)
ensures tha)t[f] +)\[2c] is bounded below by véln[lu}) +var(n[2u]) =19.1197. But the better
bounds (3.15) guarantee that the sum of the two largest\wagess ofS is bounded below
by the sum of variances of any two uncentred PCs, and so byatgedt of them all:
var(n[zu]) +var(ngu]) = 22.0122. Note how the variance of the second uncentred PC is
larger than that of the first uncentred PC. By definition, tuisld not happen with column-
centred PCs.

The eigenvalues of both matrices are broadly speakingaingb in the previous ex-
ample, and this is related to the fact that both sets of egjaesg are interlaced (Corollary
3.1). In particular, for ranks 12, 17 and 23 through 30, treeevery small differences
in the eigenvalues which, from the discussion in Section &ugygests that there may be
similar eigenvectors. This is usually the case with eigetors associated with near-zero
eigenvalues, since they tend to be very clos& tem)* — see bounds (3.21). Eigenvalues
1, 3,4,5,7and 8 ob are closer to the eigenvaluesobf rank larger by one, than to their
equal-rank counterparts, suggesting closer agreemembsé fpairs of eigenvectors.

The cosine of the angle between any given eigenvectofsaofd ofS can be computed
from the information provided in Table 3, using (3.13). Thesnstriking difference in
relation to the previous example is tids first eigenvector is not similar to any eigenvector
of S: the cosine of the angle it forms with any eigenvectoBa$ never larger, in absolute
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Table 3: Results for the mRNA data set (table structure aslierl).

Uncentred Eigenvalues Column-centred
Rank | var(n [j“] ) cos(w[j“] .Cm)| T S |coswi c)| &
1 6.3393 0.9928 42.4898 13.1083 0.2440 15.2914
2 12.7800 0.0302 12.8138 11.5702 0.4279 18.2859
3 9.2317 0.0955 9.5665  8.2055 0.1175 8.7122
4 8.0117 0.0333 8.0526 6.8557 0.1988 8.3052
5 6.5449 0.0338 6.5869 4.9294 0.2087 6.5267
6 4.8863 0.0050 4.8873 4.7148 0.3972 10.5002
7 3.9925 0.0318 4.0298 3.5107 0.0975 3.8596
8 3.4962 0.0037 3.4967  3.3836 0.2467 5.6162
9 3.1892 0.0159 3.1985 2.7665 0.3766 7.9687
10 2.5958 0.0069 25976  2.5091 0.2839 5.4647
11 2.0286 0.0140 2.0358 1.9040 0.2248 3.7576
12 1.7564 0.0020 1.7565 1.7538 0.0374 1.8050
13 1.5260 0.0148 1.5340 1.4197 0.1604 2.3632
14 1.3506 0.0066 1.3522 1.2921 0.1970 2.7154
15 1.0432 0.0087 1.0460 1.0037 0.1184 1.5182
16 0.9333 0.0056 0.9345 0.9091 0.1111 1.3621
17 0.8169 0.0028 0.8172  0.8136 0.0347 0.8578
18 0.7386 0.0100 0.7422 0.6804 0.1077 1.1057
19 0.6690 0.0021 0.6692 0.6520 0.1540 1.5216
20 0.5326 0.0042 0.5332  0.5195 0.0840 0.7784
21 0.4598 0.0045 0.4605 0.4469 0.0689 0.6212
22 0.4346 0.0025 0.4348 0.4227 0.1099 0.8656
23 0.3188 0.0005 0.3188 0.3186 0.0122 0.3241
24 0.2226 0.0016 0.2227 0.2211 0.0264 0.2467
25 0.1669 0.0040 0.1675  0.1567 0.0729 0.3516
26 0.1469 0.0002 0.1469 0.1468 0.0087 0.1496
27 0.0638 0.0005 0.0638  0.0636 0.0085 0.0663
28 0.0562 0.0008 0.0563 0.0558 0.0152 0.0643
29 0.0170 0.0002 0.0170  0.0170 0.0027 0.0172
30 0.0055 0.0008 0.005619 0.0051 0.0136 0.0120
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Figure 2: The first eigenvector (eigengene) of matrigsolid line), and the unit-norm vec-
tor of column (array) means of the uncentred data matrixh@edine), plotted against the
ranks of their coordinates. As in Alter and Golub (2006),¢befficients of the eigenvector
have been given positive signs and the points in both veetergined by line segments,
to highlight their “form”.

value, than 0. This is in agreement with the information in the sixthuroh of Table
3. The cosines (in absolute value) of the angles formetd'byigenvectors of rank 2 to 9
with the eigenvectors df of ranks 1 to 8, are, respectively: 0.92, 0.75, 0.94, 0.921,0.
0.68, 0.95, 0.77. The comparative graphs of the first sixesétpairs are given in Figure 3.
Even for the pairs with largest difference there is subgawisual similarity. The patterns
described in Alter and Golub (2006) have been essentiadiggrved.

The correlations between the PCs of both kinds which thegeneectors define are
larger: 0.93, 0.84, 0.95, 0.94, 0.91, 0.74, 0.95, 0.80. féflects the fact that the standard
deviations are larger in these column-centred componeatséquation 3.9 and Table 3).
From rank 10 onwards, equal-rank eigenvectors in both oesifiorm angles with cosines:
0.81, 0.87, 0.99, 0.76, 0.79, 0.89, 0.91, 0.98, 0.64, 0.685,®.83, 0.84, 1.00, 1.00, 0.99,
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2(T)and 1(S) 3(T)and 2 (S) 4 (T)and 3 (S)

Eigenvectors
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6 (T)and 5 (S) 7 (T)and 6 (S)
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0.0
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0.0
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Figure 3: Eigenvectors (eigengenes) 2 to 7 of malrisolid line) and eigenvectors 1 to 6
of matrix S (dashed lines), are plotted against the ranks of their ¢doatels. Eigenvectors
may have been multiplied by1 to highlight their similarity.

1.00, 1.00, 1.00, 1.00, 1.00. The smaller values for paif$4.8nd 18/19 are, once again,
associated with situations in which the difference in a pagigenvalues from both matri-
ces is smaller for different ranking eigenvalues than feirthqual-rank counterparts. The
ninth eigenvector o8& never forms an angle with cosine in excess of 0.56 with angreig
vector of T, in much the same way as its eigenvalue does not pair up witleigienvalue
of T.

5 Discussion

Carrying out a singular value decomposition on an uncerdegd matrix can be viewed
as a variant of principal component analysis that produceséntred principal compo-
nents” - linear combinations of the uncentred variablespsehloadings are given by the
eigenvectors of the matrix of the data’s non-central seecnadhents.
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From a strictly mathematical point of view, there is nothimgng with carrying out
an uncentred PCA, that is, a singular value decomposition given matrix. Whether
or not it is statistically appropriate to do so in any givemixt, and what conclusions
can be drawn from such an analysis, are a different matteanloncentred PCA it is
variability about the origin, rather than about the cenfrgravity of then-point scatter in
RP, that will be of concern. Unless the origin is an importaninpof reference for the
variables, an uncentred PCA may be an artificial procedwtentierely highlights the size
of the variable means relative to the origin [11]. On the otfend, centring columns may
destroy meaningful patterns in the rows of the data matridciwvwould therefore also be
lost in the eigenvectors of a covariance matrix. This is evat concern in the second of
the examples considered in Section 4.

In both variants of PCA, the underlying variables are preepssed in different ways,
the criterion for choosing a linear combination of the vblés is different (maximizing
central or non-central second moments) and the additi@tplirements are also differ-
ent (uncorrelatedness, or zero crossed non-central sesontents). Despite all this, the
relationships between a standard, column-centred, PCAtathcentred counterpart are
strong, and have so far not been the object of a quantitaiteaission.

Unsurprisingly, the vectar, of column means oX ¢, which is a measure of the overall
size of the data, plays an important role in the comparatiwysof both types of PCA. The
proportion ofT’s total variation that is associated with the directiorcgfalways exceeds
llcml|?/tr (T). Three types of situation can arise:

e If the norm squared afy, is very small, when compared with the trace of mafrix
then the eigendecompositionsDfand of the data’s covariance mat®are similar
and the two PCAs will also be similar.

e If the norm squared of vectar, is very large when compared with(T), as in
the first of the examples considered in Section 4, then theactexization of the
eigenstructure of andS made in point 3) of Theorem 2 remains, broadly speaking,
valid. However, some perturbations can arise even wherfirst eigenvector is
extremely close to the vector of variable means. Even if Imo#trices essentially
share all their eigenvectors, the rank of the eigenvectmsectoc,, can remain the
same (as in the first example), but can also drop.

¢ In between these two extremes, the situation becomes leas ahd there is more
scope for differences between both eigendecompositichB&As. However, as the
second example illustrates, it is often still the case Thafirst eigenvector is not too

22



Cadima and Jolliffe 495

divergent fromcy, and that many eigenvalues and eigenvectors in both matiees
similar.

In general, the inspection of both matrices’ eigenvaluegaios much valuable infor-
mation regarding both PCAs. Whenever both matrices hawesimiilar eigenvalues, the
corresponding eigenvectors and PCs are also similar. ltoftén be the case that the
eigenvalues of equal rank in bo8andT are the most similar ones, also as a result of the
fact that both sets of eigenvalues are interlaced (CosoBat). But when an eigenvalue
of S, say, is half-way between two eigenvaluesigfor even closer to the next-ranking
eigenvalue ofT than to its equal-rank counterpart, that situation tendeeBiected in the
corresponding eigenvectors. The ocurrence of a situafidm®kind is associated with a
perturbation which can affect one or more subsequent e&ytors.

An important issue remains: when and why do such pertunhaigoise? The corre-
lations between the uncentred principal components whiehgaven by combining ex-
pressions (3.6) and (3.7) provide a clue to what lies beltiedd perturbations. Although
uncentred PCs with loadings that are approximately orthabtw c,, are nearly uncorre-
lated among themselves, the uncentred PC defined by a viatas tlose t@, may have
a non-negligible correlation with the remaining uncentP&k. The implication is that the
eigenvectors of matri$ cannot remain exactly the same since, in that case, the Pich wh
they define would not be uncorrelated (recall that, for egeators of loadings, the cor-
relation remains the same, whether we consider linear awatibins of uncentred, or of
column-centred, variables).

The many relations stated in Section 3 can provide a bet@enstanding of the fairly
substantial links between the standard, column-centratitffee uncentred principal com-
ponents, as well as ensuring a better understanding of tiseenand implications of the
latter variant of principal component analysis. Despite differences between the anal-
yses, our experience with a number of examples shows thatahgtraints imposed by
the results of Section 3 often lead to a remarkable degreenisty between many of
the eigenvectors and components obtained from the two iggegs, although their relative
importance may sometimes differ dramatically.

Many of the results reported in this paper can be adaptedmiie or less effort to
related situations. For instance, the discussion in thiphas been entirely for the con-
ventional case wherme> p. In a non-trivial number of applications, the number of ahtes
p exceeds the number of observationg\ classic example is in atmospheric science where
a meteorological variable is measuregajeographical locations andtime points. If the
spatial domain is large and the time series short, it can érapipatn < p [20, Section
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11.6]. With larger and larger data sets being collected éasranging from microarrays
to the spectral energy of blazars [#]< p is increasingly common. Another related situa-
tion concerns the use of hybrid varieties of PCA, in whichstants other than the column
means are subtracted from each column ([12], [13], [14])t &®ther possible variant
revolves around the use SVDs of row-centred data matricesatrices that are both row-
and column-centred ([2], [3]). Row-centring may make semisen the rows of the matrix
can be viewed as variables, or when they are individuals fockwariables (columns) on
a common scale have been measured and it is desired to fitteoime measure of overall
size of individuals prior to the analysis. It is most frequgether with column-centring.
Details of the relevant relations in such situations wilkbported elsewhere.

A Proofs

A.1 Proof of Corollary 3.1

The first pair of inequalities results from a direct applicatof the Yanai & Takeuchi
Separation Theorem, withf = %Xuc, Pn=1n—Py, andPp =1,. Thus,r =n—1 and
s=p, and sa = 1. The second pair of inequalities is a direct result of divicthrough by
the trace ofS. The second expression farresults from the fact that, by definition,

S= Xie(ln—P1)Xue =T —Cm-Cpy , (A1)

and sar(S) =tr(T) —tr(cm-c,) = tr(T) —||cm||? by the circularity property of the trace.
O

A.2 Proof of Theorem 2

1. The results follow directly from relation (A.1).

2. The difference in the Rayleigh-Ritz ratios 8fand S is a direct consequence of
equation (3.2).

3. Assume tha{WE“] JP:l are the eigenvectors @f, with eigenvalue@\gu] ?:l, and that

one of T's unit-norm eigenvectors, say the first,vié”] = Cm/||Cml||. From equation
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A.3

(3.2) and the spectral decompositionioive have

=]

t t
S=T-cnc, = )\EU]WEU]WEU] — Jlcml 2w Wl
1

t t
= (W lloml?) whwh! +§AE‘”wE‘”wE“] ,
J#£L

which is a spectral decomposition &f

Proof of Proposition 3.1

t t t
. By definition, the mean scoreig Eu] 1h= 2wl Xt 1, =w o= ||cml| ~cos(cm,wgu]).

J J

. The covariance of any pair of linear combinatioga and X b of the columns of

Xuc is given bya'Sbh. Thei-th uncentred PC results from takimg= wi[”]. Now,
frorp equation gA.l), the covariance b?tween tlctlat andj—tht uncentred PCs is
wlY va{j“] =wM (T - cmctm)WE“] = }\E“]Wi[“] WE”] — wen) (WEU] Cm). Considering,
firsti = j and then # j, gives expressions (3.6) and (3.7). In matrix terms, theadev
ance matrix for the uncentred PCs is jWét!' SWIU.. Let the spectral decomposition
of matrixSbeS=W/E AW whereAld is the diagonal matrix of eigenvalud$

of SandW! has the eigenvectorg® in its columns. Then the covariance matrix of

the uncentred PCs is

wli'swl = (wu wiyt . (A.2)

Since bothwU and W(d are orthogonal matrices and the product of orthogonal
matrices is an orthogonal matrix, equation (A.2) gives thectral decomposition
of the covariance matrix of the uncentred PCs. The eigeesgatdi this covariance
matrix are therefore the same as thoseSpfind its eigenvectors are the columns
of the matrixW¥'w!d, which has as itgi, j)-th element the cosine of the angle
between thé-th eigenvector o and thej-th eigenvector of.

. If y; andys are any two linear combinations of the columns of either theentred,

or the column-centred data matricgg, = X.ca, Y2 = X.cb, (whereX,. denotes
eitherXyc or Xcc), the covariance between them is again given by:

coV(Xyc@, X, cb) = a'Sh. (A.3)
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Thei-th column-centred PC results from takiag= wi[c] with X,c = X¢c, and the
j-th uncentred PC from taking = WEU] with X,c = Xye. Therefore, co(ni[q,ng‘”) =

t {
wi? swi = A%wT w, which is the result we wished to prove.

. A direct result from expressions (3.8) and (3.6), as welfram the fact that the

variance of the-th standard PC iti[c]. Note that, in general, if; andy, are any two
linear combinations of the columns of either the uncentogdhe column-centred
data matricesy; = X,ca, Y2 = Xcb, (whereX, denotes eitheK ¢ or X¢c), the
correlation between them is:

____ a'sh
r(X*ca,X*cb) ~ \/alSabfsSpb * (A4)

. If y1 is any linear combination of the columns of the uncentrea daatrix,y; =

Xucd, andyy is any linear combination of the columns of the column-ceshiata
matrix,y2 = X¢cb, then the cosine of the angle between them is:

_ <XycaXech> alshb
COSXucl Xeeb) = TR, a[TXech] = VATabSh - (A-5)

The j-th uncentred PC results from takiag= WEU], and thei-th column-centred PC
from takingb = Wi[c]. Therefore,

[u = 1
€nyn) \/WEu]tTW[U] wswd AT

= A'— -cogw wi¥) .

6. Thet, norm of the difference betweer)® = X and£n = £ Xyl is

t t t
||r|i[C] :Frlgu] || = \/Wi[c] XE:cchWi[c] + 2Wi[c] XECXUCWEU] +WEU] X{JCXchE”]

- \/ nwi[c]tvaﬂlc] F 2nwi[°]t8w[j“] - nwE”]tTw E“]

\/n)\i[c] +2n\ % cogw?, wi) +nAl

_ \/ A [2(15 costwl®, wi))[ + (A}~ A%

= T Wz e n A

as we wished to prove.

26



Cadima and Jolliffe 499

7. As with any unit-norm vector, the distance between theized principal compo-

nents® =nj°/|Inf" | and=u =" /Inf" s given by u® Fuj’|| = \/ |1 cogu®, uf")|.
But the angle between the unit-norm components is the sartteatibetween their
original counterparts, and using expression (3.10) weiolit@ desired result.

8. From the definition of eigenvalues/vectors,
uo U1, Ul
= AT W, (A.6)

swd = AfW9 = W sw (A7)

Therefore, the cosine of the angle betww%‘l’% andw-[c] can be written as

t [
cos(wgu},wi[c]) = wiw = %w- T 1sw . (A.8)

Now, for any vecto that is orthogonal tay, from equation (3.2) we have 1Sx=
T 1T — cmcl,)x = Ix = x (in other wordsx € & (cm)* implies thatx is an eigen-
vector of TS, with eigenvalue 1). Thus, iivi[c] is orthogonal tacy, then equation
(A.8) becomes:

)\[U]
cos(wg ],WI[C]) R os(w w)
and we must therefore have, eitﬁé\* = )\ orw[ I W[ o , or both. In any case,
the result is proved. In the more general case, V\m,@ns not orthogonal t@y,, we
take the decomposition\ = P, wi® + (I, — P, )W\, wherePg,, = cim(chycm) 1k,
is the matrix of orthogonal projections onto the subspaegised by the vectar,.

The term(l, — Pcm)wi[c] is now a vector in the subspagg(cy)*, and therefore an
eigenvector off ~1Swith eigenvalue 1. Thus, (A.8) becomes

A t__ Al t
cos{wlwi®) = T TSR w4 Yol (1P i
A AUt
(_ﬁ) COS(WJ Wi ) = ¢Wgu] (T1s—1y) Pe, W9 . (A.9)
Now, from equation (3.2), we hav 'S— I, = T~ 1cnc,. In addition Pe,wi" =
o
g—ﬁvl Cm. Substituting, and keeping in mind the relation (A.6), weda
u
o DG N g 1
<_ﬁ)cos(wi Wi ) NGRS T Rl
| | J
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10.

11.

On relationships between uncentred and column-centred...

which is the result we wished to prove.

. Following the definition in [7, p.192], given two vectarg3 € RP, we say that vector

B majorizesvectora if the sum off3’s k smallest coordinates is always greater than,
or equal to, the sum @f’s k smallest coordinates, for &= 1, ..., p and with equality
whenk = p. Assuming that the coordinatesBranda are given in decreasing order,
this means thaZF:p7k+lBj > Zip:pfkﬂon, forallk = 1,..., p, with equality when
k= p. For any symmetric matri, its vector of diagonal elements majorizes its
vector of eigenvalues [7, p.193]. Since the covarianceimafrthe uncentred PCs,
WU'SWIU, has the same eigenvalues as the data’s covariance r84swe point 2
of this Theorem), the vector of variances of the uncentres iR@jorizes the vector
of eigenvalues 08. This is the right-hand side statement in (3.15). The loveema

on the sum of the largekteigenvalues o8 is also a direct result of the majorization
of the vectors. Given the equality of the sum of all vectorrdamates in the definition
of vector majorization, the defining condition is equivdlensaying that the sum of
thek largest coordinates of vectarsand satisfy the boundg‘j;1 B < Z!‘:Ni, for
allk=1,..., p, with equality wherk = p.

The proof of this result is analogous to the proof of the/fmus point if we replace
matrix S with matrix T and matrixw/¥'SW with matrix W' TW(e. Note that
the latter is a matrix whose diagonal eIementsm{FgTwiM = wi[c]t(SJr cmcﬁn)wi[q =
A9+ [[cml|2 - cof(cm,Wi?). On the other hand, the eigenvalues of mand Tw [©

are the same as those of matilix since a spectral decomposition of the matrix

W TWIE is given by(WIS W) AlY (wid' wikt.

The first bounds given in (3.15) imply that the sum of khargest eigenvalues of
Sis larger than, or equal to, the sum of the varianceargf kuncentred PCs. This
means that we can use the sum of variances of théfinstentred PCs (although this
bound may not be the best one available), and write bound$/ing equal-ranking
eigenvalues from both matrices:

k k

k
PREEDY N = o2 cof(emw)| = 3 var(n”)

The upper bound in (3.19) now follows directly. Likewisegetbum of the smallest
k eigenvalues 0§ is bounded above by the sum of variances of thelasicentred
PCs (the right-most bound in (3.15) implies that it is bouhdbove by the sum of
variances ofiny kuncentred PCs). Thus, we obtain the lower bound in (3.21¢ Th
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lower boundin (3.19) and the upper bound in (3.21) appedrdisame way, working
from the bounds in (3.17).

12. Theright-hand side bound in (3.22) results directlyrfrelaxing the right-hand side
bound in (3.20). The left-hand side bound in (3.22) resutimf(3.3), since:

A > AT — 484 co(x, 6m) - [[cml[? = AT+ cOZ (X, Cm) - [l -

Since these bounds are valid for any vectar RP, they are valid in particular when

13. Thisis a direct result of bounding the lefthand side afsgipn (3.9).

14. From inequality (3.20) and the more general relatiob3B.we obtain the bounds:

cos(w[lC ) cm) -COS(W[lu] ,Cm)

d i
COSZ(Wl ) Cm) S COQWE_C] ’Wgu]) S COSZ(Wl , Cm)
1 > fc?s(w[f] ! )[u] > 1
co§(wf],cm) CcOSWy " ,Cm)-COSW; *,Cm) CO§(W[1U],Cm)

Squaring and multiplying through by the denominator in thddie term produces
the inequalities:

cosz(w[lu] ,Crm) cosz(w[lc | em)

> cod(wy,wy) >

co2(W,, Cm) co2(w, cm)

Only the right-hand side inequality is useful, since thé-tefnd side bound exceeds
unity.
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