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ABSTRACT

In this paper, we use the local influence method introduced by Cook (1986) to
study for regression diagnostics in the linear model with stochastic linear restric-
tions. We assume normality and use a likelihood-based approach. We establish the

normal curvatures for identifying influencial observations under several schemes.
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1 INTRODUCTION

When there is a set of stochastic linear equations available as prior information
on the regression coeflicients in a linear regression model, the method of mixed re-
gression estimation proposed by Theil and Goldberger (1961) and Theil (1963) can
be used. This method basically assumes that the prior information in the form of
stochastic linear equations is as important as the sample information in the form of

observations on the dependent variable and explanatory variables; therefore, both
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648 Influence diagnostics in the linear regression model...

the sample information and the prior information are treated as two equations
equally valued for the model and are simultaneously dealt in the estimation proce-
dure. During the last few decades, the mixed estimation method and its variations
have been applied extensively in various situations in statistics and econometrics;
for recent work in the literature, see Gross (2003), Rao, Toutenburg, Shalabh and
Heumann (2008) and Yang and Xu (2009). On the other hand, in practice, some
extremal or influencial observations or outliers, for example, those studied by Cook
(1977, 1986), may be involved in the data being modelled by the mixed estimation
method. To our knowledge, however, no study on the influence diagnostics in the
linear regression model with stochastic linear restrictions has been reported.

In this paper, we fill this gap by considering a (pseudo) likelihood-based ap-
proach to use the local influence method originated by Cook (1986) and studied by
many other researchers. This is because the local influence method has played a
significant role on such studies as regression diagnostics in several areas in statistics
and econometrics. After Cook (1986), who studied an application in the linear re-
gression model under the normality assumption, researchers have studied influence
diagnostics for the linear model with some variations or additional specific struc-
tures. To name a few, Paula (1993) investigated influence diagnostics for the linear
model with inequality constraints; Billor and Loynes (1999) applied the local influ-
ence approach to ridge regression; Leiva, Barros, Paula and Galea (2007) studied a
regression model with censored data; and Osorio, Paula and Galea (2007) made an
assessment of local influence in elliptical linear models with longitudinal structure.

It is worth pointing out that the presented estimation procedure for the model
to be given (see (3.3) to follow) could be seen as a special case of the one discussed
by Osorio et al. (2007) under elliptical distributions. However, their model is a
general model that includes several other ones. It is equally interesting and useful
to analyze the particular properties that arise in this special case, including those
presented in this paper. On the other hand, our study could be complementary or
linked to the mixed estimation used in the collinearity problem in linear regression;
see, for example, Belsley et al. (1980, Section 4.1).

The present paper is proceeded as follows: in section 2, the local influence
method is outlined; in section 3, the postulated linear regression model and estima-
tion results are presented; in section 4, several matrices for the normal curvatures
and vectors for the slopes of local influence under the perturbed models are derived;

and in section 5, concluding remarks are included.
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2 LOCAL INFLUENCE

The local influence method was first proposed by Cook (1986) for assessing the
influence of small perturbations in a general statistical model. It was then studied
and used by many other researchers. We consider two approaches for the local
influence method: one proposed by Cook (1986), and the other by Tsai (1986) and
Billor and Loynes (1993).

2.1 Cook’s approach

Let L(f) represent the log-likelihood for the postulated (i.e. unperturbed) model
and observed data, where 6 is a p x 1 vector of unknown parameters with its max-
imum likelihood (ML) estimator 6. Let w = (wy, ..., wy,)! denote an m x 1 vector
of the (small) perturbations in the model, where ) represents the open set of rele-
vant perturbations such that w € €, and then L(f|w) be the log-likelihood of the
perturbed model and 0., denote the corresponding ML estimator of 0. Let wg €
denote an m x 1 no-perturbation vector with wy = (0, ..., 0)—'—7 orwo = (1,..., 1)—'—7 or
a third choice, depending on the context, such that L(f) = L(6|wg). Suppose that
L(6|w) is twice continuously differentiable in a neighbourhood of (6,wy). We are
interested in comparing the parameter estimates 6 and 6., by using the idea of local
influence. To implement the idea is to investigate the extent to which the inference
is affected by the corresponding perturbation. The key concepts and the method
are as follows.
In Cook’s approach the likelihood displacement is chosen to be

LD(w) = 2[L(0) — 2L(0,,)] (2.1)

which can be used to assess the influence of the perturbation w. Here, large values
of LD(w) indicate that 6 and 6, differ considerably relative to the contours of
the unperturbed log-likelihood L(6#). This method is based on studying the local
behaviour of an influence graph a(w) = (w', LD(w))" around wgy. Cook (1986)
suggests investigating the direction in which this influence measure changes most
rapidly locally, i.e. the maximum curvature of the surface a(w). Upon LD(w) the
maximum curvature Cyqq is given by Chuae = maz=1C, where C) = 21T Fl|.
To find C,,4, and the corresponding direction [,,,,., we need to calculate the m x m

matrix F, which is defined by
F=ATH A, (2.2)



650 Influence diagnostics in the linear regression model...

where A is a p X m matrix for the perturbed model

92L(6]w)

B = DT o=ty

evaluated at 0 and wp, and —H is the m X m observed information matrix for the
postulated model
0?L(9)
= oog 0=0
evaluated at é; then [,,4 is the eigenvector that corresponds to the largest abso-
lute eigenvalue C,,,, of F', and large values of those elements of l,,,, indicate the

corresponding observations may be influential.

2.2 An alternative approach

In addition to Cook’s (1986) approach, Tsai (1986) and Billor and Loynes (1993)

propose a different measure. The following likelihood displacement is considered:

LD*(w) = —2[L(0) — L(0,|w)]. (2.3)

We have a surface a*(w) = (w',LD*(w))". In this case, the first derivative Sj,
in the direction of I, at wy does not vanish, except in trivial cases, and therefore
provides valuable information about the local behaviour of LD*. In particular, the
maximum slope S;,q; and the corresponding direction l,,4, are useful summaries.
Because this approach only involves first derivatives rather than second derivatives,
it is easier to deal with than Cook’s local influence. In fact, S; = 21T h, the maximum
slope is
8L(é|w)

ow |

and thus for finding S,,4, in this approach we simply need to calculate

Smaw = 2|

_ OL(Ow)

h ow |9:é,w:uzg'

3 MODELLING AND ESTIMATION

We consider the linear regression model

y=XB3+u, (3.1)
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where y is an n x 1 observable random rector, u is the error vector with expectation
E(u) = 0 and covariance matrix var(u) = 021, X is an n x p known design matrix
of rank p, and 3 is a p x 1 vector of parameters. In addition, § is under stochastic

linear restrictions such that
r=R{+uv, (3.2)

where r is a k x 1 observable random rector, v is a k X 1 error vector with expectation
E(v) = 0 and covariance matrix var(v) = 0%V, R is a k x p matrix of known
constants of rank k (k < p), and V is a k X k positive definite matrix of known
constants. Furthermore, it is assumed that the elements of v are stochastically

independent of the elements of wu.

3.1 Mixed estimation

By virtue of the mixed estimation we have the model rewritten as

z2=7Z0+e, (3.3)
where
=Y, z= X Ce= " (3.4)
R v

are of order m x 1, m x p and m x 1 (m = n + k), respectively, and e has mean

E(e) of order m x 1 and variance matrix var(e) of order m x m

E(e) = 0 , var(e) = 02Q with Q = o
0 0V

(3.5)

The mixed estimator of 3 is actually based on the generalised least squares method
h = (ZTQ—lz)—lzTQ—lz
= (X'X+R'VIR)YXTy+ RV ). (3.6)

Note that 02 could be estimated as follows, which is also based on generalised least

squares and can be seen in Rao et al. (2008, section 4.2), for example.

S = e
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where é = z — ZJ3.

3.2 Maximum likelihood estimation

In this paper, we consider a (pseudo) likelihood-based approach along the line as
Billor and Loynes (1999), among others, have done for ridge regression to use the
local influence method. That is, we assume a distribution for the errors in the model
in order to consider ML estimation, and then use the local influence method to find
the normal curvatures and slopes. We need to derive the ML estimators and the

normality assumption for it is made as follows
e~ N(0,0%Q), e=z—2Z3 (3.8)
The ML estimators are then obtained as follows.

Theorem 1. For model (3.1) with stochastic linear restrictions (3.2), we have

f = X' X4+R"VIR) N XTy+R'V ), (3.9)
52 %éTQflé
= - X)X+~ RV - RAL, (310)

where é = z — ZB,

Proof. We use the following relevant part of the log-likelihood L(0)

1 1
L= —%lnaz - 5ln|Q| - ﬁeTQ_la (3.11)

where § = (87,0%) 7. Using the matricx calculus developed by Magnus and Neudecker
(1999) and taking the differential of L with respect to 3, we have

1
dsL = —e' Q™' ZdB. (3.12)
(2

Taking the differential of L with respect to o2, we have

m n 1
202 204
By setting the equations equal to 0 and solving the solutions for 0, we get the ML

dyoL = ( e Q te)do?. (3.13)

estimators ,3 and 62.
Note that the estimates calculated by the formulas in the theorem above will be

used in the normal curvatures to be established in the following section.
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4 NORMAL CURVATURES

For the postulated and perturbed models, we now derive the observaed information
matrix —H and derivative matrix A for Cook’s approach, and derivative vector h

for the alternative approach, so that we can establish the normal curvatures.

4.1 Observaed information matrix

For our postulated model, the parameter vector 6 is partioned # = (37,02)T. The

observaed information matrix —H is partioned accordingly.

Theorem 2. For model (3.1) with stochastic linear restrictions (3.2), we have

L2TQ7'z LzZTQ e

=6 Q7'Z =

—H= (4.1)

where é =y — Z3.

Proof. Taking the differential of dgL with respect to 3, we get d%L evaluated at
p=0

1
d3L = —;dﬂTZTQ”ZdB (4.2)

1 _
d3Ll,_y = —ﬁdﬁTZTQ 1Zap. (4.3)

Taking the differential of d?ﬂL with respect to o2, we have

m 1

d3.2L = (ﬁ — EBTQ_lC)dQUQ (44)
m
do2Llgy = (—@)d2027 (4.5)

where 62 = LéTQ7'é in (3.10) is used.

Taking the differential of dgL with respect to o2, we have
1
d%oL = ——dB" 27 Q 'edo? (4.6)
o
1 1A
3,2 Lly_g = —gdﬁTZTQ Yedo?, (4.7)

Hence by using (2.2), (4.3), (4.5) and (4.7) and rearranging the terms, we establish
—-H.
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4.2 Perturbation of case weights

Model (3.1) with (3.2) is our postulated model. Let W be an n x n diagonal
matrix of perturbation with positive elements and Wy = I be the matrix of no-
perturbation such that L(6|Wy) = L(0). Using o?W ! instead of 021, where I is
an n X n idenetity matrix, we get the relevant part of the log-likelihood L(8|w) for
our perturbed model in case weights

1

m, o 1

Qe (4.8)
where

—1
Qu = W 0. (4.9)
0o Vv

Theorem 3. For the perturbed case of model (3.1) with stochastic linear restrictions
(3.2), we have

HXT (0" ®I)J
(0T ®@a’)J

264

A= (4.10)

2

where 4 = y — XB, ® is Kronecker matriz product, and J is the n® x n selection

matriz as used in Neudecker, Polasek and Liu (1995), for example.
Proof. Taking the differentials of L with respect to 3 we have
1
dsL = —dB" ZTQ,'e (4.11)
o

and then with respect to w

1
2L = —agz7 | WO (4.12)

d 0 0
1

= 58T X dWu
1

= —zdﬂTXTvec(qu)
(o)

1
= —dB'XT(u' @ I)vecdW
(o)
1
= —dB"XT(u" ®1I)Jdw
g

1 .
BGllg—b e, = ﬁd,é’TXT(uT@éI)de, (4.13)
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where vec is the vectorisation operator, w is an n x 1 vector of the diagonal elements

of W, 4=y — X3, and § and 62 are as given in Theorem 1.

Taking the differential of L with respect to o2 we have

1
UL jeTQ;Ie)daz

o2l = (=5 5+ 5

and then with respect to w

1
ﬁda%ﬁdwu

1
= ﬁda%ec(u—rqu)
o
1
= 2—4da2(uT®uT)vech
o

1
= @dUQ(uT @u')Jdw
1

Boullo—gumw, = gazdo’(@" @a")Jdw

d?,, L

Hence by rearranging the terms we establish A.

(4.14)

(4.15)

Theorem 4. For the perturbed case of model (3.1) with stochastic linear restrictions

(3.2), we have
h = JT[lvec(I) - LVec(ﬁﬂT)]
T2 262 ’

where h is an n x 1 vector.

Proof. Using P, = Q! and its differential with respect to w

aw 0
0 0

dyPy =

we can rewrite L to be

1

T
202@ Pe.

1
L= —%lnoQ + 5Pyl -

(4.16)

(4.17)

(4.18)
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We get, by taking the differentials of L with respect to w

R 1
dwl = 2ter dP, 2026 dP,e
I 1
= 2trW dw 2021& dWu
1 1
= EvecT(W_l)Vech - ﬁtr(uquW)
1 1
= —vec (W HJdw — ——vec” (uu')Jdw (4.19)
2 202
L 1 TanT
dwlly_p e, = [ivec () — 552 VeC (Ga )] Jdw, (4.20)

where 4 =y — X/é’.
Hence by rearranging the terms we establish h.
4.3 Perturbation of response

Replacing y by y + w with wg = 0, we get the relevant part of the log-likelihood
L(#lw) for our perturbed model

m 1 1 _
L= —Elna2 - iln|Q\ - @eIQ Lew (4.21)
where
ew=| YTV ) Z 28 (4.22)
r

Theorem 5. For the perturbed case of model (3.1) with stochastic linear restrictions
(3.2), we have

le‘ —_
>
4|

(4.23)

-

where @ =1y — XJ3.
Proof. Taking the differentials of L with respect to § we have

1
dsL = —d3"ZTQ ey (4.24)
g



Liu, Ahmed and Ma 657

and then with respect to w

1
d2wL — *2dﬂTZTQ71 dw
7 0
1
= 7dﬁTXwa
g
1 Ty T
d,%,wL|9:é,w:w0 = ﬁdﬁ X ' dw,

where 4t =y — X3
Taking the differential of L with respect to o2 we have

ew)do? (4.25)

and then with respect to w

1
2oL = —doelQ7! dw
g 0
1 2, T
= ;do Uy, dW
1
dozllo—p e, = zrdo*i’dw (4.26)

where uy, =y +w— XB and G, =4 =y — Xf3.

Hence by rearranging the terms we establish A.

Theorem 6. For the perturbed case of model (3.1) with stochastic linear restrictions
(3.2), we have

h=——a, (4.27)

where U = y—XB.
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Proof. Taking the differentials of L with respect to w we have

1
dwl = ——e)Q 'dey,

o2 v

1
de‘G:é,uz:u;o = T 5 ATd?U. (428)

6-2

Hence by rearranging the terms we establish h.

4.4 Perturbation of explanatory variables
Replacing X by X + W with Wy = 0, we get the relevant part of the log-likelihood
L(0)w) for our perturbed model

1 1
L= 7%1’&0’2 - §Zn|Q| - ﬁel “ew, (4.29)

where e, = z — Z,,0 and

zo=| XtV (4.30)

R

Theorem 7. For the perturbed case of model (3.1) with stochastic linear restrictions
(3.2), we have

LW oD -XT(T @ 1)

A=| 7 : , (4.31)
SENNCIEY)

where 4 = y — XB, and D is the np X np duplication matriz as used in Magnus and
Neudecker (1999).

Proof. Taking the differentials of L with respect to 3 we have

1
dsL = —dB" Z,Q ey (4.32)
g
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and then with respect to w

1 dWw'T _ 1 _ dw
d3,L = —dp’ Q ew— —dB" Z, Q" B
g 0 g 0
1 1
= ;dﬂTdWTuw — pdﬁTXJ dW s, (4.33)

where u,, =y — (X + W)p and X, = X + W.
Using Wy = 0 we get
1

6-2

1 A .
deLlazé,W:WO = ﬁdﬂTdW—rU - dﬂTXTdWﬂ

= %dﬂTvec(dWTﬁ) - %dﬁTXTvec(dWB)
(o2 (o
= %dﬁT(aT ® I)DvecdW — izdﬁTXT(BT ® I)vecdW
g (o
— LagTi@" e DD = XT(8T @ I)vecd . (4.34)

6-2

Taking the differential of L with respect to o we have

m L v

dy2L = (—ﬁ + 516 eyw)do? (4.35)
and then with respect to w
1
2oyl = ——do?el@ [ W | s
g 0
Lo o
= ——dou,,dWp
o

1
= —jdazu;(ﬁ—r ® I)vecdW
o
1 A
d22,L,_s wewy = —quQGT(BT ® IvecdW. (4.36)
' G
Hence by rearranging the terms we establish A.

Theorem 8. For the perturbed case of model (3.1) with stochastic linear restrictions
(3.2), we have

h==(@B®a), (4.37)

where U = y—XB.



660 Influence diagnostics in the linear regression model...

Proof. Using de,, = —dZ,, and taking the differentials of L with respect to w we

have
dwl = —ieT ~lde
w 0_2 w w
1 _ dW
= 7263 1 6
g 0
1 T4 3
= —u, dW
o2 W

1
= ﬁvec(uldWﬂ)

1
= g(ﬂ—r@ul)vech
1 4 .
dwllg_g o, = ﬁ(ﬂ—r@)u—r)vecdw (4.38)

Hence by rearranging the terms we establish h.

5 CONCLUDING REMARKS

In this paper, we have studied the influence diagnostics in the linear model with
stochastic linear restrictions. We have derived for the three purturbation schemes
the matrices —H and A for Cook’s approach, and h for the alternative approach.

They can be used to calculate matrix F' and, therefore, C),q. and l,q, for Cook’s

*

> aw fOr the alternative approach for the local influence

approach, and S,,,, and [
under the purturbation schemes. Local influence assessment can then be made based
on the largest normal curvature C,,,; and slope S,.q., and their corresponding
direction l,,qz-

Regarding the different schemes, it can be seen from the results of —H, A
and h that (maybe slightly) different indications on which observations are most
influential are expected. However, they are all dependent on the ML estimates of
the parameters 3 and o2 in the model in which both sample and prior information
are used.

Some future work as suggested by the reviewers of an earlier version of this paper
may include issues discussed in Rao et al. (2008, Section 5.10.3). They considered
a mean shift outlier model for potential outliers in the equation of stochastic linear

restrictions. We may consider perturbation schemes associated with the stochastic
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restrictions. In addition, the connection of the mixed estimation, influential di-
agnostics and the collinearity problem in linear regression is worth being further
explored.
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